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Abstract

We consider a class of matrices of the form Cn = (1/N)(Rn+σXn)(Rn+σXn)∗,
where Xn is an n × N matrix consisting of independent standardized complex
entries, Rj is an n×N nonrandom matrix, and σ > 0. Among several applications,
Cn can be viewed as a sample correlation matrix, where information is contained
in (1/N)RnR

∗
n, but each column of Rn is contaminated by noise. As n → ∞, if

n/N → c > 0, and the empirical distribution of the eigenvalues of (1/N)RnR
∗
n

converge to a proper probability distribution, then the empirical distribution of
the eigenvalues of Cn converges a.s. to a nonrandom limit. In this paper we show
that, under certain conditions on Rn, for any closed interval in R+ outside the
support of the limiting distribution, then, almost surely, no eigenvalues of Cn will
appear in this interval for all n large.
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1 Introduction.

For n = 1, 2, . . . let Xn = (Xij) be an n×N matrix containing independent standardized
complex entries (EXij = 0, E|Xij|2 = 1), and let Rn be an n × N nonrandom matrix.
The matrix

Cn =
1

N
(Rn + σXn)(Rn + σXn)∗

can be viewed as a sample correlation matrix formed from the N sampled vectors rj+xj,
where rj and xj are the j-th columns of Rn and Xn, respectively. Among several
applications for the use of Cn is the case where information is contained in the matrix
(1/N)RnR

∗
n, but each rj is contaminated by additive noise. For this reason Cn has

been described as the information-plus-noise type matrix. A result on the behavior
of the eigenvalues of Cn have been obtained in Dozier and Silverstein (2007a), under
the assumption the entries of Xn are i.i.d. The result is expressed in terms of the
empirical spectral distribution function FCn (where, for any square matrix A with only
real eigenvalues, FA(x) is the proportion of eigenvalues of A ≤ x). It is shown that, if
N = N(n) and cn ≡ n/N → c > 0 and Hn ≡ F (1/N)RnR∗n converges in distribution to
H, a proper probability distribution function (p.d.f.), as n→∞, then, with probability
1, FCn converges in distribution to F , a p.d.f. which is nonrandom. The proof uses
the Stieltjes transform method, where, for any p.d.f. G, the Stieltjes transform of G is
defined as

mG(z) ≡
∫ 1

λ− z
dG(λ), z ∈ C+ ≡ {z ∈ :=z > 0}.

Due to the inversion formula

G([a, b]) =
1

π
lim
η→0

∫ b

a
=mG(ξ + iη)dξ

(a, b continuity points of G), weak convergence of p.d.f.’s is equivalent to convergence of
Stieltjes transforms.

It is shown in Dozier and Silverstein (2007a) that, for any z ∈ C+, with probability
1, mFCn (z) converges to m0 = mF (z), which satisfies the equation

m =
∫ 1

t
1+σ2cm

− (1 + σ2cm) + σ2(1− c)
dH(t). (1.1)

It is also proven that m is the only solution to (1.1) for which m ∈ C+ and =zm ≥ 0
(note: it is straightforward to show that for any p.d.f. G which has mass concentrating
on the nonnegative reals, and for z ∈ C+, we have mG(z) ∈ C+ and zmG(z) ∈ C+).
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The purpose of this paper is to prove, along the same lines as in Bai and Silverstein
(1998) and Paul and Silverstein (2007), the nonexistence of eigenvalues outside the
support of F . It is necessary at this point to review some of the properties of F and
mF , obtained in Dozier and Silverstein (2007b). It is shown that for all x ∈ R − {0},
limz∈C+→xmF (z) ≡ m0(x) exists. From this it follows that F has a continuous derivative
f on R − {0} given by f(x) = 1

π
=m0(x). Along the way in proving this result it was

shown that

|mF (z)| ≤
(

1

σ2c|z|

)1/2

, for z ∈ C+. (1.2)

Let b = 1 + σ2cm0. Then, with

w(z) ≡ b2(z)z − b(z)σ2(1− c), (1.3)

(1.1) can be written as

1

σ2c

(
1− 1

b(z)

)
= mH(b2(z)z − b(z)σ2(1− c)) = mH(w(z)). (1.4)

Let SG denote the support of the p.d.f. G. It is shown in Dozier and Silverstein
(2007b) that

x 6= 0 and x0 ∈ ScF =⇒ w(x0) ∈ ScH . (1.5)

Moreover, for all z ∈ (C+∪R)−{0}, <b > 0. We see then, from continuity, that (1.4)
holds for x ∈ R − {0} in a neighborhood of x0. We will use the fact that, on intervals
outside the support of p.d.f. G, mG(x) exists, and is increasing, which implies its inverse
exists, and is increasing. Therefore, for any interval I ∈ R− {0} contained in ScF , there
exists an interval J ∈ R+ for which we have the inverse of mF expressed in terms of b:

x(b) =
1

b2
m−1
H

(
1

σ2
c
(

1− 1

b

))
+

1

b
σ2(1− c) b ∈ J. (1.6)

Moreover, we have x′(b) > 0 for b ∈ J .

Conversely, it is shown that, for any interval L ⊂ ScH , there is an interval J ⊂ R+

for which the mapping b → 1
σ2c

(1 − 1/b) takes J into the range of mH applied to L, so
that the function in (1.6) is well defined. Moreover, if x′(b) > 0 then x(b) ∈ ScF and
b = 1 + σ2cmF (x(b)).
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We concentrate on an interval [a1, a2] for which a1 > 0 and [a1, a2] ⊂ (b1, b2), where
b1 > 0 and (b1, b2) ⊂ ScF . From (1.5) and the fact that w(·) is analytic in ScF , we see
that w((b1, b2)) = (c1, c2) ⊂ ScH . In order to make any conclusion on the nonappearance
of eigenvalues of Cn in (b1, b2), this interval along with (c1, c2) must somehow require
assumptions on cn and the eigenvalues of (1/N)RnR

∗
n, for n large. This is done by

utilizing equation (1.1) for each n. Let m0
n and b0

n be the respective solutions to (1.1)
and (1.4) with H and c replaced by Hn and cn respectively, let w0

n be defined by (1.3)
in terms of b0

n, and let F cn,Hn denote the corresponding p.d.f. We impose the following
condition:

For all n large, (b1, b2) ⊂ ScF cn,Hn . (1.7)

Because of (1.2) and the uniqueness of solutions to (1.1), it follows that m0
n(z) →

m0(z) as n → ∞ for all z with =z 6= 0. Since the m0
n are analytic in a neighborhood

of (b1, b2) in C, we have by Vitali’s convergence theorem (Titchmarsh (1939), p. 168),
m0
n(x) → m0(x) as n → ∞ for all ∈ (b1, b2). Upon differentiation of the extreme sides

of (1.4) with respect to x ∈ (b1, b2), we find that w′(x) > 0. Therefore

w(b1) < w(a1) and w(a2) < w(b2).

Hence, there exists an ε >, such that, for all n large

max(w0
n(a1)− w0

n(b1), w0
n(b2)− w0

n(a2)) ≥ ε. (1.8)

The effect of (1.8) on the eigenvalues of (1/N)RnR
∗
n are immediate. Let λn1,≤ λn2, . . .

denote the eigenvalues of (1/N)RnR
∗
n. Then, for all n large, there exists an index in for

which
λnin < w0

n(b1) and λn(in+1) > w0
n(b2). (1.9)

We impose another condition. Let Rnj denote the matrix resulting from removing
the j-th column from Rn. Then we require:

There exists a positive ε̂ ≤ ε and a positive d < 1 such that for all n

large the number of j’s with no eigenvalues of (1/(N − 1))RnjR
∗
nj (1.10)

appearing in w0
n((a1 − ε̂, a2 + ε̂)) is greater than N1−d.

The main result can now be stated.
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Theorem 1.1 Assume

(a) Xij, i, j = 1, 2, . . . are independent standardized random variables.

(b) There exists a K and a random variable X with finite fourth moment such that, for
any x > 0

1

n1n2

∑
i≤n1,j≤n2

P(|Xij| > x) ≤ KP(|X| > x)

for any n1, n2

(c) There exists a positive function ψ(x) ↑ ∞ as x→∞, and M > 0 such that

max
ij

E|X2
ij|ψ(|Xij|) ≤M.

(d) For n = 1, 2 . . . Rn is an n × N nonrandom matrix with ‖(1/
√
N)Rn‖ uniformly

bounded for all n.

(e) N = N(n) with cn ≡ n/N → c > 0 as n→∞.

(f) Cn ≡ (1/N)(Rn + σXn)(Rn + σXn)∗, where Xn = (Xij), i = 1, 2, . . . , n j =
1, 2, . . . , N .

(g) With b1 > 0, [a1, a2] ⊂ (b1, b2) with conditions (1.7) and (1.10) holding.

Then P(no eigenvalue of Cn appears in [a1, a2] for all n large) = 1.

Assumptions (a)-(c) allow for the extension of the Xij to depart from merely being
i.i.d. They were made in Couillet et. al. (2011), which extend the results in Bai and
Silverstein (1998), (1999) on matrices of the form (1/N)TnXnX

∗
n, where Tn is Hermitian

nonnegative definite, to non i.i.d. entries in Xn. The argument in Couillet et. al. will
be revisited in Section 3, which after suitable truncation, centralization, and scaling of
the Xij’s one can assume these variables to be uniformly bounded.

The rest of the paper will be devoted to proving the following.

