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Abstract

We consider a class of matrices of the form C,, = (1/N)(R,,+0X,)(R,+0X,)*,
where X,, is an n X N matrix consisting of independent standardized complex
entries, R; is an n X N nonrandom matrix, and o > 0. Among several applications,
C,, can be viewed as a sample correlation matrix, where information is contained
in (1/N)R,R}, but each column of R,, is contaminated by noise. As n — oo, if
n/N — ¢ > 0, and the empirical distribution of the eigenvalues of (1/N)R,R}
converge to a proper probability distribution, then the empirical distribution of
the eigenvalues of C,, converges a.s. to a nonrandom limit. In this paper we show
that, under certain conditions on R,,, for any closed interval in R* outside the
support of the limiting distribution, then, almost surely, no eigenvalues of C,, will
appear in this interval for all n large.
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1 Introduction.

Forn=1,2,...let X,, = (X;;) be an n x N matrix containing independent standardized
complex entries (EX;; = 0, E|X;;|> = 1), and let R,, be an n x N nonrandom matrix.
The matrix

1
C, = N(Rn +0X,) (R, +0X,)"

can be viewed as a sample correlation matrix formed from the N sampled vectors r; +x;,
where r; and x; are the j-th columns of R, and X,,, respectively. Among several
applications for the use of C,, is the case where information is contained in the matrix
(1/N)R,R}, but each r; is contaminated by additive noise. For this reason C,, has
been described as the information-plus-noise type matrix. A result on the behavior
of the eigenvalues of C,, have been obtained in Dozier and Silverstein (2007a), under
the assumption the entries of X,, are i.i.d. The result is expressed in terms of the
empirical spectral distribution function F©» (where, for any square matrix A with only
real eigenvalues, FA(z) is the proportion of eigenvalues of A < z). It is shown that, if
N = N(n) and ¢, = n/N — ¢ > 0 and H, = FU/MRBRe converges in distribution to
H, a proper probability distribution function (p.d.f.), as n — oo, then, with probability
1, FC» converges in distribution to F, a p.d.f. which is nonrandom. The proof uses
the Stieltjes transform method, where, for any p.d.f. G, the Stieltjes transform of G is
defined as

1
mg(z) E/)\_ZdG()\), zeCt={z¢e:3z>0}.

Due to the inversion formula

Gla,b]) = 2 tim [ Sma(e + in)de

™ n—0Jq

(a, b continuity points of ), weak convergence of p.d.f.’s is equivalent to convergence of
Stieltjes transforms.

It is shown in Dozier and Silverstein (2007a) that, for any z € C*, with probability
1, mpc, (z) converges to m® = myp(2), which satisfies the equation

m:/ : ! dH(t). (1.1)

ozam — (L4 02em) +02(1 —¢)

It is also proven that m is the only solution to (1.1) for which m € c* and Szm > 0
(note: it is straightforward to show that for any p.d.f. G which has mass concentrating
on the nonnegative reals, and for z € C*, we have mg(z) € CT and zmg(z) € CT).
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The purpose of this paper is to prove, along the same lines as in Bai and Silverstein
(1998) and Paul and Silverstein (2007), the nonexistence of eigenvalues outside the
support of F. It is necessary at this point to review some of the properties of F' and
mp, obtained in Dozier and Silverstein (2007b). It is shown that for all z € R — {0},
lim,cct ., mp(2) = mP(z) exists. From this it follows that F' has a continuous derivative
f on R — {0} given by f(x) = %%mo(x). Along the way in proving this result it was
shown that

L\
Imp(2)] < (azc|z|> , for zect, (1.2)
Let b =14 o?cm®. Then, with
w(z) = b*(2)z — b(2)0*(1 — ¢), (1.3)

(1.1) can be written as

1 1 2 —b(2)d%(1 = ¢)) = my(w(z
(1—6(2))=mH<b (2)2 = b(z)o*(1 — &) = mu(w(2)). (1.4)

o?c

Let Sg denote the support of the p.d.f. G. It is shown in Dozier and Silverstein
(2007b) that
r # 0 and zg € ST = w(xy) € S (1.5)

Moreover, for all z € (CTUR)—{0}, Rb > 0. We see then, from continuity, that (1.4)
holds for x € R — {0} in a neighborhood of xy. We will use the fact that, on intervals
outside the support of p.d.f. G, mg(x) exists, and is increasing, which implies its inverse
exists, and is increasing. Therefore, for any interval I € R — {0} contained in S%, there
exists an interval J € R* for which we have the inverse of mp expressed in terms of b:

x(b) = lmI}1 <012c (1 — 2)) + 202(1 —c) bel (1.6)

Moreover, we have 2/(b) > 0 for b € J.

Conversely, it is shown that, for any interval L C S, there is an interval J C R
for which the mapping b — ﬁ(l — 1/b) takes J into the range of my applied to L, so
that the function in (1.6) is well defined. Moreover, if z/(b) > 0 then z(b) € S% and
b=1+c%cmp(z(D)).



We concentrate on an interval [ay, as] for which a; > 0 and [ay, as] C (b1, bs), where
by > 0 and (by,by) C S%. From (1.5) and the fact that w(-) is analytic in S%, we see
that w((by,b2)) = (c1,¢2) C S§. In order to make any conclusion on the nonappearance
of eigenvalues of C,, in (b1, by), this interval along with (¢, c2) must somehow require
assumptions on ¢, and the eigenvalues of (1/N)R,R, for n large. This is done by
utilizing equation (1.1) for each n. Let m? and b be the respective solutions to (1.1)
and (1.4) with H and c replaced by H, and ¢, respectively, let w be defined by (1.3)
in terms of 8%, and let F*» denote the corresponding p.d.f. We impose the following
condition:

For all n large, (b1, b2) C SSen.tn - (1.7)

Because of (1.2) and the uniqueness of solutions to (1.1), it follows that m2(z) —
m®(z) as n — oo for all z with §z # 0. Since the mY are analytic in a neighborhood
of (by,bs) in C, we have by Vitali’s convergence theorem (Titchmarsh (1939), p. 168),

0

m?(z) — m°(z) as n — oo for all € (by,by). Upon differentiation of the extreme sides

of (1.4) with respect to z € (b1, b2), we find that w'(x) > 0. Therefore
w(by) <w(a;) and w(ay) < w(by).
Hence, there exists an € >, such that, for all n large
max(wy (ar) — wy (by), wy(b2) — wy(az)) > . (1.8)

The effect of (1.8) on the eigenvalues of (1/N)R,R} are immediate. Let A1, < Apo, ...
denote the eigenvalues of (1/N)R,R. Then, for all n large, there exists an index i,, for
which

)‘nin < wg(bl) and /\n(in+1) > wg(bg) (19)

We impose another condition. Let R,; denote the matrix resulting from removing
the j-th column from R,,. Then we require:

There exists a positive € < € and a positive d < 1 such that for all n
large the number of j’s with no eigenvalues of (1/(N —1))R,,;R;,;,  (1.10)
appearing in w?((a; — €, as + €)) is greater than N'=¢.

n

The main result can now be stated.



Theorem 1.1 Assume

(a) Xi;, 1,7 =1,2,... are independent standardized random variables.

(b) There exists a K and a random variable X with finite fourth moment such that, for

any x > 0
1

ning

> P(Xyl>2) < KP(X] > 2)

1<ny,j<n2

for any ny, ngy
(c) There exists a positive function ¥(x) T oo as x — oo, and M > 0 such that
max BIXG |0 (1X;]) < M.
(d) Forn =1,2... R, is an n x N nonrandom matriz with ||(1/v/N)R.,|| uniformly
bounded for all n.
(e) N =N(n) with ¢, =n/N — ¢ >0 as n — oo.

f) C, = (1/N)(R, + 0X,)(R,, + 0X,)*, where X,, = (Xj5), i = 1,2,...,n j =
1,2,....N.

(g) With by > 0, [a1,az2] C (by,be) with conditions (1.7) and (1.10) holding.
Then P(no eigenvalue of C,, appears in [a1, as] for all n large) = 1.

Assumptions (a)-(c) allow for the extension of the X;; to depart from merely being
i.i.d. They were made in Couillet et. al. (2011), which extend the results in Bai and
Silverstein (1998), (1999) on matrices of the form (1/N)T, X, X}, where T, is Hermitian
nonnegative definite, to non i.i.d. entries in X,,. The argument in Couillet et. al. will
be revisited in Section 3, which after suitable truncation, centralization, and scaling of
the Xj;’s one can assume these variables to be uniformly bounded.

The rest of the paper will be devoted to proving the following.
Theorem 1.2 Let z = x + iv,, with v, = kn~" ") where p is a positive integer. Then
for p sufficiently large

sup  nun|mn(2) —ml| =o(1), a.s.
z€[a1,az)



As shown in Bai and Silverstein (1998), Theorem 1.2 proves Theorem 1.1. The main
steps are given here. Let [a,a] C (b1,by) for which o] < ay, @), > as. Then from
Theorem 1.2 it is straightforward to argue (with I(A) denoting the indicator function
on the set A)

sup / I([d}, ah])d(FCr(A) = FenHr (V)
cetoran ) (@ = N2+ 02)((x — N2 +202) - ((z — N)? + pv2)
! )\je%7a/2 (M) (2= A)2+v2)((z — /\)"2 +202) - ((z — A\)2 + po?) =o(1), a.s.,

where the A;’s are the eigenvalues of C,,. Since the integral converges a.s. to zero, one
can argue, by contradiction that, a.s., that there can be no eigenvalues of C,, in [a1, as]
for all n large.