Theorem 1.2 Let z = x+ ivn with vn = κn−1/(2p), where p is a positive integer. Then
for p sufficiently large

sup
x∈[a1,a2]

nvn|mn(z)−m0
n| = o(1), a.s.
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As shown in Bai and Silverstein (1998), Theorem 1.2 proves Theorem 1.1. The main
steps are given here. Let [a′1, a

′
2] ⊂ (b1, b2) for which a′1 < a1, a′2 > a2. Then from

Theorem 1.2 it is straightforward to argue (with I(A) denoting the indicator function
on the set A)

sup
x∈[a1,a2]

∣∣∣∣∣
∫ I([a′1, a

′
2]c)d(FCn(λ)− F cn,Hn(λ))

((x− λ)2 + v2
n)((x− λ)2 + 2v2

n) · · · ((x− λ)2 + pv2
n)

+
∑

λj∈[a′1,a
′
2]

v2p
n

((λ))((x− λ)2 + v2
n)((x− λ)2 + 2v2

n) · · · ((x− λ)2 + pv2
n)

∣∣∣∣∣∣ = o(1), a.s.,

where the λj’s are the eigenvalues of Cn. Since the integral converges a.s. to zero, one
can argue, by contradiction that, a.s., that there can be no eigenvalues of Cn in [a1, a2]
for all n large.

The results in this paper are partway toward establishing the exact separation of the
eigenvalues, that is, associating the eigenvalues, say, to the left of a1 with eigenvalues
of (1/N)RnR

∗
n to the left of w(a1). Work is currently being pursued in this direction.

It is remarked here that exact separation of eigenvalues of Cn has been achieved when
the underlying distribution of the Xij is complex normal, that is, real and imaginary
parts are i.i.d. N(0,1/2) (Vallet, et. al.), using properties specific to this distribution.
Work on exact separation of other ensembles of random matrices can be seen in Bai and
Silverstein (1998), (1999), Capitaine, et.al. (2009) and Haagerup, et. al. (2006)

With the techniques used in this paper the authors found it necessary to include
condition (1.10). It is needed to prove Lemma 3.2, involving the boundedness of moments
of quadratic forms of resolvents of C(j) = Cn− (1/N)(rj +σxj)(rj +σxj)

∗, where rj and
xj are the respective j-th columns of Rn and Xn. This in turn required the absence of
eigenalues of (1/(N −1))RnjR

∗
nj in the interval (c1, c2). As an example, (1.10) disallows

the inclusion of Rn constructed the following way. Let e1, . . . , en be the canonical basis

set in Rn, and let N ≥ 2n. Let, for j ≤ n, rj =
√
Nj/nej, rn+j =

√
N(1− j/n)en+j,

and rj = 0 for j > 2n. Then (1/N)RnR
∗
n = I, the identity matrix, but for j ≤ n

(1/(N − 1))RnjR
∗
nj has eigenvalue 1 − j/n, which fill up (0, 1). Condition (1.10) is

not needed when the Xij are Gaussian, because in this case the distribution of Xn is
invariant under unitary transformations, so it can be assumed that Rj is diagonal. Work
is proceeding on removing this condition.

The proof of Theorem 1.2 will be done in Sections 3-5, where Sections 6,7 contain
the proofs of lemmas need in the previous sections. Along the way will be derivations of
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bounds on moments of quadratic forms involving the resolvent of Cn. Work in this area
has been done in Hachem, et. al. As in our derivation, the bounds in that paper are in
terms of powers of the reciprocal of the imaginary part of z. However the relation between
moments and the powers of the reciprocal are unspecified, whereas it is important in
our proof to know the dependence between the two. Therefore, it is necessary to include
the derivations.

The authors are indebted to Philippe Loubaton, Walid Hachem, Malika Kharouf,
Jamal Najim, and Pascal Vallet, for their help with crucial parts in the proof.

We begin by listing results needed in the proof of Theorem 1.2.

2 Mathematical tools.

Lemma 2.1 (Lemma 3.3 of Dozier and Silverstein (2007a)). Let z ∈ C+ with v = Im z,
A and B n× n with B Hermitian, and r ∈ Cn. Then

|tr((B− zI)−1 − (B + rr∗ − zI)−1)A| =
∣∣∣∣∣r∗(B− zI)−1A(B− zI)−1r

1 + r∗(B− zI)−1r

∣∣∣∣∣ ≤ ‖A‖v .

Lemma 2.2 For a,b ∈ Cn, and n × n for which A and A + (a + b)(a + b)∗ are both
invertible we have

a∗(A + (a + b)(a + b)∗)−1

=
1 + b∗A−1(a + b)

1 + (a + b)∗A−1(a + b)
a∗A−1 − a∗A−1(a + b)

1 + (a + b)∗A−1(a + b)
b∗A−1.

Lemma 2.3 (Lemma B.26 of Bai and Silverstein (2009)). For X = (X1, . . . , Xn)T ,
with Xi’s independent, standardized, and bounded, C an n× n matrix, we have for any
p ≥ 2

E|X∗CX− trC|p ≤ Kp(trCC∗)p/2.

where Kp also depends on the bound on the Xi’s.

Corollary 2.1 For X as in Lemma 2.3 and p ≥ 2 we have

E‖X‖2p ≤ Kpn
p.
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Moreover, for y ∈ Cn nonrandom and p ≥ 2

E|X∗y|p ≤ Kp‖y‖p.

Proof. We have, using Lemma 2.3

E‖X‖2p = E(X∗IX)p ≤ 2p−1(E|X∗IX− trI|p + (trI)p) ≤ Kp(n
p/2 + np) ≤ Kpn

p.

Again, using Lemma 2.3

E|X∗y|p ≤ (E|X∗yy∗X|p)1/2 ≤ 2(p−1)/2(E|X∗yy∗X− tryy∗|p + (tryy∗)p)1/2

≤ 2(p−1)/2(Kp((tr(yy∗)2)p/2 + ‖y‖2p)1/2 ≤ Kp‖y‖p.

Lemma 2.4 (Corollary 7.3.8 of Horn and Johnson (1985)). For r× s matrices A and
B with respective singular values σ1 ≥ σ2 ≥ · · · ≥ σq, τ1 ≥ τ2 ≥ · · · ≥ τq, where
q = min(r, s) we have

|σk − τk| ≤ ‖B−A‖ for all k = 1, 2, . . . , q.

Lemma 2.5 (Lemma 2.2 of Shohat and Tamarkin (1970)). If f is analytic on C+, f(z)
maps C+ into C+, and there is a θ ∈ (0, π/2) for which zf(x) → c, finite, as z → ∞
restricted to {w ∈ C+ : θ < argw < π − θ}, then c < 0 and f is the Stieltjes transform
of a measure on R with total mass −c.

Lemma 2.6 (Couillet et. al. (2011)). When the entries of Xn are bounded the largest
eigenvalue of 1

N
XnX

∗
n, denoted by λ(1/N)XnX∗n

max , satisfies

P(λ(1/N)XnX∗n
max > K) = o(n−t)

for any K > (1 +
√
c)2 and any positive t.

Lemma 2.7 (Problem 8, p. 17 of Billingsley (1968)). Suppose Pn, P are probability
measures on a separable metric space S for which Pn converges weakly to P as n →
∞. Let {fθ}, θ ∈ Θ be a family of real valued uniformly bounded functions on S and
equicontinuous at each x ∈ S, that is, for each x and ε > 0 there exists a δ > 0 for which
|x− y| < δ implies, for all θ ∈ Θ, |fθ(x)− fθ(y)| < ε. Then

lim
n→∞

sup
θ∈Θ

∣∣∣∣∫ fθdPn −
∫
fθdP

∣∣∣∣ = 0.

8



Lemma 2.8 If for all ε > 0, P(|X| > ε)εp ≤ K for some positive p, then, for any
positive q < p

E|X|q ≤ Kq/p

(
p

p− q

)
.

Proof. For any > 0

E|X|q =
∫ ∞

0
P(|X|q > t)dt ≤ a+K

∫ ∞
a

t−p/qdt = a+K
q

p− q
a1−p/q.

By differentiating the last expression with respect to a and setting it to zero, we find its
minimum occurs when a = Kq/p, its value giving us the desired upper bound.

Lemma 2.9 (Burkholder (1973)). Let {Xk} be a complex martingale difference se-
quence with respect to the increasing σ-fields {Fn}. Then, for p ≥ 2

E
∣∣∣∑Xk

∣∣∣p ≤ Kp

(
E
(∑

E(|Xk|2|Fk−1)
)p/2

+ E
∑
|Xk|p

)
.

Lemma 2.10 (Burkholder (1973)). Let {Xk} be as above. Then for any p > 1

E
∣∣∣∑Xk

∣∣∣p ≤ KpE
(∑
|Xk|2

)p/2
.

Lemma 2.11 For Hermitian n × n Hermitian matrices A and B, we have for any
positive even integer `

tr(AB)` ≤ ‖A‖`trB`

(follows from Theorem 3.2 of Yang and Feng (2002)).

3 Convergence of mn − Emn and certain quadratic

forms.

Constants appearing in inequalities are designated by K, sometimes subscripted. They
are nonrandom and may differ from one appearance to the next.
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We begin with simplifying assumptions. Suppose n > N . Then the largest n − N
eigenvalues of Cn are identical to the eigenvalues of (1/N)(Rn + σXn)∗(Rn + σXn) =
(n/N)(1/n)(R∗n + σX∗n)(R∗n + σX∗n)∗ = cnCn, where Cn is defined exactly in the same
manner as Cn with the roles of n and N reversed. Since we are dealing with eigenvalues
on the positive reals, the truth of Theorem 1.1 for limiting c < 1 will imply the truth
for c > 1. So we will henceforth assume cn ≤ 1 for all n.

Since the eigenvalues of Cn and σ−2Cn differ by a scaling factor, we may assume
σ = 1.

We proceed with simplifying the assumptions on the entries of Xn. We follow along
the truncation and centralization steps taken on the entries of Xn in Appendix B-B of
Couillet et. al. (2011), which involves matrices of the form (1/N)(XnX

∗
n)Tn, where Tn is

nonnegative definite. The conditions (a)-(c) made in Theorem 1.1 are identical to those
made on the entries of Xn in Couillet et. al. (2011). In 2.-4. of that paper Lemma 2.4 is
used on (1/

√
N)T1/2

n X′n and (1/
√
N)T1/2

n X′′n, where X′′n results in either a truncation, a
centralization, or a scaling of the entries of X′n. We get the same results when we apply
Lemma 2.4 on (1/

√
N)(Rn + X′n) and (1/

√
N)(Rn + X′′n). Thus we conclude that we

may assume as in Couillet et. al. (2011) the entries of Xn are uniformly bounded.

Let

Ân =
1

z(1 + cnEmn(z))
(1/N)RnR

∗
n − Emn(z)I,

where
mn(z) = mF (1/N)(Rn+Xn)∗(Rn+Xn)(z).

We have

mn(z) = −1− cn
z

+ cnmn(z). (3.1)

Also, let D = D(z) = Cn− zI, and u ∈ Cn, with ‖u‖ = 1. In this section we shall verify
bounds on moments of

mn − Emn (3.2)

and on
u∗D−1u− Eu∗D−1u. (3.3)

The next section will establish bounds on

Emn − (1/(zn))tr(Ân − I)−1 (3.4)

and
Eu∗D−1u− (1/z)u∗(Ân − I)−1u. (3.5)
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Two separate bounds will be shown simultaneously on (3.2) and (3.4). One bound,
which we call the “a” bound, will hold for all z = x + ivn for x lying in a bounded
interval, [e, f ], of R+. The second bound, called the “b” bound, will hold for all z with
x ∈ [a1, a2], but which rely on two lemmas, one depending on the truth of the “a” bound,
the other on the bounds derived for (3.3) and (3.5). All four quantities will each be split
into a sum of several terms, where “a” and “b” bounds will be derived for each term
involving (3.2) and (3.4). Section 5 will finish the proof of Theorem 1.2, and Section 6
will contain the proof of the two lemmas, along with a corollary to one of the lemmas.

The first lemma is hereby given.

Lemma 3.1

(a) We have Fn
D→ F almost surely.

(b) For any bounded interval [e, f ] with e > 0 and any r ≥ 1

lim
n→∞

E(v−rn sup
x∈[e,f ]

|mn −m0
n|r) = 0.

We will essentially need the following corollary. First we introduce the following
notation. Write sj = N−1/2(rj + xj), where rj and xj are the respective j-th columns of
Rn and Xn. Notice that the sj’s are uniformly bounded.

Corollary 3.1

(a) For positive integer m, nonnegative integers νk, µk, k = 1, . . . ,m with νk + µk ≥ 1,∑m
k=1(νk + µk) ≤ 16, and ` ≥ 1 we have uniformly for all x ∈ [a1, a2]

E

∣∣∣∣∣∣ 1

N

N∑
j=1

m∏
k=1

s∗jD
−νkD−µk∗sj

∣∣∣∣∣∣
`

≤ K`.

(b) For positive integer m ≤ 8 we have uniformly for x ∈ [a1, a2]

1

N
EtrD−mD−m∗ ≤ K
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Before stating the second lemma we introduce some more notation. Write C(j) =
C− sjs

∗
j , Dj = C(j) − zI = D− sjs

∗
j , and

βj = βj(z) =
1

1 + s∗jD
−1
j (z)sj

.

The second lemma can now be stated.

Lemma 3.2 We have for any ` ≥ 1 and x ∈ [a1, a2]

E

 1

N

N∑
j=1

|βj|−4

` ≤ K`.

In this section we will show for vn = κn−1/p for p suitable large, and any ` ≥ 1

E|mn(z)− Emn(z)|2` ≤
{
K`v

−8`
n n−2` (3.6a)

K`n
−2`, (3.6b)

and

E|u∗(D−1 − ED−1)u|2` ≤ Kv−10`
n n−`/3. (3.7)

The “a” bound and the quadratic form bound holds uniformly for all x ∈ [e, f ]. The
“b” bound holds uniformly for all x ∈ [a1, a2]. Notice these bounds hold for all ` ≥ 1
once they are shown to be true for sufficiently large `.

Before proceeding we introduce some more notation. Let

β̂j =
1

1 +N−1(trD−1
j + r∗jD

−1
j rj)

,

αj = s∗jD
−2
j sj − (1/N)(trD−2

j + r∗jD
−2
j rj), ηj = N−1(trD−2

j + r∗jD
−2
j rj),

and
γj = s∗jD

−1
j sj −N−1(trD−1

j + r∗jD
−1
j rj).

From Lemma 2.5 we see that both −z−1βj and −z−1β̂j are Stieltjes transforms of (ran-

dom) probability measures. Consequently, βj and β̂j are bounded in absolute value by
|z|v−1

n . Notice, because ‖(1/N)RnR
∗
n‖ and the entries of Xn are uniformly bounded,

12



the vectors sj and N−1/2rj are uniformly bounded in Eudlidean norm. Thus, for all n,
j ≤ N , and x ∈ [e, f ]

max(|βj|, |β̂j|, |γj|) ≤ Kv−1
n

and
max(|αj|, |ηj|) ≤ Kv−2

n .

Since β̂j − βj = γjβjβ̂j we have

|γjβjβ̂j| ≤ Kv−1
n .

We also have
|ηjβ̂j| ≤ v−1

n . (3.8)

Indeed, denote the spectral decomposition of C(j) by UΛU∗, the eigenvalues, λjk, in Λ,
arranged in increasing order. Let y = U∗rj = (y1, . . . , yn)T . Then

|ηj| ≤ N−1
n∑
k=1

1 + |yk|2

|λjk − z|2
,

whereas

|1 +N−1(trD−1
j + r∗jD

−1
j rj| ≥ =N−1trD−1

j + r∗jD
−1
j rj = N−1vn

n∑
k=1

1 + |yk|2

|λjk − z|2
.

Thus, (3.8) follows.

We first establish an essential bound. Let E(j) denote conditional expectation with
respect to x1, . . . ,xj−1,xj+1, . . . ,xN . Using Lemma 2.3 and Corollary 2.1, we have for
` ≥ 1

E(j)|γj|2` ≤ K`N
−2`(E(j)|x∗jD−1

j xj − trD−1
j |2` + E(j)|x∗jD−1

j rj|2` + E(j)|r∗jD−1
j xj|2`)

≤ K`N
−2`(E(j)(trD

−1
j D−1∗

j )` + E(j)‖D−1
j rj‖2` + E(j)‖D

−1

j rj‖2`)

≤ K`N
−2`N `v−2`

n ≤ K`n
−`v−2`

n . (3.9)

Similarly we get
E(j)|αj|2` ≤ K`n

−`v−4`
n . (3.10)

Restricting vn = κn−1/p with p > 10 we have for ` ≥ 2

E(j)|γj|` ≤ K`n
−2`/5. (3.11)

13



Let I(A) denote the indicator on the event A. Then from (3.11) we have for any t > 0

P(j)(|γj| > n−1/3) = E(j)I(|γj| > n−1/3) = o(n−t). (3.12)

Here, P(j) is the conditional probability with respect to x1, . . . , xj−1, xj+1, . . . , xN . These
bounds are uniform across j. We have then for any t > 0

P(sup
j≤N
|γj| > n−1/3) = o(n−t). (3.13)

We will need the following.

Lemma 3.3 Suppose f is a random variable for which |f | ≤ nµ for some positive µ.
Then for any j ≤ N , η ≥ 1 and t > 0

E(j)|βj − β̂j|η|f | ≤ Kn−η/3v−2η
n E(j)|f |+ o(n−t).

The bound K depends only on η and the interval [e, f ].

Proof. We have by (3.12)

E(j)|βj − β̂j|η|f | ≤ Kv−ηn nµE(j)I(|γj| > n−1/3) +Kn−η/3v−2η
n E(j)|f |

≤ Kv−ηn nµP(j)(|γj| > n−1/3) +Kn−η/3v−2η
n E(j)|f | ≤ Kn−η/3v−2η

n E(j)|f |+ o(n−t).

As a consequence of this lemma, we prove the following useful bound:

max

E
( N∑
j=1

Ej−1|βjγj|2
)`
,E
( N∑
j=1

Ej−1|β̂jγj|2
)` ≤ {

K`v
−2`
n (3.14a)

K`. (3.14b)

Indeed, using Lemma 3.3 and the identity s∗jD
−1 = βjsjD

−1
j we have

E

 N∑
j=1

Ej−1|β̂jγj|2
` = E

 1

N2

N∑
j=1

Ej−1|β̂j|2(r∗jD
−1
j D−1∗

j rj + tr(D−1
j D−1∗

j ))

`

= E

 1

N

N∑
j=1

Ej−1|β̂j|2s∗jD−1
j D−1∗

j sj

`

14



≤ K`E

 1

N

N∑
j=1

Ej−1|βj|2s∗jD−1
j D−1∗

j sj

` +K`E

 1

N

N∑
j=1

Ej−1|β̂j − βj|2s∗jD−1
j D−1∗

j sj

`

≤ K`E

 1

N

N∑
j=1

Ej−1s
∗
jD
−1D−1∗sj

` + (n−2/3v−6
n )`

≤ K`E
(

1

N
s∗jD

−1D−1∗sj

)`
+ o(1)

from which we immediately get (3.14a) and, from Corollary 3.1, (3.14b) for the second
quantity on the left in (3.14). For the first quantity we have

E
( N∑
j=1

Ej−1|βjγj|2
)`
≤ K`E

( N∑
j=1

Ej−1|β̂jγj|2
)`

+K`E
( N∑
j=1

Ej−1|βj − β̂j|2|γj|2
)`
,

where from Lemma 3.3

E
( N∑
j=1

Ej−1|βj − β̂j|2|γj|2
)`
≤ K`n

−2`/3v−4`
n E

( N∑
j=1

Ej−1|γj|2
)`

+ o(n−t)

= K`n
−2`/3v−4`

n E
(

1

N2

N∑
j=1

Ej−1(r∗jD
−1
j D−1∗

j rj + tr(D−1
j D−1∗

j ))
)`

+ o(n−t)

≤ K`n
−2`/3v−6`

n → 0

as n→∞. Therefore we get the bound on the first quantity on the left in (3.14).