The results in this paper are partway toward establishing the exact separation of the
eigenvalues, that is, associating the eigenvalues, say, to the left of a; with eigenvalues
of (1/N)R, R} to the left of w(a;). Work is currently being pursued in this direction.
It is remarked here that exact separation of eigenvalues of C,, has been achieved when
the underlying distribution of the X;; is complex normal, that is, real and imaginary
parts are i.i.d. N(0,1/2) (Vallet, et. al.), using properties specific to this distribution.
Work on exact separation of other ensembles of random matrices can be seen in Bai and
Silverstein (1998), (1999), Capitaine, et.al. (2009) and Haagerup, et. al. (2006)

With the techniques used in this paper the authors found it necessary to include
condition (1.10). It is needed to prove Lemma 3.2, involving the boundedness of moments
of quadratic forms of resolvents of C(;) = C,, — (1/N)(r; 4 0x;)(r; +0x;)*, where r; and
x; are the respective j-th columns of R, and X,,. This in turn required the absence of
eigenalues of (1/(N —1))R,,;R;,; in the interval (ci,cz). As an example, (1.10) disallows
the inclusion of R,, constructed the following way. Let ey, ..., e, be the canonical basis
set in R”, and let N > 2n. Let, for j < n, r; = /Nj/ne;, r,p; = \/N(1 —j/n)en;,
and r; = 0 for j > 2n. Then (1/N)R,R;} = I, the identity matrix, but for j < n
(1/(N = 1))R,;R;,; has eigenvalue 1 — j/n, which fill up (0,1). Condition (1.10) is
not needed when the X;; are Gaussian, because in this case the distribution of X, is
invariant under unitary transformations, so it can be assumed that R; is diagonal. Work
is proceeding on removing this condition.

The proof of Theorem 1.2 will be done in Sections 3-5, where Sections 6,7 contain
the proofs of lemmas need in the previous sections. Along the way will be derivations of



bounds on moments of quadratic forms involving the resolvent of C,,. Work in this area
has been done in Hachem, et. al. As in our derivation, the bounds in that paper are in
terms of powers of the reciprocal of the imaginary part of z. However the relation between
moments and the powers of the reciprocal are unspecified, whereas it is important in
our proof to know the dependence between the two. Therefore, it is necessary to include
the derivations.

The authors are indebted to Philippe Loubaton, Walid Hachem, Malika Kharouf,
Jamal Najim, and Pascal Vallet, for their help with crucial parts in the proof.

We begin by listing results needed in the proof of Theorem 1.2.

2 Mathematical tools.

Lemma 2.1 (Lemma 3.3 of Dozier and Silverstein (2007a)). Let z € CT withv = Im z,
A and B n x n with B Hermitian, and r € C". Then

r*(B—2I)'AB —z0)"'r| _ A

tr(B—z2I)"!' — (B *—2D)THA| =
(B — 27" = (B rr” — 21) A T i

Lemma 2.2 For a,b € C", and n x n for which A and A + (a+ b)(a+ b)* are both
invertible we have

a*(A+ (a%—b)(a%—b)*)_1
* A —1 * A —1
1+ (a+b)*A-l(a+Db) 1+ (a+b)*A-1(a+Db)

Lemma 2.3 (Lemma B.26 of Bai and Silverstein (2009)). For X = (Xy,...,X,)7,
with X;’s independent, standardized, and bounded, C an n X n matriz, we have for any
p>2

E|X*CX — trC|P < K,(trCC*)P/2.

where K, also depends on the bound on the X;’s.

Corollary 2.1 For X as in Lemma 2.3 and p > 2 we have
E||X||* < K,n?.
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Moreover, for y € C" nonrandom and p > 2

BXy[" < Kplly[l”.

Proof. We have, using Lemma 2.3
E|X[|* = BE(X*IX)? < 22 Y (E|X*IX — trI|P + (trI)?) < K,(n?/* +nP) < K,n?.
Again, using Lemma 2.3
E[Xy[P < (B|X yy X[?)/? < 207 V2(E[X yy X — tryy [P + (tryy*)?)"/?
< 2PV ((te(yy ™))" + Iy IIP)? < Ky lly |17,

Lemma 2.4 (Corollary 7.5.8 of Horn and Johnson (1985)). For r x s matrices A and
B with respective singular values oy > o9 > -+ > 04, 71 > To > -+ > T,, where
g = min(r, s) we have

lopy — ] < |IB—A]| foral k=1,2,...,q.

Lemma 2.5 (Lemma 2.2 of Shohat and Tamarkin (1970)). If f is analytic on CT, f(z)
maps C* into CT, and there is a 6 € (0,7/2) for which zf(x) — ¢, finite, as z — o0
restricted to {w € C* : § < argw < w — 0}, then ¢ < 0 and f is the Stieltjes transform
of a measure on R with total mass —c.

Lemma 2.6 (Couillet et. al. (2011)). When the entries of X,, are bounded the largest

eigenvalue of %XRX,*L, denoted by A\I/NXnXa satisfies

PAI/MXnXa ~ K) = o(n™)

max

for any K > (14 +/c)? and any positive t.

Lemma 2.7 (Problem 8, p. 17 of Billingsley (1968)). Suppose P,,, P are probability
measures on a separable metric space S for which P, converges weakly to P as n —
o0o. Let {fa}, 0 € © be a family of real valued uniformly bounded functions on S and
equicontinuous at each x € S, that is, for each x and ¢ > 0 there exists a 6 > 0 for which
|z —y| < § implies, for all 0 € O, |fo(x) — fo(y)| < €. Then

lim sup ‘/fgdPn — /fgdP‘ =0.



Lemma 2.8 If for all ¢ > 0, P(|X| > €)e? < K for some positive p, then, for any
positive ¢ < p

E|X|q < Ka/p (p) )
p—q
Proof. For any > 0
E|X|1 = / P(|X|? > t)dt < a+ K/ £/t = g+ K—L g1/,
0 a pP—q
By differentiating the last expression with respect to a and setting it to zero, we find its
minimum occurs when ¢ = K97, its value giving us the desired upper bound.

Lemma 2.9 (Burkholder (1973)). Let {Xx} be a complex martingale difference se-
quence with respect to the increasing o-fields {F,}. Then, for p > 2

E\Zxk\” <K, (E (> E(|Xk|2|}"k_1))p/2 +EY |Xk|p) .

Lemma 2.10 (Burkholder (1973)). Let {Xy} be as above. Then for any p > 1

B[ X[ < KE(DIXP).

Lemma 2.11 For Hermitian n x n Hermitian matrices A and B, we have for any
positive even integer ¢

tr(AB)’ < ||Al|*t:B"
(follows from Theorem 3.2 of Yang and Feng (2002)).
3 Convergence of m, — Em, and certain quadratic
forms.

Constants appearing in inequalities are designated by K, sometimes subscripted. They
are nonrandom and may differ from one appearance to the next.
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We begin with simplifying assumptions. Suppose n > N. Then the largest n — N
eigenvalues of C,, are identical to the eigenvalues of (1/N)(R,, + ¢X,)*(R, + 0X,) =
(n/N)(1/n)(R} +oX2)(R) + 0X})* = ¢,C,,, where C,, is defined exactly in the same
manner as C,, with the roles of n and N reversed. Since we are dealing with eigenvalues
on the positive reals, the truth of Theorem 1.1 for limiting ¢ < 1 will imply the truth
for ¢ > 1. So we will henceforth assume ¢, <1 for all n.

Since the eigenvalues of C,, and ¢~2C,, differ by a scaling factor, we may assume
o=1.

We proceed with simplifying the assumptions on the entries of X,,. We follow along
the truncation and centralization steps taken on the entries of X,, in Appendix B-B of
Couillet et. al. (2011), which involves matrices of the form (1/N)(X,,X*)T,,, where T, is
nonnegative definite. The conditions (a)-(c) made in Theorem 1.1 are identical to those
made on the entries of X,, in Couillet et. al. (2011). In 2.-4. of that paper Lemma 2.4 is
used on (1/v/N)TY?X’ and (1/v/N)TL2X" where X” results in either a truncation, a
centralization, or a scaling of the entries of X/ . We get the same results when we apply
Lemma 2.4 on (1/v/N)(R,, + X!) and (1/V/N)(R,, + X”). Thus we conclude that we
may assume as in Couillet et. al. (2011) the entries of X,, are uniformly bounded.

Let 1
A, = Z(l n anmn(z)) (1/N>RHRZ - Emn(z)L
where
m,, (2) = Mpa/N) RetXn)* Rntxn) (2)-
We have 1_ ¢
m,(z) = — . =+ cpmp(2). (3.1)

Also, let D = D(2) = C,, — 2I, and u € C", with ||u|| = 1. In this section we shall verify
bounds on moments of

m, — Em,, (3.2)
and on
u'D'u - Eu'D 'u. (3.3)
The next section will establish bounds on
Em, — (1/(zn))tr(A, — 1)~ (3.4)
and .
Eu'D 'u— (1/2)u*(A, — 1) 'u. (3.5)
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Two separate bounds will be shown simultaneously on (3.2) and (3.4). One bound,
which we call the “a” bound, will hold for all z = z + v, for x lying in a bounded
interval, [e, f], of R*. The second bound, called the “b” bound, will hold for all z with
x € |ay, az], but which rely on two lemmas, one depending on the truth of the “a” bound,
the other on the bounds derived for (3.3) and (3.5). All four quantities will each be split

(1))

into a sum of several terms, where “a” and “b” bounds will be derived for each term
involving (3.2) and (3.4). Section 5 will finish the proof of Theorem 1.2, and Section 6
will contain the proof of the two lemmas, along with a corollary to one of the lemmas.