We proceed now with (3.6). Let E0(·) denote expectation and Ek(·) denote condi-
tional expectation with respect to the σ-field generated by the first k columns of the
doubly infinite matrix from which the Xn’s are taken from. Using Lemma 2.1 we write

n(Emn(z)−mn(z)) = −
N∑
j=1

(EjtrD
−1 − Ej−1D

−1)

= −
N∑
j=1

(Ej(trD
−1 − trD−1

j )− Ej−1(trD−1 − trD−1
j ))

=
N∑
j=1

(Ej − Ej−1)s∗jD
−2
j sjβj.

15



Expand βj into

βj = β̂j − γjβ̂2
j + γ2

j β̂
2
jβj. (3.15)

We have then

n(Emn(z)−mn(z)) = J1 − J2 − J3 + J4,

where

J1 =
N∑
j=1

(Ej − Ej−1)αjβ̂j,

J2 =
N∑
j=1

(Ej − Ej−1)αj γ̂jβ̂
2
j

J3 =
N∑
j=1

(Ej − Ej−1)ηj γ̂jβ̂
2
j

J4 =
N∑
j=1

(Ej − Ej−1)s∗jD
−2
j sj γ̂

2
j β̂

2
jβj

Note that each Jk is a sum of martingale differences. Our goal is to show for ` ≥ 1

E|Jk|2` ≤
{
K`v

−8`
n (3.16a)

K`, (3.16b)

for k = 1, 2, 3, 4.

We begin with J2 and J4. Write, for k = 1, 2, Jk = Jk1 + Jk2, where Jk1 (Jk2) results
in placing I(|γk| < N−1/3) (I(|γk| ≥ N−1/3)) to the right of (Ej − Ej−1) in each term of
Jk. From (3.13) we have for ` ≥ 1 and all positive t

E |Jk2|2` ≤ K`E

 N∑
j=1

v−5
n I(|γj| ≥ N−1/3)

2`

≤ K`N
2`−1v−10`

N∑
j=1

P(|γj| ≥ N−1/3) ≤ K`N
2l−tv−10`

n → 0. (3.17)

as n→∞. All subsequent moment bounds will use Lemma 2.9. For J41 we have using
(3.14a)

E|J41|2` ≤ K`

[
E
( N∑
j=1

Ej−1

∣∣∣(Ej − Ej−1)s∗jD
−2
j sjγ

2
j β̂

2
jβjI(|γj| < n−1/3)

∣∣∣2 )`
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+
N∑
j=1

E
∣∣∣(Ej − Ej−1)s∗jD

−2
j sjγ

2
j β̂

2
jβjI(|γj| < n−1/3)

∣∣∣2` ]

≤ K`

[
v−8`
n n−2`/3E

( N∑
j=1

Ej−1|β̂jγj|2
)`

+ v−10`
n n−4`/3+1

]

≤ K`v
−10`
n (n−2`/3 + n−4`/3+1)→ 0

(when p > 30) as n→∞.

We have

E|J21|2l ≤ K`n
−2`/3v−4`

n E

 N∑
j=1

Ej−1|αj|2
` +K`N

−2`/3+1v−8`
n

≤ K`n
−2`/3v−4`

n E

N−2
N∑
j=1

Ej−1

(
trD−2

j D−2∗
j + r∗jD

−2
j D−2∗

j rj
)l +K`n

−2l/3+1v−8`

≤ K`(n
−2`/3v−8`

n + n−2l/3+1v−8`
n ) ≤ K`n

−2`/3+1v−8`
n → 0.,

for ` ≥ 2 and p > 48. Thus we have (3.14) for k = 4 and 2.

We next handle J3. Using (3.11), (3.8), Lemma 3.3, and

|trD−2
j + r∗jD

−2
j rj| ≤ trD−1

j D−1∗
j + r∗jD

−1
j D−1∗

j rj,

we have for ` ≥ 2

E|J3|2` ≤ K`

[
E

 N∑
j=1

Ej−1|ηjγj|2|β̂j|4
` +N−4`/5+1v−4`

n

]

≤ K`

[
E

 1

N2

N∑
j=1

Ej−1

(
trD−1

j D−1∗
j + r∗jD

−1
j D−1∗

j rj
)
|η2
j β̂

4
j |

` +N−4`/5+1v−4`
n

]

≤ K`

[
E

 1

N4

N∑
j=1

Ej−1

(
trD−1

j D−1∗
j + r∗jD

−1
j D−1∗

j rj
)3
|β̂4
j |

`N−4`/5+1v−4`
n

]

= K`E

 1

N

N∑
j=1

Ej−1

(
E(j)s

∗
jD
−1
j D−1∗

j sj
)3
|β̂j|4

` + o(1)
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≤ K`E
(

1

N

N∑
j=1

Ej−1

(
s∗jD

−1
j D−1∗

j sj
)3
|βj|4 + n−4/3v−14

n

)`
+ o(1)

≤ K`E
(

1

N

N∑
j=1

Ej−1

(
s∗jD

−1
j D−1∗

j sj
)3
|βj|4

)`
+ o(1).

= K`E

 1

N

N∑
j=1

(s∗jD
−1D−1∗sj)

3|β−2
j |

` + o(1)

≤ K`

[
E

 1

N

N∑
j=1

(s∗jD
−1D−1∗sj)

6

` ]1/2[
E

 1

N

N∑
j=1

|βj|−4

` ]1/2

(3.18)

+o(1).

Since |β−1
j | = |1 + s∗jD

−1
j sj| ≤ Kv−1

n we see that (3.16a) holds, and from Corollary
3.1 and Lemma 3.2 we see that (3.16b) is true.

Lastly, we handle J1. Using (3.10) we have for ` ≥ 2

E|J1|2` ≤ K`E

 1

N2

N∑
j=1

(Ej−1tr(D−2
j D−2∗

j ) + r∗jD
−2
j D−2∗

j rj)|β̂j|2
` +K`v

−2`
n

N∑
j=1

E|αj|2`

≤ K`E

 1

N

N∑
j=1

(s∗jD
−2
j D−2∗

j sj)|β̂j|2
` +K`v

−6`
n N−`+1 = K`J11 + o(1).

We see that (3.16a) is satisfied. For the “b” bound, taking a similar approach used
above for J3, we obtain

J11 ≤ E

 1

N

N∑
j=1

(s∗jD
−2
j D−2∗

j sj)|βj|2
` + o(1)

= E

 1

N

N∑
j=1

s∗jD
−1D−1

j D−1∗
j D−1∗sj

` + o(1)

Using the formula D−1
j = D−1 + D−1sjs

∗
jD
−1β−1

j , and the inequality

(a + b)∗(a + b) ≤ 2a∗a + 2b∗b

18



with a = D−2∗sj, b = β̄−1
j D−1∗sjs

∗
jD
−2∗sj, we obtain

J11 ≤ K`E

 1

N

N∑
j=1

s∗jD
−2D−2∗sj

`+K`E

 1

N

N∑
j=1

s∗jD
−2sjs

∗
jD
−1D−1∗sjs

∗
jD
−2∗sj|βj|−2

`

≤ K`E
(

1

N
s∗jD

−2D−2∗sj

)`

+K`

E

 1

N

N∑
j=1

(s∗jD
−2sjs

∗
jD
−1D−1∗sjs

∗
jD
−2∗sj)

2

`


1/2 E

 1

N

N∑
j=1

|βj|−4

`


1/2

.

So, from Corollary 3.1 and Lemma 3.2 we have we have (3.16b) for J1, so that (3.6)
holds.

We proceed to verify (3.7). Using (3.15) we expand in terms of sums of martingale
differences:

u∗(ED−1 −D−1)u = −
N∑
j=1

(Ej − Ej−1)u∗(D−1 −D−1
j )u

=
N∑
j=1

(Ej − Ej−1)u∗jD
−1
j sjs

∗
jD
−1
j ujβj = J̆1 − J̆2 − J̆3 + J̆4,

where

J̆1 =
N∑
j=1

(Ej − Ej−1)ᾰjβ̂j,

J̆2 =
N∑
j=1

(Ej − Ej−1)ᾰjγjβ̂
2
j

J̆3 =
N∑
j=1

(Ej − Ej−1)η̆jγjβ̂
2
j

J̆4 =
N∑
j=1

(Ej − Ej−1)u∗jD
−1
j sjs

∗
jD
−1
j ujγ

2
j β̂

2
jβj.

Here,

ᾰj = u∗D−1
j sjs

∗
jD
−1
j u− 1

N
(u∗D−2

j u + u∗D−1
j rjr

∗
jD
−1
j u),

η̆j =
1

N
(u∗D−1

j rjr
∗
jD
−1
j u + u∗D−2

j u) = E(j)u
∗D−1

j sjs
∗
jD
−1
j u.
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Notice max(ᾰj, η̆j) ≤ Kv−2
n , and from Lemma 2.3 and Corollary 2.1, for ` ≥ 1

E(j)|ᾰj|2` ≤ N−2`(|u∗D−1
j rj|2`(u∗D−1

j D−1∗
j u)` + (u∗D−1

j D−1∗
j u)2`) ≤ N−`v−4`

n . (3.19)

As was done for J2 and J4 we split J̆2 and J̆4 according to whether |γj| is less than or
great than n−1/3. Similar to the estimation on Jk2, we have, using (3.13), for any t > 0
and ` ≥ 1

E|J̆k2|2` ≤ K`N
2`−tv−14` ≤ KN−`v−14`

n , k = 2, 4, (3.20)

for t sufficiently large. By Lemma 2.10,

E|J̆41|2` ≤ K`E

 N∑
j=1

|u∗D−1
j sjs

∗
jD
−1
j uγ2

j β̂
2
jβj|2I(|γj| < n−1/3)

l

≤ KN−`/3v−10`
n . (3.21)

The remaining bounds will use Lemma reflem28. We have from (3.19)

E|J̆21|2` ≤ K`E

n−2/3
N∑
j=1

Ej−1|ᾰj|2|β̂j|4
` +K`n

−2`/3v−4`
n

N∑
j=1

E|ᾰj|2`

≤ K`N
−2`/3v−8`

n . (3.22)

For J̆3 we have, using Lemma 3.3 and (3.11)

E|J̆3|2` ≤ K`E

N−1v−2
n

N∑
j=1

Ej−1|η̆j|2|β̂j|4
` +K`

N∑
j=1

E|η̆j|2`|β̂j|4`|γj|2`

≤ K`N
−`v−2`

n

 N∑
j=1

|E(j)(u
∗D−1

j sjs
∗
jD
−1∗
j u)|2|β̂4

j |

` +K`N
−4`/5+1v−8`

n

≤ K`N
−`v−2`

n E

 N∑
j=1

|(u∗D−1
j sjs

∗
jD
−1∗
j u)|2|βj|4 + n−4/3v−14

n

` +K`N
−4`/5+1v−8`

n

≤ K`N
−`v−2`

n E

 N∑
j=1

|(u∗D−1sjs
∗
jD
−1∗u)|2

` +K`N
−4`/5+1v−8`

n

≤ K`N
−`v−4`

n E

 N∑
j=1

(u∗D−1sjs
∗
jD
−1∗u)

` +K`N
−4`/5+1v−8`

n
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= K`N
−`v−4`E

(
u∗D−1CnD

−1∗u
)`

+K`N
−4`/5+1v−8`

n

≤ K`N
−`/3v−8l, (3.23)

for ` ≥ 3.

Using Lemma 3.3 and (3.19), we find

E|J̆1|2` ≤ K`E

 N∑
j=1

Ej−1|ᾰj|2|β̂j|2
` +K`

N∑
j=1

E|ᾰj|2`|β̂j|2`

≤ K`N
−2`E

 N∑
j=1

(|u∗D−1
j rj|2u∗D−1

j D−1∗
j u + (u∗D−1

j D−1∗
j u)2)|β̂j|2

`

+K`N
−2`v−2`

n

N∑
j=1

E(|u∗D−1
j rj|2`(u∗D−1

j D−1∗
j u)` + (u∗D−1

j D−1∗
j u)2`

≤ K`N
−2`v−2`

n E

 N∑
j=1

(
|u∗D−1

j rj|2 + u∗D−1
j D−1∗

j u
)
|β̂j|2

` +K`N
−`+1v−6`

n

= K`N
−`v−2`

n E

 N∑
j=1

E(j)|u∗D−1
j sj|2|β̂j|2

` +K`N
−`+1v−6`

n

≤ K`N
−`v−2`E

( N∑
j=1

|u∗D−1
j sj|2|βj|2

)
+N1/3v−6

n

` +K`N
−`+1v−6`

n

≤ K`N
−`v−2`E

(
u∗D−1CnD

−1∗u
)`

+K`N
−2`/3v−8`

n

≤ K`N
−2`/3v−8`

n . (3.24)

Thus (3.7) is proven.

4 Convergence of (3.4) and (3.5)

In this section we will show

|Emn − (1/(zn))tr(Ân − I)−1| ≤
{
Kv−7

n n−1 (4.1a)

Kn−1, (4.1b)
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and

|Eu∗D−1u− (1/z)u∗(Ân − I)−1u| ≤ Kn−1/3v−5
n . (4.2)

The “a” bound and the quadratic form bound holds uniformly for all x ∈ [e, f ]. The
“b” bound holds uniformly for all x ∈ [a1, a2].

We begin first with some observations on (Ân− I)−1. From (3.1), each eigenvalue of
z(Ân − I) equals

ti
1 + cnEmn(z)

− (1 + cnEmn(z))z + (1− cn),

where ti is an eigenvalue of (1/N)RnR
∗
n. We see that the imaginary part of this quantity

is less than or equal to −vn. Thus we have

‖(zÂn − zI)−1‖ ≤ v−1
n .

Let
ŵn(z) = (1 + cnEmn(z))2z − (1 + cnEmn(z))(1− cn),

As mentioned in the introduction, the interval [a1, a2] corresponds to two eigenvalues
t1 < t2 of (1/N)RnR

∗
n, and that for all n large, w0

n(x) maps [a1, a2] into an interval in
[c, d] ⊂ (t1, t2). Let tin denote the i-th smallest eigenvalue of (1/n)RnR

∗
n. Then we must

have for these n the existence of ε̂ > 0 for which

inf
x∈[a1,a2],i≤n

|tin − w0
n(x)| > ε̂,

and from Lemma 3.1 we get for all n large

inf
x∈[a1,a2],i≤n

|tin − ŵn(x+ ivn)| > ε̂/2. (4.3)

We see that the eigenvalues of (Ân − I)−1 are

z(1 + cnEmn(z))

tin − (1 + cnEmn(z))z(Emn(z) + 1)

=
z(1 + cnEmn(z))

tin − (1 + cnEmn(z))(−(1− cn) + (1 + cnEmn(z))z)
.
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Therefore

‖(Ân − I)−1‖ ≤
{
Kv−1

n (4.4a)

K. (4.4b)

The “a” bound is valid for all x ∈ [e.f ], the “b” bound for all x ∈ [a1, a2].

Let

β̂ = β̂(z) =
1

1 + cnEmn

.

We break down the two quantities in a similar fashion. Write

D− (zÂn − zI) = Cn − zI− (zÂn − zI) =
N∑
j=1

sjs
∗
j − zÂn.

Taking inverses and using Lemma 2.2 we get

(zÂn − zI)−1 −D−1 =
N∑
j=1

βj(zÂn − zI)−1sjs
∗
jD
−1
j − (Ân − I)−1ÂnD

−1. (4.5)

Taking traces and expected values, dividing by n, and using the identity

mn(z) = − 1

zN

N∑
j=1

βj, (4.6)

((3.2) of Dozier and Silverstein (2007)) we get

(1/n)tr(zÂn − zI)−1 − Emn(z)

=
N∑
j=1

E(z−1βj(1/n)s∗jD
−1
j (Ân − I)−1sj)− (1/n)tr(Ân − I)−1ÂnE(D−1).

:=
1

zN

N∑
j=1

(dj + ej + fj)),

where

dj =
1

n
E
(
βj(x

∗
jD
−1
j (Ân − I)−1xj − trE(D−1)(Ân − I)−1)

)
,

ej =
1

n
E
(
βj(r

∗
jD
−1
j (Ân − I)−1xj + x∗jD

−1
j (Ân − I)−1rj)

)
,

fj =
1

n

(
E(βjr

∗
jD
−1
j (Ân − I)−1rj)− β̂r∗jE(D−1)(Ân − I)−1rj

)
.
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In (4.5), we take expected value and pre and post multiply by u∗ and u to get

1

z
u∗(Ân − I)−1u− Eu∗D−1u

=
1

z

N∑
j=1

Eβju
∗(Ân − I)−1sjs

∗
jD
−1
j u− Eu∗(Ân − I)−1ÂD−1u

:=
1

z

N∑
j=1

(d̆j + ĕj + f̆j),

where

d̆j =
1

N
E
(
βj(u

∗(Ân − I)−1xjx
∗
jD
−1
j u− u∗(Ân − I)−1ED−1u)

)
,

ĕj =
1

N
E
(
βj(u

∗(Ân − I)−1rjx
∗
jD
−1
j u + Eu∗(Ân − I)−1xjr

∗
jD
−1
j u)

)
,

f̆j =
1

N

(
Eβju

∗(Ân − I)−1rjr
∗
jD
−1
j u− Eβ̂u∗(Ân − I)−1rjr

∗
jD
−1u

)
.

We first handle dj and d̆j. Write dj = dj1 + dj2 + dj3, where

dj1 =
1

n
Eβj

(
x∗jD

−1
j (Ân − I)−1xj − tr(D−1

j (Ân − I)−1)
)

dj2 =
1

n
Eβj

(
tr(D−1

j −D−1)(Ân − I)−1
)

dj3 =
1

n
Eβj

(
tr(D−1 − ED−1)(Ân − I)−1

)
.

We shall show that

Uk :=

∣∣∣∣∣∣ 1

nz

N∑
j=1

djk

∣∣∣∣∣∣ ≤
{
Kv−3

n (4.7a)

K. (4.7b)

for k = 1, 2, 3.

By Lemma 2.3 and the fact that βj = β̂j − βjβ̂jγj, we have

U1 ≤
K

N

N∑
j=1

|Eβjβ̂jγj
(
x∗jD

−1
j (Ân − I)−1xj − tr(D−1

j (Ân − I)−1)
)
|
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≤ K

N

 N∑
j=1

E|βjγj|2
1/2 N∑

j=1

E|β̂2
j |
∣∣∣x∗jD−1

j (Ân − I)−1xj − tr(D−1
j (Ân − I)−1)

∣∣∣2
1/2

≤ K

 N∑
j=1

E|βjγj|2
1/2 1

N2

N∑
j=1

E|β̂2
j |tr((Ân − I)−1∗D−1∗

j D−1
j (Ân − I)−1)

1/2

≤ K

 N∑
j=1

E|βjγj|2
1/2

‖(Ân − I)−1‖

 1

N2

N∑
j=1

E|β̂2
j |tr(D−1∗

j D−1
j )

1/2

.

By Lemma 3.3 we have the last factor

≤

 1

N

N∑
j=1

E|β̂2
j |s∗jD−1∗

j D−1
j sj

1/2

≤

 1

N

N∑
j=1

E|βj|2s∗jD−1∗
j D−1

j sj

1/2

+Kn−1/3v−3
n

=

 1

N

N∑
j=1

Es∗jD
−1∗D−1sj

1/2

+Kn−1/3v−3
n

Thus, from Corollary 3.1, (3.14) and (4.4) we see that U1 satisfies (4.7).