The first lemma is hereby given.
Lemma 3.1

(a) We have F, B F almost surely.

(b) For any bounded interval [e, f] with e > 0 and any r > 1

lim E(v,” sup |m, —m|") = 0.
n—o0 x€[€7f]

We will essentially need the following corollary. First we introduce the following
notation. Write s; = N~2(r; 4+ x;), where r; and x; are the respective j-th columns of
R, and X,,. Notice that the s;’s are uniformly bounded.

Corollary 3.1
(a) For positive integer m, nonnegative integers vy, py, k= 1,...,m with vy + p > 1,

S (Ve 4 k) <16, and € > 1 we have uniformly for all x € |aq, as]

¢
1 N m
E N Z H ;D™D s < K.
j=1k=1

(b) For positive integer m < 8 we have uniformly for x € [ay, as)

jifEtrDmDm* <K

11



Before stating the second lemma we introduce some more notation. Write C;) =
C—s;s;, D; = C(;) —2I=D —s;sj, and

1
- 1+s:D;'(2)s;°

B; = B;(2)

The second lemma can now be stated.

Lemma 3.2 We have for any £ > 1 and x € [ay, as]
1 & z
E|—= I < K.

In this section we will show for v, = kn~"/P for p suitable large, and any ¢ > 1

K, 8n=2 (3.6a)

E|ma(2) — Ema(2)|% < { Ko, (3.6b)

and
Eu* (D' —ED Hu/¥* < Kuv %3 (3.7)

The “a” bound and the quadratic form bound holds uniformly for all x € [e, f]. The
“b” bound holds uniformly for all z € [a;, as]. Notice these bounds hold for all ¢ > 1
once they are shown to be true for sufficiently large ¢.

Before proceeding we introduce some more notation. Let

A 1
bi = 1+ N*l(trDj_l + r;ij_lrj)7

O{J = S;Dj_QSj — (]./N)(tI'DJ_2 + r;Dj_er)7 7]] = ]\[_I(JEI'DJ-_2 + I';Dj_2rj),
and

v; =s;Dj's; — N"'(trD; ' 4+ r;D; 'r;).

From Lemma 2.5 we see that both —z7!3; and —z7! Bj are Stieltjes transforms of (ran-

dom) probability measures. Consequently, 3, and Bj are bounded in absolute value by
|z|u . Notice, because [|(1/N)R,R}| and the entries of X,, are uniformly bounded,

12



the vectors s; and N -V ’r; are uniformly bounded in Eudlidean norm. Thus, for all n,
j< N,and x € [e, f] )
max (|85, |85l 1) < Kv,*

and
max (||, [n;]) < Kv,?

Since Bj - B = 'ijij we have
7:8;8;] < Kvy!

We also have

;651 < vt (3.8)
Indeed, denote the spectral decomposition of C(;y by UAU”, the eigenvalues, \j;, in A,
arranged in increasing order. Let y = U*r; = (y1,...,y,)". Then
- 1+ [yl
il < Ny
k=1 | jk — Zl
whereas
L+ N7'(6D; 4 D] > SN D Dy = Ny, 30 ‘y’“‘
| tD;" + 13D x| = SINT 0Dy 4 1Dy = "Z!/\Jk

Thus, (3.8) follows.

We first establish an essential bound. Let E(;) denote conditional expectation with
respect to Xi,...,X;_1,X;41,...,Xy. Using Lemma 2.3 and Corollary 2.1, we have for
(>1

El* < KeN7(E|xD;'x; — trD; '|* 4 E(j [x;D; 'r; [ + Ej)[r;D; x5 *)
_ _ 1% _ ——1
< KyN 2€(E(j)(trDj le ! )e + E(j)HDj ler% + E(j)HDj rj”%)
< KN N2 < K=o, % (3.9)

Similarly we get
Ejlay* < K™t % (3.10)

Restricting v, = kn~Y? with p > 10 we have for £ > 2

Eglyl* < Ken 7. (3.11)

13



Let I(A) denote the indicator on the event A. Then from (3.11) we have for any ¢t > 0

Py (1] > 08 =By I(|y;] > n%) = o(n™). (3.12)

Here, P ;) is the conditional probability with respect to xy,...,2z;_1,2;41,...,2y. These
bounds are uniform across j. We have then for any ¢ > 0

P(sup |y;] > n~'3) = o(n™). (3.13)
J<N
We will need the following.

Lemma 3.3 Suppose f is a random variable for which |f| < n* for some positive .
Then for any j < N, n>1andt >0

E|8; = Bil"|f] < Kn™ 30, B | f| + o(n™").

The bound K depends only on n and the interval [e, f].
Proof. We have by (3.12)
E|B; = B[ f] < Kv, "B (1] > n™ %) + Kn "%, 2" ;)| f]
< Kv, PPy (v > n= %) + Kn™"30, 21 )| f| < Kn™"30, "B | f| + o(n ™).

As a consequence of this lemma, we prove the following useful bound:

N —2¢
K, (3.14a)
max E< E; 1]8; -2> ( E; 2)
( ; i—11857] Z j— llﬁfm K, (3.14b)
Indeed, using Lemma 3.3 and the identity S;D*1 = ﬁjstf we have

¢ ¢
1 N
(ZEJ 1|5m|2> =E (N2 > B8 (r;D; Dy —i—tr(Dj_le_l*)))

7j=1

y4
— ( ZEJ 1|ﬁ]|2 *D lD 1% )

7=1

14
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¢
1 N TN — 1% 1 al A *Ty— —1x
< KB (N > Ej1|8*s;D;'D;? Sj) + KB (N > E;ls; — 8;’s;D;'D;! sj)
j=1

¢
< K,E ( ZEJ 1S*D 1D 1% ) +(n72/311;6)€

7j=1

1 * * ¢
< K/E (NS]D D! sj> +o(1)
from which we immediately get (3.14a) and, from Corollary 3.1, (3.14b) for the second
quantity on the left in (3.14). For the first quantity we have

N ¢ N X ¢ N R ¢
E(Z Ej—1|5ﬂj|2> < KeE(Z Ej—1|5ﬂj|2> + KKE(Z E; 1]8; — 5j|2|%'|2> :
j=1 j=1 j=1
where from Lemma 3.3

N . ¢ N 1
E(Z E;1|8; — 5j|2|%‘|2> < K 2Py, YR (Z Ej—1|7j|2> +o(n™)
=1

j=1
1 I ¢
:Kﬁn—”/%g“E(NZ j-1(r;D;'D; 1*r]+tr(Dj_1Dj_1*))> +o(n™")

< Kgn_2e/3?];6e =0

as n — o0o. Therefore we get the bound on the first quantity on the left in (3.14).

We proceed now with (3.6). Let Eq(-) denote expectation and Ej(-) denote condi-
tional expectation with respect to the o-field generated by the first & columns of the
doubly infinite matrix from which the X,,’s are taken from. Using Lemma 2.1 we write

N
n(Em,(z) —mu(2)) = =Y (E;ttD™' — E; ;D7)
j=1
N
E;(trD™" — ttD; ') — E;_y (rD~' — trD; )

j=1

N
Z SJ B

15



Expand g; into
Bi =B — %ﬂ? + %2/3?/5}- (3.15)
We have then

n(Emp,(z) —my(2)) = J1 — Jo — J3 + Ja,

where
N A
Ji = Y (E; —E; 10,
j=1
N A~
S = Y (B —Ej1)a4065
=1
N ~
Js o= > (B —E; )08
j=1
N A
Joo= (B — E;_1)s;D; ;476755

<.
Il
,_.

Note that each J, is a sum of martingale differences. Our goal is to show for £ > 1

K-8 1
E’Jk|22 S { E'Un (3 6&)
Ky, (3.16b)

for k=1,2,3,4.

We begin with Jy and Jy. Write, for k = 1,2, Ji, = Jg1 + Jio, where Jiy (Jy2) results
in placing I(|y] < N7Y3) (I(|y| > N~1/?)) to the right of (E; — E;_;) in each term of
J. From (3.13) we have for £ > 1 and all positive ¢

N 20
E|Jo* < K@E (2%51(\%! > N_l/g))
j=1

N
< K N*o 5T Pl > NTYE) < KNH TR 100 5 0. (3.17)

j=1
as n — 00. All subsequent moment bounds will use Lemma 2.9. For J;; we have using
(3.14a)

N A N
E<ZEH (B — B )s7D; %73 878, (17| < /%) )

J=1

E|J41|2€ < K,

16



3 ? 20
+ B[ (B, - By-)sD ] <o)

i=1

N . ¢
< KE [U;Mn_zé/:gE(ZEj—1’Bj7j|2) + U;lﬂén—4f/3+l‘|

j=1
S Kévglof(n—zf/f} _|_ n—4£/3+1) _) 0

(when p > 30) as n — oo.