We have from Lemma 2.1

U2 ≤
K

n

N∑
j=1

|Eβj
(
tr(D−1

j −D−1)(Ân − I)−1
)
|

=
K

n

N∑
j=1

|Eβ2
j

(
tr(D−1

j sjs
∗
jD
−1
j )(Ân − I)−1

)
|

≤ K

N
‖(Ân − I)−1

N∑
j=1

E|β2
j s
∗
jD
−2
j sj| ≤

K

N
‖(Ân − I)−1‖

N∑
j=1

E|β2
j s
∗
jD
−1
j D−1∗

j sj|

=
K

N
‖(Ân − I)−1‖

N∑
j=1

Es∗jD
−1∗D−1sj.

So we see U2 satistifes (4.7)

Finally, using (3.14a), (3.1), and (4.6), by martingale decomposition, we have

U3 = c−1
n |Emntr(D−1 − ED−1)(Ân − I)−1| = |Emntr(D−1 − ED−1)(Ân − I)−1|

= |E(mn − Emn)tr(D−1 − ED−1)(Ân − I)−1|
≤ (E|mn − Emn|2)1/2(E|tr(D−1 − ED−1)(Ân − I)−1|2)1/2
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≤ n−1v−4
n

E
∣∣∣∣ N∑
j=1

tr(EjD
−1 − Ej−1D

−1)(Ân − I)−1

∣∣∣∣2
1/2

= n−1v−4
n

E
∣∣∣∣ N∑
j=1

(Ej − Ej−1)βjs
∗
jD
−1
j (Ân − I)−1D−1

j sj

∣∣∣∣2
1/2

≤ n−1v−4
n

 N∑
j=1

E|βjs∗jD−1
j (Ân − I)−1D−1

j sj|2
1/2

≤ Kn−1/2v−8
n

Thus, (4.7) is proven.

Split d̆j = d̆j1 + d̆j2 + d̆j3, where

d̆j1 =
1

n
Eβj

(
u∗(Ân − I)−1xjx

∗
jD
−1
j u− Eu∗(Ân − I)−1D−1

j u
)

d̆j2 =
1

n
Eβj

(
u∗(Ân − I)−1(D−1

j −D−1)u
)

d̆j3 =
1

n
Eβj

(
u∗(Ân − I)−1(D−1 − ED−1)u

)
.

We shall show that

Ŭk :=
1

|z|

∣∣∣∣∣∣
N∑
j=1

d̆jk

∣∣∣∣∣∣ ≤ Kn−1/3v−5
n , (4.8)

for k = 1, 2, 3.

First, by performing the same steps taken for U1 and using (3.14a) and (4.4a), we
have

Ŭ1 ≤
K

Nvn

 N∑
j=1

E|β̂2
j |u∗(Â− I)−1(Â− I)−1∗D−1∗

j uu∗D−1∗
j D−1∗

j u

1/2

≤ K

Nv2

 N∑
j=1

E|β̂2
j |u∗D−1∗

j D−1
j u

1/2

≤ K

v2
n

√
N

 N∑
j=1

E|β̂2
j |u∗D−1∗

j sjs
∗
jD
−1
j u

1/2

≤ K

v2
n

√
N

 N∑
j=1

Eu∗D−1∗sjs
∗
jD
−1u

1/2

+Kn−1/3v−5
n

=
K

v2
√
N

(
Eu∗D−1CnD

−1∗u
)1/2

+Kn−1/3v−5
n ≤ Kn−1/3v−5

n .
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Secondly, we have

Ŭ2 ≤
K

N

N∑
j=1

|Eβ2
j

(
u∗(Ân − I)−1D−1

j sjs
∗
jD
−1
j u

)
|

≤ K

N

 N∑
j=1

E|βju∗(Ân − I)−1D−1
j sj|2

1/2 N∑
j=1

E|βjs∗jD−1
j u|2

1/2

≤ K

vnN

 N∑
j=1

Es∗jD
−1∗D−1sj

1/2 N∑
j=1

E|s∗jD−1u|2
1/2

=
K

vnN

(
EtrD−1CnD

−1∗
)1/2 (

Eu∗D−1∗CnD
−1u

)1/2

≤ K

v3
n

√
N
.

Finally, similar to the steps taken for U3 we have

Ŭ3 ≤
(
E|mn − Emn|2E|u∗(Ân − I)−1(D−1 − ED−1)u|2

)1/2

≤ KN−1v−6
n .

Therefore, (4.8) is proven.

We turn now to ej and ĕj.

Similar to the approach taken for U1, we have

J :=

∣∣∣∣∣∣1z
N∑
j=1

ej

∣∣∣∣∣∣
=

∣∣∣∣∣∣ 1

zn

N∑
j=1

E
(
β̂jβjγj(r

∗
jD
−1
j (Ân − I)−1xj + x∗jD

−1
j (Ân − I)−1rj)

)∣∣∣∣∣∣
≤ K

 N∑
j=1

E|βjγj|2
1/2

‖(Ân − I)−1‖

 1

N2

N∑
j=1

E|β̂j|2r∗jD−1
j D−1∗

j rj

1/2

,

with the last factor

≤

 1

N

N∑
j=1

E|β̂2
j |sjD−1

j D−1∗
j sj

1/2

≤

 1

N

N∑
j=1

E|β2
j |sjD−1

j D−1∗
j sj

1/2

+Kn−1/3v−3
n
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=

 1

N

N∑
j=1

EsjD
−1D−1∗sj

1/2

+Kn−1/3v−3
n ,

so, from Corollary 3.1, (3.14), and (4.4) we have

J ≤
{
Kv−3

n (4.9a)

K. (4.9b)

For ĕj we proceed in a similar fashion. we have by (3.14a) and (4.4a)

J̆ :=

∣∣∣∣∣∣1z
N∑
j=1

ĕj

∣∣∣∣∣∣
≤ K

 N∑
j=1

E|β̂2
j ||γ2

j |

1/2 (
1

N2

N∑
j=1

E|u∗jD−1∗
j D−1

j u|u∗(Ân − I)−1rj|2|β̂2
j |

+
1

N2

N∑
j=1

E|r∗jD−1
j u|2u∗(Ân − I)−1(Ân − I)−1∗u|β̂2

j |
)1/2

≤ Kv−1
n

 1

N2

N∑
j=1

v−4
n E|u∗(Ân − I)−1rj|2 + v−2

n |βj|2|r∗jD−1
j u|2

1/2

+Kn−1/3v−5
n

=
K√
Nvn

E
(
v−4
n u∗(Ân − I)−1(1/N)RnR

∗
n(Ân − I)−1∗u + v−2

n u∗D−1RnR
∗
nD
−1∗u

)1/2

+Kn−1/3v−5
n

≤ Kn−1/3v−5
n

Before continuing with fj and f̆j, we make some observations on β̂. It is clear that

β̂ ≤ |z|/vn. From Lemma 2.1 (c) of Dozier and Silverstein (2007b) we have <(1 +
σ2cm0(x)) > 0 for all x ∈ R− {0}. Therefore,

K1 ≡ inf
x∈[a1,a2]

<(1 + σ2cm0(x)) > 0,

and from Lemma 3.1 and the uniform convergence of m0
n to m0 on bounded subsets of

C ∪ [a1, a2], we have for all n large

inf
x∈[a1,a2]

<(1 + cnEmn(x+ ivn)) ≥ K1/2.

28



Moreover, since m0
n is bounded for x ∈ [a1, a2], we get from Lemma 3.1 that β̂ =

1 + cnEmn is bounded. Therefore,

sup
x∈[a1,a2]

max(|β̂|, β̂−1) ≤
{
Kv−1

n (4.10a)

K. (4.10b)

By Lemma 2.2

fj =
β̂

Nn
Eβj

(
([EtrD−1]− x∗jD

−1
j (xj + rj))r

∗
jD
−1
j (Ân − I)−1rj

+(r∗jD
−1
j (xj + rj))x

∗
jD
−1
j (Ân − I)−1rj

)
Our goal is to show ∣∣∣∣∣∣

N∑
j=1

fj

∣∣∣∣∣∣ ≤
{
Kv−7

n (4.11a)

K. (4.11b)

Write
β̂−1fj = fj1 + fj2 + fj3 − fj4 + fj5 + fj6 (4.12)

where

fj1 =
1

N
Eβj(Emn(z)−mn(z))r∗jD

−1
j (Ân − I)−1rj

fj2 =
1

Nn
Eβj(trD

−1 − trD−1
j )r∗jD

−1
j (Ân − I)−1rj

f̂j3 =
1

Nn
Eβj(trD

−1
j − x∗jD

−1
j xj)r

∗
jD
−1
j (Ân − I)−1rj

fj4 =
1

Nn
Eβjx

∗
jD
−1
j rjr

∗
jD
−1
j (Ân − I)−1rj

fj5 =
1

Nn
Eβjr

∗
jD
−1
j rjx

∗
jD
−1
j (Ân − I)−1rj

fj6 =
1

Nn
Eβjr

∗
jD
−1
j xjx

∗
jD
−1
j (Ân − I)−1rj.

We shall prove ∣∣∣∣∣∣
N∑
j=1

fjk

∣∣∣∣∣∣ ≤
{
Kv−6

n (4.13a)

K, (4.13b)
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for k = 1, . . . , 6.

For k = 1

1

N

N∑
j=1

|Eβj(Emn(z)−mn(z))r∗jD
−1
j (Ân − I)−1rj|

≤ (E|mn − Emn|2)1/2

 1

N

N∑
j=1

(
E|βjr∗jD−1

j (Ân − I)−1rj|2
)1/2

 .
The last factor is, using Lemma 3.3

≤

 1

N2

N∑
j=1

E|βj|2r∗jD−1
j D−1∗

j rj
N∑
j=1

r∗j(Ân − I)−1∗(Ân − I)−1rj

1/2

=

 N∑
j=1

E|βj|2r∗jD−1
j D−1∗

j rj
1

N
tr(1/N)RnR

∗
n(Ân − I)−1∗(Ân − I)−1

1/2

≤ ‖(Ân − I)−1‖

NE
N∑
j=1

|β̂j|2s∗jD−1
j D−1∗

j sj +KN1/3v−6
n

1/2

≤ ‖(Ân − I)−1‖

NE
N∑
j=1

s∗jD
−1D−1∗sj +KN4/3v−6

n

1/2

.

Therefore, from (3.6), Corollary 3.1 and (4.4), we see that (4.13) holds for k = 1.

For k = 2, using the fact that ‖rj‖/
√
N is bounded, we have

1

Nn

N∑
j=1

|Eβj(trD−1 − trD−1
j )r∗jD

−1
j (Ân − I)−1rj|

=
1

Nn

N∑
j=1

|Eβ2
j s
∗
jD
−2
j sjr

∗
jD
−1
j (Ân − I)−1rj|

=
1

Nn

N∑
j=1

E|s∗jD−2sjr
∗
jD
−1
j (Ân − I)−1rj|

≤ K

Nn

 N∑
j=1

E|s∗jD−2sj|2
1/2 N∑

j=1

E|r∗jD−1
j (Ân − I)−1rj|2

1/2
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≤ K

N3/2
‖(Ân − I)−1‖

 N∑
j=1

E|s∗jD−2sj|2
1/2 N∑

j=1

E|r∗jD−1
j D−1∗

j rj|

1/2

≤ K

N
‖(Ân − I)−1‖

 N∑
j=1

E|s∗jD−2sj|2
1/2 N∑

j=1

E|s∗jD−1D−1∗sj||β−2
j |

1/2

≤ K‖(Ân − I)−1‖

N−1
N∑
j=1

E|s∗jD−2sj|2
1/2

×

N−1
N∑
j=1

E|s∗jD−1D−1∗sj|2
1/4N−1

N∑
j=1

E|βj|−4

1/4

.

Therefore, from Corollary 3.1, Lemma 3.2, and (4.4), we see that (4.13) holds for
k = 2

For k = 3 we have, using Lemma 2.3

1

Nn

∣∣∣∣∣∣
N∑
j=1

Eβj(trD
−1
j − x∗jD

−1
j xj)r

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
=

1

Nn

∣∣∣∣∣∣
N∑
j=1

Eβjβ̂jγj(trD
−1
j − x∗jD

−1
j xj)r

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
≤ K

 N∑
j=1

E|βj|2|γj|2
1/2 1

N4

N∑
j=1

E|β̂j|2trD−1
j D−1∗

j |r∗jD−1
j (Ân − I)−1rj|2

1/2

.

Again, since ‖rj‖/
√
N is bounded, the last factor is

≤ ‖(Ân − I)−1‖

 1

N3

N∑
j=1

E|β̂j|2trD−1
j D−1∗

j r∗jD
−1
j D−1∗

j rj

1/2

≤ ‖(Ân − I)−1‖

 1

N

N∑
j=1

E|β̂j|2(E(j)sjD
−1
j D−1∗

j sj)
2

1/2

≤ ‖(Ân − I)−1‖

 1

N

N∑
j=1

E|βj|2(sjD
−1
j D−1∗

j sj)
2 +Kn−2/3v−8

n

1/2

≤ ‖(Ân − I)−1‖

 1

N

N∑
j=1

E|βj|−4

1/4 1

N

N∑
j=1

E(sjD
−1D−1∗sj)

4

1/4

+ o(1) (4.14)
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Therefore, from Corollary 3.1, (3.14), (4.4), and Lemma 3.2 we get (4.13) for k = 3.

For k = 4 we have

1

Nn

∣∣∣∣∣∣
N∑
j=1

Eβjx
∗
jD
−1
j rjr

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
=

K

Nn

∣∣∣∣∣∣
N∑
j=1

|Eβjβ̂jγjx∗jD−1
j rjr

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
≤ K

 N∑
j=1

E|βjγj|2
1/2 1

N4

N∑
j=1

E|β̂2
j r
∗
jD
−1∗
j D−1

j rj||r∗jD−1
j (Ân − I)−1rj|2

1/2

.

We see that the last factor is also bounded by (4.14), so we have (4.13) for k = 4.

For k = 5 we have

1

Nn

∣∣∣∣∣∣
∑
j=1

Eβjr
∗
jD
−1
j rjx

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
=

1

Nn

∣∣∣∣∣∣
N∑
j=1

Eβjβ̂jγjr
∗
jD
−1
j rjx

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
≤ K

 N∑
j=1

E|βjγj|2
1/2 1

N4

N∑
j=1

E|β̂j|2|r∗jD−1
j rj|2r∗j(Ân − I)−1∗D−1∗

j D−1
j (Ân − I)−1rj

1/2

,

the last factor (again using the fact that ‖rj‖/
√
N is bounded)

≤

 1

N3

N∑
j=1

E|β̂j|4(r∗jD
−1
j D−1∗

j rj)
2

1/4 1

N3

N∑
j=1

E(r∗j(Ân − I)−1∗D−1∗
j D−1

j (Ân − I)−1rj)
2

1/4

≤

 1

N

N∑
j=1

E|β̂j|4(s∗jD
−1
j D−1∗

j sj)
2

1/4 1

N

N∑
j=1

E(s∗j(Ân − I)−1∗D−1∗
j D−1

j (Ân − I)−1sj)
2

1/4

≤

 1

N

N∑
j=1

E(s∗jD
−1D−1∗sj)

2 +Kn−4/3v−12
n

1/4 1

N

N∑
j=1

E(s∗j(Ân − I)−1∗D−1∗
j D−1

j (Ân − I)−1sj)
2

1/4
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For the first factor we immediately use Corollary 3.1 For the second factor we have,
using D−1

j = D−1 + D−1sjs
∗
jD
−1β−1

j ,

N∑
j=1

E(s∗j(Ân − I)−1∗D−1∗
j D−1

j (Ân − I)−1sj)
2

≤ 2
N∑
j=1

E(s∗j(Ân − I)−1∗D−1∗D−1(Ân − I)−1sj)
2

+2
N∑
j=1

E(s∗j(Ân − I)−1∗D−1∗sjs
∗
jD
−1∗D−1sjs

∗
jD
−1(Ân − I)−1sj)

2)|β−2
j |

≤ 2Etr((Ân − I)−1∗D−1∗D−1(Ân − I)−1Cn)2

+
√

2

 N∑
j=1

E(s∗jD
−1∗D−1sj)

8 + Etr((Ân − I)−1∗D−1∗CnD
−1(Ân − I)−1Cn)8

1/2 N∑
j=1

|βj|−4

1/2

.

In the second term, the first term in the first factor is covered by Corollary 3.1. Using
Lemma 2.11 we find

tr((Ân − I)−1∗D−1∗D−1(Ân − I)−1Cn)2 = tr((Ân − I)−1Cn(Ân − I)−1∗D−1∗D−1)2

≤ ‖(Ân − I)−1‖4‖Cn‖2trD−2D−2∗

and

((Ân − I)−1∗D−1∗CnD
−1(Ân − I)−1Cn)8 = ((Ân − I)−1Cn(Ân − I)−1∗D−1∗CnD

−1)8

≤ ‖(Ân − I)−1‖16‖Cn‖8tr(D−1∗CnD
−1)8 ≤ ‖(Ân − I)−1‖16‖Cn‖16tr(D−8D−8∗).

Since ‖Cn‖ ≤ KN we have using Lemma 2.6 and Corollary 3.1, for B sufficiently large

1

N
E‖Cn‖2trD−2D−2∗ ≤ Kv−4

n nP(‖Cn‖ > B) +
1

N
B2EtrD−2D−2∗ ≤ K.

Similarly,

1

N
E‖Cn‖16trD−8D−8∗ ≤ K.

Thus, using Lemma 3.2, (3.14), and (4.4) we find (4.13) holds for k = 5.

For k = 6 we have, by (2.1) and Lemma 3.3

1

Nn

∣∣∣∣∣∣
N∑
j=1

Eβjr
∗
jD
−1
j xjx

∗
jD
−1
j (Ân − I)−1rj

∣∣∣∣∣∣
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≤ K

N2

N∑
j=1

|Eβ̂jr∗jD−2
j (Ân − I)−1rj|

+
K

N

N∑
j=1

(
1

N2
E|βj − β̂j|2Er∗j(Ân − I)−1∗D−1∗

j D−1
j (Ân − I)−1rjr

∗
jD
−1
j D−1∗

j rj

)1/2

≤ K

 1

N2

N∑
j=1

E|β̂j|2r∗jD−2
j D−2∗

j rj

1/2 1

N2

N∑
j=1

r∗j(Ân − I)−1∗(Ân − I)−1rj

1/2

+Kn−1/3v−5
n

≤ K‖(Ân − I)−1‖

 1

N

N∑
j=1

E|β̂j|2s∗jD−2
j D−2∗

j sj

1/2

+ o(1)

≤ K‖(Ân − I)−1‖

 N∑
j=1

Es∗jD
−1D−1

j D−1∗
j D−1∗sj

1/2

+ o(1)

≤ K‖(Ân − I)−1‖

 1

N

N∑
j=1

Es∗jD
−2D−2∗sj

1/2

+K‖(Ân − I)−1‖

 1

N

N∑
j=1

Es∗jD
−2sjs

∗
jD
−1D−1∗sjs

∗
jD
−2∗sj|β−2

j |

1/2

+ o(1)

≤ K‖(Ân − I)−1‖
[
(

1

N

N∑
j=1

Es∗jD
−2D−2∗sj)

1/2

+

 1

N

N∑
j=1

E|βj|−4

1/4 1

N

N∑
j=1

E(s∗jD
−2sjs

∗
jD
−1D−1∗sjs

∗
jD
−2∗sj)

2

1/4]
+ o(1)

Therefore, (4.13) holds for k = 6, and subsequently (4.11) holds, so we conclude that
(4.1) is true.