We have

¢
N
E|J21|2l S Kgn_QZ/?’U;ZME (Z Ej—1|aj|2) + KKN_QZ/SJ'_lUT:gK

J=1

l
N
< Kg’n_QZ/?"U,;ZwE (N_2 Z Ej—l (trDJ—QDJ—Q* + I_;DJ—ZD]—Q*r])) + Ken—Ql/?)-i-lv—Sf
j=1
< Ko(n 23S gt A 8 < 28

for ¢ > 2 and p > 48. Thus we have (3.14) for £k =4 and 2.

We next handle J3. Using (3.11), (3.8), Lemma 3.3, and
trD;? + riD; ’r;| < rD;'D; ™ + r’D;'D; P,

we have for £ > 2

N 4

E|J;* < K, [E (Z Ej—1|77ﬂj|2|5j!4) + N_4€/5+IUE4Z]
j=1

1 X '

<K, lE ( > Eji(trD;'D; " + 17D 'D; ;) hﬁﬁj‘]) + N—‘Wf’“v;“}
1 X 3 ‘
< K, [E (N4 > B (0D} "Dy + 1D D ) wf!) N/]
1 =1 -1%c \31 4 14 Z
= KB | 5 2B (Egys;Dy "Dy s, ) 16,1 | +o(1)

17



N 3 V4
> By (57D 'D ) 351+ ) o)

.
Il
-

1 X il 1s \3 £
gKZE(NZEj_l(stlejl sj) |ﬂj|4) +o(1).

=1

:m(lz@n ID-1*s;)*| 37 2|) o(1)

< i[e (}V > <s;fD1D1*sj>6)£] " E (}V i ﬁwﬂ T e
+o(1).

Since |8, !| = |1+ s;Dj's;| < Kv,* we see that (3.16a) holds, and from Corollary
3.1 and Lemma 3.2 we see that (3.16b) is true.

Lastly, we handle .J;. Using (3.10) we have for ¢ > 2

¢
1 N . N
B[ [* < KB (N Z j1tr(D; D) + r}ij_QDj_Q*Fj)WHQ) + K, 2 ) Elay[*
=1 j=1
1 Y ‘
< K,E (N Zl (S;D;QD;Q*SJ»)@F) + K N~ = K01, + o(1).
J:

We see that (3.16a) is satisfied. For the “b” bound, taking a similar approach used
above for J3, we obtain

N

)4
1
Ju<E (N > (SjDJQDJQ*Sj)|ﬂjI2) +o(1)

¢
1 N
=E (N > s;Dlelel*Dl*sj) +0(1)
=1
Using the formula D;' = D~! + D 's;s'D~'3;", and the inequality
(a+b)"(a+b) < 2a*a+2b*b

18



. o —2% g _ a-1y—1x 2%
with a = D™s;, b = ;" D™ "s;s]D™"'s;, we obtain
¢

14
1 X 1 ¥
Jin < KE (N ZS?D_QD‘Z*Sj) +EE (N ZS?D_2SjS§D_1D_1*SjS§D_Q*SjWa‘|_2>
Jj=1 J=1

E LS g4
N;Wﬂ

So, from Corollary 3.1 and Lemma 3.2 we have we have (3.16b) for J;, so that (3.6)
holds.

1 L
< K/E (NS;D ‘D> >

n1/2 n1/2

1 N
—f-Kg E (NZ<S;D S] jD 1D l*S] jD 2 ))
j=1

We proceed to verify (3.7). Using (3.15) we expand in terms of sums of martingale
differences:

N
uw(ED!' -D~ Z E; —E;_)u*(D"' —=D;"u
N ) v v
Z JluD SJ]D ujﬁj_Jl Jz—J3+J4,
7j=1
where
v N ~
Jl - Z<E3 — Ejfl)d]ﬂj,
j=1
v N A
S = Y (B —Ej1)a 065
j=1
v N A
Js = Y (B; —E; 1)
j=1
5 N
Ji = Y (B, - E;_)u;D;'s;siD; a2 2B,
j=1
Here,
1
&; = u'D;'s;s’D;'u— —(u'D;?u+u'D; 'r;r;D; 'u),

N
1
N = N(uD 'r;r’D;'u+ u'D;%u) = E;u*D;'s;siD; 'u.

19



Notice max(¢;,7;) < Kv,?, and from Lemma 2.3 and Corollary 2.1, for £ > 1
E(j)|dj|2f S N72€<|u*D;1rj|22(u*D;1D;1*u>€+ (u*Dj*le*l*u)%) S fovgul (319>

As was done for J5 and J; we split j2 and j4 according to whether |~;| is less than or

great than n~'/3. Similar to the estimation on Jo, we have, using (3.13), for any ¢ > 0
and £ > 1 }
E|Ji* < K,N?* Tl W < KN~ M k=24, (3.20)
for t sufficiently large. By Lemma 2.10,
N l
E|Ju|* < K/E (Z lw'D;'s;s5D; uyy 5785 1|y | < n_1/3)>
j=1
< KN3y 100 (3.21)

The remaining bounds will use Lemma reflem28. We have from (3.19)

=1

?
N N
E|Jy|* < KB (n2/3 ZEjly&jmﬁjP) + K 2By 03 Bl
j=1

< K N723-8¢ (3.22)

For .J; we have, using Lemma 3.3 and (3.11)

Y/
N N
E|5* < K/E (N_lvf ZEj—1|ﬁj|2|ﬂj|4) + Ko Y Bl 85y 1

7=1 7j=1

¢
N
KgN_ZU;% (Z |E(j)(u*Dj—lst;ng—l*u)|2|6;L|) + KZN—M/S-HU;SK

<
j=1
N 14
< KEN—ZU;%E Z |(u*Dj_15js;ij_1*u)|2|5j|4 + n—4/3v;14) + KZN—4€/5+IU?;8€
j=1
N 14
< KEN—ZUT:%E Z |(u*D_ISjS;D_1*u> |2) + KZN_4€/5+1U1;8€
j=1
N L
< KgN_eU;éwE Z(H*D_ISJ‘S;D_I*H)) + KgN_4Z/5+1U;8Z
j=1

20



<

£
KN~ E (0D ™'C,D ") + K N1+ 5

KgN_g/S’U_gl

for ¢ > 3.

)

Using Lemma 3.3 and (3.19), we find

IN

IN

IN

IN

<

E|j1|2£ S

l
N
K,N~*E (Z(IU*DglrﬂQu*D}lDfl*“ + (U*Dlefl*“)2)|BJ|2>
j=1

J=1 J=1

N ¢ N
K/.E (Z Ej—1|54j|2|ﬁj\2> + Ko Y Byl |6

(3.23)

N
_i_KEN—QE,U;QZ z:lE(|u*D]—1rj|2€(u*DJ—1DJ—1*u)Z + (u*Dj—le—l*u)QZ
]:
N 4
K,N —2¢ _%E( (|u*Dj_1rj|2+u*Dj_1Dj_1*u)|6j|2) +KZN—eHU;@‘e
j=1
N 4
K,N —L —2ZE (Z E(])|U*D;15j’2|5j|2> + KgN_é—HU;Gé
7j=1
N 4
K,N 2£E ((Z |u*Dj—lsj|2|Bj|2> + N1/3U;6) + KgN_e—HU;M
7=1
l
KgN_e”U_%E (u*D—ICnD—l*u) + KZN_%/SU;SZ

KKN—ZE/BUJSE

Thus (3.7) is proven.

4 Convergence of (3.4) and (3.5)

In this section we will show

Em, — (1 (zn))r(R, — 1)7)| < {

21

Kv ™n!

n

Kn™,

(3.24)



and

Eu'D 'u— (1/2)u*(A, =) 'u| < Kn Y37 (4.2)

n

The “a” bound and the quadratic form bound holds uniformly for all = € [e, f]. The
“b” bound holds uniformly for all x € [ay, as].

~_We begin first with some observations on (A, —I)~1. From (3.1), each eigenvalue of
z2(A, —I) equals

t;

m — (14, Emy,(2)z + (1 — ¢,),

where ¢; is an eigenvalue of (1/N)R,R. We see that the imaginary part of this quantity
is less than or equal to —v,,. Thus we have

1A, =207 < vt

Let
W (2) = (14 cuEmp(2))*2 — (14 coEmy, (2))(1 — ¢p),

As mentioned in the introduction, the interval [a;, as] corresponds to two eigenvalues
t; < ty of (1/N)R,R}, and that for all n large, w?(z) maps [a;,as] into an interval in

mn? n

[c,d] C (t1,t). Let ¢, denote the i-th smallest eigenvalue of (1/n)R, R. Then we must
have for these n the existence of € > 0 for which

inf i .0 ~
L . [t — wp ()] > €,

and from Lemma 3.1 we get for all n large

inf |t!

— Wyl +1v,)] > €/2. 4.3
ZEG[Gl,(lQ},iS'ﬂ n ( )’ / ( )
We see that the eigenvalues of (Kn —I)7 ! are

2(1 4 ¢, Em,(2))
ti — (1 + c,Em,(2))z(Em,(z) + 1)

z2(1 4 c,Em,(2))
ti — (14 ¢, Em,(2))(—(1 = ¢n) + (1 + ¢,Em,(2))2)

22



Therefore

N -1 Kv,! (4.4a)
I&, -7 < { s

The “a” bound is valid for all z € [e.f], the “b” bound for all x € [ay, as].

Let

A A 1
B=5) = 14 c,Em,

We break down the two quantities in a similar fashion. Write
—_ —~ N —_
D — (zA, —2I) = C,, — 21 — (2A,, — 2I) = ) _s;87 — zA,,.
j=1
Taking inverses and using Lemma 2.2 we get
N
(2A, —2I) ' =D ' =" B;(zA, — 2I) 's;siD; - (A, —I)7'A, DL (4.5)
j=1
Taking traces and expected values, dividing by n, and using the identity

m,(z) = _i\f ;ﬁj, (4.6)

z

((3.2) of Dozier and Silverstein (2007)) we get
(1/n)tr(zA, — zI)~" — Emy,(2)

E(z7'8;(1/n)s;D7 (A, — I)7's;) — (1/n)tr(A, — ) 7'A,E(D™).

s

7=1

| N
= —= (dj +e;+ f;)),
ZN ]z:l J J J
where

1 — —
dj = nE<5j (x;D; (A, —I)7'x; — trE(D™)(A,, — I)_l))’

1 % —1/, x> — * —1/ A -
¢ = nE</8j(erj HAL -7 % + XDy (A, - ) 1rj)>’

1 N . _
;o= (@D Ry RO A, D)

23



In (4.5), we take expected value and pre and post multiply by u* and u to get

1 -
—u*(A, —I)"'u — Eu'D'u

A
1 al 1 1 A 1A 1
— z;E A, —I)7's;s;Dj'u — Eu*(A, —I)"'AD ™ 'u
1 N
]:1

where
1 By —
d; = NE(,Bj(u*(An —I)'xx}D;'u —u* (A, — I)—lED—lu)),
1 _ —
& = NE(Bj(u*(An - I)_lrjx;-Dj_lu +EBEu*(A, - I)* x;r; D} u))

fi = jif(EﬁjU*C&n_I) r;r; Dy fu - Bfu’ (A, ~ 1) rr; D7 u)

We first handle d; and d;. Write d; = dj; + d;o + d;3, where
1 —~ —~
dp = —EB; (x;D; ' (A, — 1) 'x; — tr(D; (A, ~ D))
1 -1 NN -1
dp = ~Ef, (tr(D;' = DA, - 1))

djs = ;Eﬁj (tr(d~' —ED (A, -D)7").

We shall show that

for k=1,2,3.

By Lemma 2.3 and the fact that 3; = Bj — ﬂjBAj%, we have
v, < & i B89 (x;D; (A, — 1) 'x; — tr(D; (A, =) ™)) |
1 = N < ‘ 5057 Y] n J 7 n
j:
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™=

IA
==

12 4y 1/2
E|5m|2) (Z E|3 [x'D; (A, — T)~'x, — tr(D; (A, — 1)—1)]2)
1 7j=1

:
o

1/2
N 1 X R
< K (Z E|BJ7J|2) ||(An—I>—1H (]ng:lElﬂﬂtr(D]_l*Dj_l))

]7

<.
Il

VAN
&Mz

1/2 LN 1/2
IBmIQ) (N2 > ElF]ltr((An — )" "Dy "Dy (A, — I)‘1)>
j=1

1/2

=

By Lemma 3.3 we have the last factor

LN 1/2 1/2
S(NzEmﬂs;Df*Dfsj) _( > B|3 D} D} ) - R
j=1

7j=1

1/2
( ZE ‘D D! ) + Kn~ Y33
7j=1

Thus, from Corollary 3.1, (3.14) and (4.4) we see that U, satisfies (4.7).

We have from Lemma 2.1

v < B3 s (D) - DA, -1 )|
2 = n & J J n

K& -
_ E5? (tr(D;'s;8;D; ) (A, — 1)) |
1

]:

IA
2= 2= =

N
*1ZE] siD; sjy<fy| ) 1HZE! “D;ngl*sjy
=1

N
(A, =7 > Es:D "D 's;.

=1
So we see U, satistifes (4.7)
Finally, using (3.14a), (3.1), and (4.6), by martingale decomposition, we have
Uy = ¢ '|Em,tr(D'—ED (A, —I)7'| = [Em,tr(D"' —ED (A, — 1)~

= |E(m, — Em,)tr(D' —ED ')(A, — 1)
< (Elm, — Em,|))"?(E|tr(D' — ED (A, — )"} ]»)'/2

25



1/2
N . 2
< n ot [EDtr(E;D'—E;,.sD")(A,-I)"" )
j=1
) 1/2
— n_lv;4 Z E — EJ 1 5] (An —I)_ID]-_IS]' )

IN

N
L

<
L

N 1/2
- Z E|ﬁjs}‘Dj—1(/A\n N I)—le—lsj|2) < Kn—l/Qvgs
j=1

Thus, (4.7) is proven.
Spht CZ]' = jjl + CZJ‘Q + jjg, where
dy = fEﬁJ (u*(A, - ) "'x;x;D;'u — Eu’(A, — I)"'D; 'u)

dyp = ;E@( “(A, ~T)7/(D;' =D H)u)

diy — iEﬁj( “(R, ~ 1) /(D' —ED")u)

We shall show that
< Kn~ Y307, (4.8)

R A
=2 din
Z| j=1

for k=1,2,3.

First, by performing the same steps taken for U; and using (3.14a) and (4.4a), we
have

9

1/2
K N 5 YN 1/ A —1xy—1% *Ty— 1y —1%
0 < (ZIE|Bf|u (A -1)'(A - 1)"D;“uu'D; D7 u>
no\j=

IA

IA

i N 1/2 1/2
E|Z[u'D; "D 'u| < E|?lu'D; *s;s:D; 'u
v ( f | J | J J \/_ Z ’ | J J

IA

N 1/2

> Eu'D "s;s*D lu + Kn~Y3y75

U%\/N j:1 7% ) n
K

_ - —1e )\ /2 ~1/3, =5 ~1/3, -5
= ’UQ\/N<EHD C,.D u) + Kn o < Knm/P,0.
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Secondly, we have

K N
< —
N =
K N
< N (;E’BJ
‘7_
<
Jj=1
K
v, N
<

K
VN

1/2
K al * —1x* —
N (ZESJD "D 1sj) (

- (EtrD_lan_l*)l/ ? (Ew'D*C,Du)

> |ES? (u*(/A\n - I)_le_lsjs;D;lu) |

N
> ElsiD 'u/?

Jj=1

Finally, similar to the steps taken for Us we have

%

U <

Therefore, (4.8) is proven.

We turn now to e; and é;.

Similar to the approach taken for Uy, we have

J

<

1 N
_ e.

N 1/2 1 N

K (Zl E|ﬁﬂj|2) (A, —T)7 (NQ Z‘i EWHQI?DJ'_IDJ_I*B) ;
J= J=

with the last factor

1 N 1/2 1 N
= (N > E|6]2|Sij_1Dj_1*Sj) < (N 3 E|Bf|st;1D;1*sj)
J=1 j=1

27

) 1/2

1/2

(Elmn, — Em,[*Elu* (A, = 1)"/(D~! = ED")ul?)
< KN_IU;G.

1/2

12 7 1/2
-u*(Kn — 1)1Dj1sj|2) (Z E\ﬂjs;DjluP)
j=1

1/2

1 a o *1v—1/A — *1v—1/A —
—> E (8;87(x;D; (An = 1) 7'x; + x;D; (A, — T) 11‘j))|
j=1

1/2

+ Kn~ V378



N 1/2
= (N > ESjD_lD_l*sj> + Kn~'3v3,
=1
so, from Corollary 3.1, (3.14), and (4.4) we have

- { Kv,? (4.9a)

For é; we proceed in a similar fashion. we have by (3.14a) and (4.4a)

¢

1 N
—D ¢
7=1

Z

N 1/2 N
A 1 *Ty—1lx Ty — (A - A
K (Z EIﬁ?HVf!) <N2 > ElwD;"D; ulu*(A, — 1) 'r;*|52|
=1 j=1

<
1 N A 1/2
+ﬁ 221 E|r;fD;1u|2u*(An - YA, - I)_l*u|6]2|>
]:
- 1/2
< Kuv,' (N? Zv;4E|u*(An — D)7y + 052\ﬁj|2]erj_lu|2> + Kn~ Y30
j=1

1/2

K . .
= E (v *u* (A, - D Y(1/NMR,R* (A, — 1) "u+ v 2u*D 'R, R D *u
B (v e (A = D7 (/N R.R(A, —T) ; »D™""u)

+K7’L_1/3'UT:5
S Kn_1/3U_5

n

Before continuing with f; and fj, we make some observations on B . It is clear that
B < |z|/vn. From Lemma 2.1 (c¢) of Dozier and Silverstein (2007b) we have R(1 +
o?cm®(z)) > 0 for all z € R — {0}. Therefore,

K, = inf R(1+c%*em’(z)) >0,

z€la1,a2)

and from Lemma 3.1 and the uniform convergence of m? to m° on bounded subsets of
C U [ay, ag), we have for all n large

inf  R(1+ c,Em,(z +iv,)) > Ki/2.

x€[a1,a2]
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Moreover, since m? is bounded for x € [a1,as], we get from Lemma 3.1 that B =

1+ ¢,Em,, is bounded. Therefore,

Aol Kuv*
sup max(f, 57) < {
z€[a1,a2] K.

By Lemma 2.2

~

B

£ o= Eﬁj<([EtrDl] — XD (x; +1,))r D (A, — D)7

Nn
7D} (x4 1))xD; (R~ 7'y )

Our goal is to show

Write )
B = fin+ fio+ fis— fia+ Fis + fio

where

fr = ;VE@.(Emn(z)—mn(z))r;Djl(Kn—I)lrj

fio = ]\inEﬁj(trD_l — trtD; )i DY (A, — )7 'ry
fis = +-BA(D; —x;D; )by (R, ~ 1),
fia = A}nEﬁjijjlrjr;Djl(Kn—I)1rj

fis = ]\;lEﬁjr;Dj_lrjx;Dj_l(Kn—I)_lrj

fis = ]\}nEﬁjr;‘-Djlxjijjl(/A\n—I)1rj.

We shall prove

(4.10a)
(4.10b)

(4.11a)
(4.11D)

(4.12)

(4.13a)
(4.13D)



fork=1,...,6.

For k =1

N —
v 3 B8 (Em,(2) = ma(2))r;D5" (A = D)7
al 1/2
>~ (B18D; (A~ 1) 7'y ) )

1
< (Elm, — Em, )" (N

7j=1

The last factor is, using Lemma 3.3

1/2
1 ol * * —1x /A —
< (NQZE|5J|2I‘D 1D 1 rJZr - A, -1 1rj)

7=1

1/2
= (ZEW? ‘D;'D; itr(l/N)R R’ (A, I)‘l*(Kn—I)‘1>

7j=1
N 1/2
< (A, =D (NEZ 5;|°s;D; "D s + KNl/?’vnﬁ)

J=1

j=1

N 1/2
< (A, =D (NE > ssD'D s, + KN4/3vn6) :
Therefore, from (3.6), Corollary 3.1 and (4.4), we see that (4.13) holds for k = 1.
For k = 2, using the fact that ||r;||/v/N is bounded, we have
Ni Eﬂj tI'D - tI'D ) ;D;l(An — I)flrj\
1
Nn

ssD?s;r’D; YA, — 1) 'y

J

N

|

N —

Z Ef2siD; ?s;riD; (A, — 1) 7'y
N

2 F

IN

Ni
K (N 12 4 1/2
Nn (Z ’S;D2Sj’2) (ZIEWDjl(An - I)lrj‘Q)

]:

J=1
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]21 j=1

K N - 12 /N 1 1 1/2
< yarlAn=D7 X ElsiD )| S E|r’D;'D; |
N

P N 1/2 1/2
< ylA. =17 (j_1E|s§D‘2sjl2) (Z E|s;D‘1D‘1*sj||6;2|>

N 1/2
< KA, ~D7 (N‘l ZEIS;TD‘QSJ-F)

j=1

N 1/4 N 1/4
X(Nlms;nlwsjp) (leEW) |
j=1

Jj=1

Therefore, from Corollary 3.1, Lemma 3.2, and (4.4), we see that (4.13) holds for
k=2

For k = 3 we have, using Lemma 2.3

1 al — * Ty — *Ty—1/ A -
]:
1 Y A 1 1 1A 1
= m ];1 Eﬁjﬂj’}/](tI'D]_ — X;kDJ_ Xj)r;ij_ (An — I)_ I'j

1/2

IN

N 1/2 N
1 " _ PR _
K (}_ 1:E|ﬁj|2|yj|2) (N4 §' 1jE|5j|2trDj1Dj1 r’D; (A, — 1) 11~j|2)
J: J:

Again, since ||r;||/v/N is bounded, the last factor is

1/2
< A, -1 ;ZE\BthrDj1Dj1*r;ij1Dj1*rj>
N 1 ij_ 1/2
< (A =D NZ B3I () stj‘lD;l*sj)?)
N ] ]]; 1/2
< A& =D7 | 55 T BB (D5 D5 s,)" + Kn™*/ )
=

- 1/4 - 1/4
< & -0 XE |/3J|—4) (NZE@D—ID—I*sj)‘*) +o(l) (414
j=1

]:

2
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Therefore, from Corollary 3.1, (3.14), (4.4), and Lemma 3.2 we get (4.13) for k = 3.

For k = 4 we have

1
N ZEB]X D;'r;riD; A, -1
K A *Ty—1 *TV—1/ A -1
= 7]\/'7), Z’Eﬁjﬁj’}/ijDj I'jI'ij (An—I) I'j
j=1

1/2

IA

N 1/2
K (Z Elﬁm\Z) (N4 >_El3rD; "Dy || Dy (A, —I)lrj\z)
j=1

We see that the last factor is also bounded by (4.14), so we have (4.13) for k = 4.
For k =5 we have

1 *TYy— *Ty—1 /A —
j=1

N
= — Z Eﬂjﬁj’er;Dj_lrjX;Dj_l(An — I)_lrj

=1

1/2

N 1/2 N
1 A *Ty— N —Lxry—1lxTy—1/ A -
< K (Z E|6ﬂjl2) <N4 > BB |eiD; ' Pri(A, = 1) D "Dy (A, — 1) 11‘;‘) :
j=1 J=1

the last factor (again using the fact that ||r;||/v/N is bounded)

IN

N 1/4 1/4
ZEW] (r? Dj_le_l*rj)z) (NSZE 1*D 1*D (A —I)_lrj)2)

j=1

His

.

N

1/4 1/4
*Ty— 1) —1x* 1 N —1xy—=1*s1—1/A —
E‘ﬁﬂ (s;D; le ' Sj>2) (N ZE<S]’(A” -0 Dj ! Dj YA, -T) 15]’)2)

IA
==
M=

1

J Jj=1

IN

==

=1
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For the first factor we immediately use Corollary 3.1 For the second factor we have,

using Dj_1 =D '+ D_lsjs;'fD_1 j_l,

N
N —1lx—1xT—1/A" -1 2
J:
N —~ —~
< 2) E(sj(A, —I)""D "D (A, —I)7's;)?
Jj=1
N —~ —~
+2> E(si(A, — I)—1*D—1*sjs;D—l*D—lsjs;D—l(An — I)—lsj)2)13;2|

Jj=1

< 2Btr((A, =) "D "D YA, - 1)"'C,)?
N /2 /oy 1/2
+ V2 (Z E(s;D""*D's;)® + Etr((A, —I)"*D*C,D'(A, — I)lcn)g) (Z yﬁjH) .
j=1 j=1
In the second term, the first term in the first factor is covered by Corollary 3.1. Using

Lemma 2.11 we find

tr((A, —I)""*D "D (A, - I)"'C,)? tr((A, —I)"'C, (A, — I) "D D)2

< (A, =D YICy|[*rD*D >

and

(A, —I)"*D*C,D YA, —-1)"'C,)®* = (A, - )"'C,(A, - ) "D *C,D )
< (A, =D7YYC,[Ptr(D*C, D™ < (A, — 1)) C,, || "Str (DD ).

Since ||C,,|| < KN we have using Lemma 2.6 and Corollary 3.1, for B sufficiently large
1 1
NEHC,LHQtrD’QD’Q* < Kv,*nP(||C,|| > B) + NBQEHD*D*?* <K.
Similarly,
1
NE||Cn||16trD‘8D‘8* <K.
Thus, using Lemma 3.2, (3.14), and (4.4) we find (4.13) holds for k£ = 5.

For k = 6 we have, by (2.1) and Lemma 3.3
1< 1 1A 1
m ZEBJI‘;DJ_ XjX;Dj_ (An — I)_ r;

j

1
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K & e 2N 1
< ﬁZIlEﬁjr;D] (A, —T)7'r)]
]:
K 1 A 12Tk (A syl y—1/ A 1 1x i
+NZI<]V2E|5J_BJ| Erj(An_I) Dj Dj (An—I) r; JD D r3>
j:
1 N 1/2 N 1/2
< K (NZ ‘BJ|2 ;D;* Dy ) ( 2:1 (An—I)lrj) + Kn~ Y35
j: =
- N
< K|@&, -7 Nz 1B,s;D;*D;*'s
1/2
< K|@A,-D ZES*D DD ) + o)
J=1
| N 1/2
< KIA-17 NZES;D—QD—2*Sj)
j=1
1 N 1/2
+K|(A, =D P 1Es;D—2sjs;D—1D—1*sjs;fD—2*sj\5;2|) +0(1)
]:
1 N
< KA, - D7|(5; X Es;D D)

=1

<.

1/4

1 N 1/4 1 N
+ (NZE\5j|_4> (NZE(S;D s;s; D7D Ms;sT DT )) }+0(1)
j=1 Jj=1

Therefore, (4.13) holds for k = 6, and subsequently (4.11) holds, so we conclude that
(4.1) is true.

We proceed now in finding a bound for f] Our goal to to show

K

N
j; fil < TR (4.15)

As was done for f; we find, using Lemma 2.2

A

s

B (A =Dy (([EtrD_l] = %D (x; +1;)r;D; ',

fi =
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+r;D;%(x; 4+ r;)x;D; u>

Write o y y y y y y
5_1fj:fj1+fj2+fj3+fj4+fj5+fj6 (4.16)

where

o Cn .~ B K —
fn = NEﬂju (A, 1) 1rj(Emn(z) — my(2))r;D; u

fiz = ]\;Eﬁju*(&l —I)~'r;(tD"' —tzD; ")riD; 'u
fjg = ]\;Eﬁju*(:&n - I)*lrj(’mrD;1 - X;Dj*lxj)r;D;lu
fj4 = ]\;Eﬁju*(/A\n -I! r;X; D r;T; D u

Fo = o &, ) D D

fjﬁ = ]\;Eﬁ]u*(/A\n —I)7'rriD; xx D u.

We shall prove

(4.17)

2

J=1
fork=1,...,6.
For k = 1 we have by (3.6a)
Cp ol % 1 w1
N ZIEBJH (An I) rj(Emn(z) m”(z))erj u
j:
Cn S 2 * 1 * 1..12 1/2
< N;(E!mn(z) — Em,(2)]*Blu*(A, — I)"'r;8;r;D; 'uf?)
‘7:
K & . e 1/2
< eSS, )
n 1=
1/2 1/2
K S * 1412 K l *Ty—1* *
< N3/2/6 (ZIE|TJD] 11|> < Nt (2:1Eu D; "s;s'D;'u
J= n j=
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IN

N 1/2
(ZE|ﬁ]’2 *D 1*Sj *Dj_lu)

&6

- = (u*D’l*CnD’lu)l/QS Nfi

| i\w

||M2

=

1/2
Eu*D~ 1*sjs D~ u)

=

=

3
S

This proves (4.17) for k = 1.

For k = 2 we have

1| Y —~
Nz Z Efju* (A, —I)~'r;(tD~' — txD; ")r;D; 'u
1 A 1 2 1
= ZEu*(An —I)"'r;s;D’s;r;D; 'u
1/2 1/2
< K NE*D22/ NE*D12/
S N3y 21 |Sj S Zl ‘rj b u
n \j= i=
N 1/2
< . (Bu(D?C,D*C,) ) (ZlEu*Dj s;s7D; u)
n j=
K N 1/2
< T (Etr(D~*C,D~*C, ) 3" Eu*D Vs;s:Dlu|5;?
n j=1
K -2 2 1/2 *y— 1% 1.\ 1/2
< oz (Etr(D*C,D"*C,)) " (Fu'D"*C,D ')
K
<

Therefore, (4.17) holds for k = 2.

For k = 3 we have, using Lema 2.3 and (3.9)

N
Z Egju*(A, —I)~'r;(rD; ! —x;D;'x;)r'D; 'u
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1/2
K al —1y—1x%
< g3 ngtr(Dj Dj ))
n J]=
N 1/2
x (ZE|u*(Kn I)"'r;r;D; 1u|2)
j=1
1/2 1/2
K 1 N *1~—1_.12 / 1 N * * 1* /
< NP szlEh“jDJ u| < Nop Z:lEu DJ s;s;D;
n 1= n J]=
K *Ty—1* -1 1/2 K
< Not (EuD C,D u) < N

Thus, we have (4.17) for k = 3.

For k = 4, again using (3.9), we have

S
N?
1

N2

K

IN

N
Y Egju*(A, - I)"'r;x;Dj 'r;r;Dj u

7j=1
N
Z Bjﬁjfyj n—I) 1r]xD r; jD u

N 2 /N 1/2
ene (Z Er;Djl*Djlrj) (Z Elu*(A, — I)"'r;r;D; uP)
n _]:1 j=1

- 1/2 - 1/2
—1x7y—1 *Ty—1,,(2
< Nob (NZ s;D”'D sj) (N;E|erj u| )

K
<

6
Nvd

so we see (4.17) is true for k = 4.

For k = 5 we have

2
N? |~

N
Y Bfju*(A, —I)"'r;r}D; 'r;x/D; u
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<

2,5
N2vp

VAN
=
Sia
w
— N ~— - =
[~]=
t
:*
S
H
=,_.
N~ —
>
(]
=
:*
>)
3
|
=
L
s
Neh
S
G
T
N~
=
Do

Therefore, we have (4.17) for k = 5.

Finally, for £ = 6 we have

IN

IN

<

<

1 |& —~
Nz > Efju*(A, —I)"'r;r}D; 'x;x;D; 'u
j=1

K [N 2 /oy 1/2
N0, (JZ:; Er;Dlejl*rj) (Z Eu'D;'D; " ulu*(A, — I)lrj\2)

J=1

K [J 1-1 v Xz 1 X ¢\ 1/2
V.7 | 2o EsD; D s (u*(A, =)' (1/N)R,R,(A, — 1) "*u)
1/2
K a *Ty— 1y — 1% K —1y—1x 1/2
Noi (J; Es:D™'D sj> = Vo (EeD'D"C,)
K

\/Nvf’l

Thus we have (4.17) for k = 6, so that (4.15 ) is true, and consequently we have (4.2).

5 Proof of Theorem 1.2

We begin by proving

sup |Em, —m2| < Kn'. (5.1)

z€la1,a2]

The following is valid for any z = x + v, with v € (0, 1], which will be useful in the
proof of Lemma 3.1. Let 02 = 1 4 ¢,m%. Then, from (1.1), b2 = 02(2) satisfies, for any
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z€CT

1
=1+ | dH, (t
nT T %—bgzjt(l—cn) (t)
— 0z +(1—¢,)
\b0\2 QdHn(t)
Oz + 1—cn)‘

=1+ gnbo +((1 =) = 002)Gy,

where .
1012
R LdH, (1)
i — e+ (1 —cn)‘
and 1
e =c, / SdH, ().
i — b2+ (1—c)
Write o
W(1—¢°)=1+(1—c,)G? —102G. (5.2)

For the following argument a subscript of “2” will denote the imaginary part of a
complex number. We have 0 < 8%, < ¢, /v and

K
v< (B02)y =v+ cnv/ B A |2dFC"’H”(/\) < —. (5.3)
—z

v

Then, since (b2)2(1 — ¢°) = (892)2G2, we must have 1 — g% > 0.
From (5.2) we have
bpz(1—gp) = 2(1+ (1= ca))Gy) — B)|2[*Gy.
Plugging this into (5.2) gives us
Oh(1=gn)* = (1+ (1 = c)GR)(1 = g) = Gu(Z(1 + (1 — ) Gy) — by|2[Gy).
Therefore,

Oh((1=g0)" = (Gulz)*) = (1 + (1 = ) G) (1 — g, — G2). (5:4)
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It follows that

1—gp)z—Glzf?

0 0 _ 0 — _ 0 (

which implies

1—g%v
0 1-ag% 0 - (1 1 — 0 ( n .

Therefore, 1 — g2 > G%|z|. Moreover,

K (1— g% 1-¢%v v
(1= =GOz > (B02)9(1 — ¢ — GO2]) > 2 > L= —,

Therefore, for all positive v < 1, there exists a K such that
1—g2 > GYz| + Ko*.

Therefore,
g+ Ghlz| <1 - Ev*.

Let b, = 1 + ¢,Em,, and w, = Em,, — (1/zn)tr(A,, — I)~*. Then

1
E n:/ dH., (1) + w,
m bi—bnz—l—l—cn (8) +w

5.5)

(5.6)

(5.7)

Define g,,, G, to be the analogs of ¢ and G° when ° is replaced by b, = 1+ ¢,Em,,

in the definitions of ¢° and G%. We have Em,, — m® = (Em — m?)a,, + w,, where

n

i + 7 dH, (¢
O‘”_C”/(é—bnzﬂL(l—Cn))(zi{_bgzzﬂL(l_Cn)) i)

Using (5.6) we have for n large

t

b0
’Vlnl
nl < Cn dH,(t
B e (s [ P e T
1
te, / dH,(t
el & —buz+ (L= ca)l [ — 02+ (1— ) (®)
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< (g0)'2(gn)"? + 121(G) (G2 < (gu + [2]Gn) 2 (gn + |2]G) 2
< (g + [21Gn) (1 = (K/2)wy). (5.9)

At this point we assume x € [aj,as] and v = v,. Because of assumption (d) in
Theorem 1.1 and Lemma 2.6, the limiting p.d.f. ' has bounded support, which, conse-
quently, is true for all Fe»» uniformly in n. Therefore we see that the integral in (5.3)
is uniformly bounded above for all x € [ay, as]. Thus

sup (622)2 < Ku,,

z€la1,a2]
which together with (5.5) implies
sup g, + Gl < 1-K, (5.10)

r€(a1,az2]
for some positive K. Therefore, from (5.9) we have

] < (gn + 121Ga) (1 = K)V2.

From (4.3), (4.10b), and the expression for the eigenvalues of (A, — I)~! (below
(4.3)), it is clear that both g, and G,, are continuous functions of Em,,. Therefore, from
Lemma 3.1 and (5.10), we have for all n large

sup g, +Gylz[ < 1— K/2.

z€la1,a2)
Therefore, from (4.1b) we conclude
sup |Em, —m?| < K|w,| < Kn™'.
z€[a1,az)
Combining this with (3.6b) we have for all £ > 1
nElm, —ml|* < K.

This bound is uniform for all € [a;, as] Let S, be a set of n numbers, equally spaced
in [a1, as]. Let £ be large enough so that nv’, is summable. Then, since |m,,(z; + iv,) —
my (22 + iv,)| < |21 — x2|v,, 2, for any € > 0 we have for all n large

P( sup |nvn|mn(z +iv,) — ml(z +iv,)| > €)
z€la1,a2)

< P(rré%x [0 (2 4 iv,) — MmO (z + ivy,)| > £/2)
< (2/e)‘nwy,

which is summable. Therefore we have Theorem 1.2.
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6 Proof of Lemma 3.1 and Corollary 3.1

We begin with the proof of Lemma 3.1. Let A, denote the largest eigenvalue of C),. Let
B be a bound on the largest eigenvalue of (1/N)R,R;. Let Kyax > (BY2 4 (14 ,/c,))?
for all n. From Lemma 2.6 we have for any ¢ > 0

1bu] = brs > cnEnmmsl max < Koma) > Enn

1—o(nY) > Kuv,
_(HKMX)QH%( o(n™")) = Kv

for all n large. Using this bound we find

2

t
= —bpz+ (1—¢,))| < (Kv,' +(1—¢,))? < Ku, 2

Therefore we have G,, > Kv?2.

From (5.7) we have
ba(1—g,) =1+ (1 —¢,)G, — b,2G, + w,. (6.1)
Similar to the way (5.4) is obtained we find

bu((1 = gn)* = (Gul2])?) = (1 + (1 = €a)Gn)(1 = gn — GnZ) — GoZWy + wa(1 — ). (6.2)

Since (b,2)s > v, and v3 — |w,| > v3 — Kn~'v 7 we see from (6.1) that 1 —g,, > 0
for all n large. For these n we see from (6.2) that

(1 _gn) -Gz

+ A, w, + B,

where A,, and |B,,| are both contained in (0,1). We see that

(14 (1 = ¢n)Gr)Groy,
1 — g, + |2|G,

+ (Anwn + ann)Q Z |Z|_1UTL - 2|wn| Z KUn - Qn_l'l;;? > O’

from which we can conclude that 1 — g, > G,|z|. Therefore, from (5.9) we get
By — mS] < (w/ K)oyl < Kn~'eS (63)

This bound is uniform for all = € [e, f].
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As before we let S, be a set of n numbers equally spaced in [e, f]. From (3.6a) and
(6.3) we get for any ¢ > 1 and € > 0

P( sup v, 'lm, —m?| > ¢) < P(maxv, !|m, —ml| > ¢/2)
z€le.f] z€Sn

< P(né%xv;l|mn —Em?| > ¢/4) < e *Kmn~ v,
x n

Fix r > 0. Then for any ¢ > max(r,2) we get by Lemma 2.8

4
E(v,"| sup |m, —mC|") < (Kmn ‘v, %)/*—— = 0. (6.4)

n

€le.f] t=r
as n — 0o. Therefore, we have (b) of Lemma 3.1.

For (a) we notice that all the “a” arguments leading to (6.4) apply if we consider
vy, fixed in (0,1). Moreover, it is clear that we can find r and ¢ > r for which (6.4) is
summable. Therefore we get Lemma 3.1(a).

We proceed with the proof of Corollary 3.1. Let € € (0,1) be such that [a],a}] C
(b1, be) with @} = a — ¢, al, = ay + €. Assume the interval [e, f] covers [a], ab].

Write m,e = Sm,, = m°% + m!%, where
n2 n2

1
mos' (z + iv,) = - >

. . . 0 X
Similarly write m,, = Sm

out ; — S

0 _ ,,out in
. = mgy’ + mys, where

Un

dFetn(t) = 0.

From Lemma 3.1

lim E(v," sup [mns(z + ivy) — mly(x + iv,)|") = 0. (6.5)

Notice the family of functions
Folt) =
T (-2

defined on [a], a}]¢ is bounded and equicontinuous for x € [ay, as]. We apply Lemma 2.7
with S = [a], a}]°, © = [a1, as], and identifying P, with either the measures on [a}, a)]®
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induced by G, = F /F{[a|,a,]°} or FHn and P the measure on [a}, a}]¢ induced

. D D
by FH. Since, as n — oo, F = Foll as Femtln o pell and FO{[a}, ab)} — 1,
a.s. we have

) . 1
-1 in in C, cn,H.
sup v, |may —mgy| = su / ————d(F""(t) — F""(t))
z€[a1,a2) 2 0 z€la1,a2] tefa’d]e (t - x)Z + v2

n

1 1
<24~ (1e
<%+ (1~ pecg)

z€la1,a2]
1
d(Fertr(t) — FoH ()] = 0
[ g0 = F )] 0, s

asn — 0o0. Therefore, since sup,c(q, 4, Vn Ym
convergence for r > 0

/te[a/wc (t —1 o Gnlt) = F “H(t)

+ su

z€la1,az]

in —mi| is bounded, we get from dominated
lim E sup v "|m™ —mi| =0

N300 velara) n ’ n2 02‘ ’

and with (6.5) we conclude

lim E sup v, " (m2%

mo)” =0, 6.6
N0 pefa,az) ? ) ( )
For any z € [ay, as],
—1, out ; 1
v, myy (x4 iv,) >

—  JF%(¢
la1,a2] (t — .Z')Z + ?}721 ( )
>

1
—  JF%(t) > —F% Nlr—wv, nl).
la1,a]A[E—vn,2+vn] (t _ I’)Q n 1)721 ( ) jl 21}2 ([a17a2] [I Up,T + v ])

n

Select x; € [ay,az] such that v, < x; — x;_1 and Uj[z; — vy, x; + v,] D [a1,az]. Then,
for r > 0, we have from (6.6)

0B (o, @) < 0, B (S FO ([on, 2] 0oy — vy + 0a) )

< vnTE<2 Z(xj — 1)

sup(miy))
J

z€la1,a2)

<2'(b—a)" sup v,"E(mpy)" =0,

$E[a1,a2]
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as n — oo. Thus far v, = kn /) with p > 24. We will also need p large enough so
that
Nyt = 0(1), (6.7)

where d is given in condition (1.10) in order for Lemma 3.2 to hold. So we have for any
r>0
E(F([a1,aa]))" = o(vy) = o(n™"/7)

The same result applies as well to [a'd'] and so we have
E(F([d},a]))" = o(n~""?).
Select now v, = kn~ ™) for which integer m > 8. We get then

B(F ([a}, a3)))" = o(v,™). (6.8)

Write C = UAU*, A = diag[A,---, A, in its spectral decomposition, and for any
real a > 0,

1 1
D, =Udiag( ——,--,——— | U*
: lag<|xl—z|a’ ’|Ap—z|a> !

Notice for a < 16, = € [a;, as), and r > 1, from (6.8)

rl
1 1 1 1

E(trD,) =E | — S — -

oy By £ optiey £ ot

AL€la ab)e A, €la],al

< KE(e ™+ v,"FC[d},d}))" < K. (6.9)
We get immediately Corollary 3.1(b).

By Jensen,’s inequality we have for any real m > 1 and a > 0

m—1
’u S ‘2 n \u S, |2 - *
sy = (32 ) (3 S (5
k=1
= S; Hm— 1)S%Dams‘ S KS'DamS'-
j i J J J

(considering |ujs;|?/ >, |ufs;|* as a probability).
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Therefore, by Holder’s inequality, (with v = >;(v; + u;) and 1 = (v + ) /v)

IA
=
2
— 3
—— —
==
[]=
o,
O
~
+
=
M(IA\
=
\j/
N
IN
=
=
~/
==
[]=
bm*
w,
<
QUJ
N—————

We have by (6.9 )

l

1 ¢ 1 1 ¢
E (Ntran,,) < KE (NtrD,,_1> 4 KE (NtrD,,> <K

This gives us Corollary 3.1(a).

7 Proof of Lemma 3.2

We use condition (1.10). Consider a j which satisfies the property in (1.10), that is, no
eigenvalues of (1/(N —1))R,;R},; appear in (a; — €, az +€). We apply (3.7) and (4.2) to

, 1
C‘;L = ﬁ (Xk + rk)(Xk + rk)*,
k#j

where D is replaced by DJ(z) = C/ — zI and A, is replaced by

—~ 1
A, =
T 2(1+ ¢, Emy(2))

(1/(N = 1))Ry;R;,; — Emj(z)],

where R,,; is R,, with the j-th column removed, m;(z) = (1/n)trDi " (2), ca =n/(N-1),
and m;(z) is given by (3.1) (c, replaced by ¢],). We have

[D;! =D/ = [D;(C; — C)DI || < KN (7.1)
Therefore, using Lemma 2.1 we have

Imy, —mj| < (nv)™t + Kv, 2N~ < Kv,>n . (7.2)
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Recall the definition of w,, and the role of the interval [c,d] in Section 4. Let
B5(2) = (1+ yBmy ()22 — (1+ ,Emy(2))(1 — ca),
The eigenvalues of (Knj —I)~! are

z2(1+ c,Em;(2))
t;j — (14 c,Em;(2))z(Em;(z) + 1)
_ 2(1 4 cp,Em,(2))
tfzj — w;(2)

where 7, is the i-th smallest eigenvalue of 1/(N — 1)R,,;RS;. We have all #},; lying
uniformly away from [c, d]. From (7.2) we have |, — ;| < Kn~'v, 2. Therefore, using
(4.3), we find .

sup |||[(An; = )7 < K, (7.3)

z€[a1,a2]

for all n large. With E/ denoting conditional expectation with respect to x;, we have
using (3.7), (4.2), (7.3), and (7.1) we have for any ¢ > 1 and z € [ay, as]

E|B; " < Ki(1+ Eg)(E[s;D; 's )
< Ko(1+Eqy(Els3(D;t = D7 s+ s (DY — (1/2)(A,; — 1) Dsy[f)
< Ko(1+ v;%N’é + vf}fn’z/ﬁ + v;‘:’en’e/?’) < K,.

Finally, with I,, denoting the index set of j’s which satisfy the property in (1.10), we
get, using (6.7), for any ¢ > 1

1Y ‘ 1
E (NJ; |5j|_4) <K, ((Nd_lvf)e ty > E|ﬁj|_4€) < K.

Jj€In

Therefore, we have Lemma 3.2
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