We proceed now in finding a bound for f̆j. Our goal to to show

N∑
j=1

|f̆j| ≤
K√
Nv7

n

. (4.15)

As was done for fj we find, using Lemma 2.2

f̆j =
β̂

N2
Eβju

∗(Ân − I)−1rj

(
([EtrD−1]− x∗jD

−1
j (xj + rj)r

∗
jD
−1
j rj
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+rjD
−2
j (xj + rj)x

∗
jD
−1
j u

)
Write

β̂−1f̆j = f̆j1 + f̆j2 + f̆j3 + f̆j4 + f̆j5 + f̆j6 (4.16)

where

f̆j1 =
cn
N

Eβju
∗(Ân − I)−1rj(Emn(z)−mn(z))r∗jD

−1
j u

f̆j2 =
1

N2
Eβju

∗(Ân − I)−1rj(trD
−1 − trD−1

j )r∗jD
−1
j u

f̆j3 =
1

N2
Eβju

∗(Ân − I)−1rj(trD
−1
j − x∗jD

−1
j xj)r

∗
jD
−1
j u

f̆j4 =
1

N2
Eβju

∗(Ân − I)−1rjx
∗
jD
−1
j rjr

∗
jD
−1
j u

f̆j5 =
1

N2
Eβju

∗(Ân − I)−1rjr
∗
jD
−1
j rjx

∗
jD
−1
j u

f̆j6 =
1

N2
Eβju

∗(Ân − I)−1rjr
∗
jD
−1
j xjx

∗
jD
−1
j u.

We shall prove ∣∣∣∣∣∣
N∑
j=1

f̆jk

∣∣∣∣∣∣ ≤ K√
Nv6

n

. (4.17)

for k = 1, . . . , 6.

For k = 1 we have by (3.6a)

cn
N

∣∣∣∣∣∣
N∑
j=1

Eβju
∗(Ân − I)−1rj(Emn(z)−mn(z))r∗jD

−1
j u

∣∣∣∣∣∣
≤ cn

N

N∑
j=1

(
E|mn(z)− Emn(z)|2E|u∗(Ân − I)−1rjβjr

∗
jD
−1
j u|2

)1/2

≤ K

N2v5
n

N∑
j=1

(
E|u∗(Ân − I)−1rjr

∗
jD
−1
j u|2

)1/2

≤ K

N3/2v6
n

 N∑
j=1

E|r∗jD−1
j u|2

1/2

≤ K

Nv6
n

 N∑
j=1

Eu∗D−1∗
j sjs

∗
jD
−1
j u

1/2
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≤ K

Nv7
n

 N∑
j=1

E|βj|2u∗D−1∗
j sjs

∗
jD
−1
j u

1/2

=
K

Nv7
n

 N∑
j=1

Eu∗D−1∗sjs
∗
jD
−1u

1/2

=
K

Nv7
n

(
u∗D−1∗CnD

−1u
)1/2
≤ K

Nv8
n

.

This proves (4.17) for k = 1.

For k = 2 we have

1

N2

∣∣∣∣∣∣
N∑
j=1

Eβju
∗(Ân − I)−1rj(trD

−1 − trD−1
j )r∗jD

−1
j u

∣∣∣∣∣∣
=

1

N2

∣∣∣∣∣∣
N∑
j=1

Eu∗(Ân − I)−1rjs
∗
jD
−2sjr

∗
jD
−1
j u

∣∣∣∣∣∣
≤ K

N3/2vn

 N∑
j=1

E|s∗jD−2sj|2
1/2 N∑

j=1

E|r∗jD−1
j u|2

1/2

≤ K

Nvn

(
Etr(D−2CnD

−2∗Cn)
)1/2

 N∑
j=1

Eu∗D−1∗
j sjs

∗
jD
−1
j u

1/2

≤ K

Nvn

(
Etr(D−2CnD

−2∗Cn)
)1/2

 N∑
j=1

Eu∗D−1∗sjs
∗
jD
−1u||β−2

j |

1/2

≤ K

Nv2
n

(
Etr(D−2CnD

−2∗Cn)
)1/2 (

Eu∗D−1∗CnD
−1u

)1/2

≤ K√
Nv5

n

.

Therefore, (4.17) holds for k = 2.

For k = 3 we have, using Lema 2.3 and (3.9)

1

N2

∣∣∣∣∣∣
N∑
j=1

Eβju
∗(Ân − I)−1rj(trD

−1
j − x∗jD

−1
j xj)r

∗
jD
−1
j u

∣∣∣∣∣∣
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=
1

N2

∣∣∣∣∣∣
N∑
j=1

Eβjβ̂jγju
∗(Ân − I)−1rj(trD

−1
j − x∗jD

−1
j xj)r

∗
jD
−1
j u

∣∣∣∣∣∣
≤ K

N3v3
n

 N∑
j=1

Etr(D−1
j D−1∗

j )

1/2

×

 N∑
j=1

E|u∗(Ân − I)−1rjr
∗
jD
−1
j u|2

1/2

≤ K

Nv5
n

 1

N

N∑
j=1

E|r∗jD−1
j u|2

1/2

≤ 1

Nv5
n

 N∑
j=1

Eu∗D−1
j sjs

∗
jD
−1∗
j u

1/2

≤ K

Nv6
n

(
Eu∗D−1∗CnD

−1u
)1/2
≤ K

Nv7
n

Thus, we have (4.17) for k = 3.

For k = 4, again using (3.9), we have

1

N2

∣∣∣∣∣∣
N∑
j=1

Eβju
∗(Ân − I)−1rjx

∗
jD
−1
j rjr

∗
jD
−1
j u

∣∣∣∣∣∣
=

1

N2

∣∣∣∣∣∣
N∑
j=1

Eβjβ̂jγju
∗(Ân − I)−1rjx

∗
jD
−1
j rjr

∗
jD
−1
j u

∣∣∣∣∣∣
≤ K

N3v3
n

 N∑
j=1

Er∗jD
−1∗
j D−1

j rj

1/2 N∑
j=1

E|u∗(Ân − I)−1rjr
∗
jD
−1
j u|2

1/2

≤ K

Nv5
n

 1

N

N∑
j=1

Es∗jD
−1∗D−1sj

1/2 1

N

N∑
j=1

E|r∗jD−1
j u|2

1/2

≤ K

Nv6
n

(
N−1trD−1∗D−1Cn

)1/2 (
u∗D−1∗CnD

−1u
)1/2
≤ K

Nv8
n

,

so we see (4.17) is true for k = 4.

For k = 5 we have

1

N2

∣∣∣∣∣∣
N∑
j=1

Eβju
∗(Ân − I)−1rjr

∗
jD
−1
j rjx

∗
jD
−1
j u

∣∣∣∣∣∣
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=
K

N2

∣∣∣∣∣∣
N∑
j=1

Eβjβ̂jγju
∗(Ân − I)−1rjr

∗
jD
−1
j rjx

∗D−1
j u

∣∣∣∣∣∣
≤ K

N3v3
n

 N∑
j=1

Eu∗D−1∗
j D−1

j u

1/2 N∑
j=1

E|u∗(Ân − I)−1rjr
∗
jD
−1
j rj|2

1/2

≤ K

N2v5
n

 N∑
j=1

E|r∗jD−1
j r∗j |2

1/2

≤ K√
Nv6

n

.

Therefore, we have (4.17) for k = 5.

Finally, for k = 6 we have

1

N2

∣∣∣∣∣∣
N∑
j=1

Eβju
∗(Ân − I)−1rjr

∗
jD
−1
j xjx

∗
jD
−1
j u

∣∣∣∣∣∣
≤ K

N2vn

 N∑
j=1

Er∗jD
−1
j D−1∗

j rj

1/2 N∑
j=1

Eu∗D−1
j D−1∗

j u|u∗(Ân − I)−1rj|2
1/2

≤ K

Nv2
n

 N∑
j=1

Es∗jD
−1
j D−1∗

j sj

1/2 (
u∗(Ân − I)−1(1/N)RnR

∗
n(Ân − I)−1∗u

)1/2

≤ K

Nv4
n

 N∑
j=1

Es∗jD
−1D−1∗sj

1/2

=
K

Nv4
n

(
EtrD−1D−1∗Cn

)1/2

≤ K√
Nv5

n

Thus we have (4.17) for k = 6, so that (4.15 ) is true, and consequently we have (4.2).

5 Proof of Theorem 1.2

We begin by proving
sup

x∈[a1,a2]

|Emn −m0
n| ≤ Kn−1. (5.1)

The following is valid for any z = x+ iv, with v ∈ (0, 1], which will be useful in the
proof of Lemma 3.1. Let b0

n = 1 + cnm
0
n. Then, from (1.1), b0

n = b0
n(z) satisfies, for any
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z ∈ C+

b0
n = 1 + cn

∫ 1
t
b0n
− b0

nz + (1− cn)
dHn(t)

= 1 + cn

∫ tb0n
|b0n|2
− b0

nz + (1− cn)∣∣∣ t
b0n
− b0

nz + (1− cn)
∣∣∣2dHn(t)

= 1 + g0
nb

0
n + ((1− cn)− b0

nz)G0
n,

where

g0
n = cn

∫ t
|b0n|2∣∣∣ t

b0n
− b0

nz + (1− cn)
∣∣∣2dHn(t)

and

G0
n = cn

∫ 1∣∣∣ t
b0n
− b0

nz + (1− cn)
∣∣∣2dHn(t).

Write
b0
n(1− g0

n) = 1 + (1− cn)G0
n − b0

nzG
0
n. (5.2)

For the following argument a subscript of “2” will denote the imaginary part of a
complex number. We have 0 < b0

n2 ≤ cn/v and

v ≤ (b0
nz)2 = v + cnv

∫ λ

|λ− z|2
dF cn,Hn(λ) ≤ K

v
. (5.3)

Then, since (b0
n)2(1− g0

n) = (b0
nz)2G

0
n, we must have 1− g0

n > 0.

From (5.2) we have

b0
nz(1− g0

n) = z(1 + (1− cn))G0
n)− b0

n|z|2G0
n.

Plugging this into (5.2) gives us

b0
n(1− g0

n)2 = (1 + (1− cn)G0
n)(1− g0

n)−G0
n(z(1 + (1− cn)G0

n)− b0
n|z|2G0

n).

Therefore,

b0
n((1− g0

n)2 − (G0
n|z|)2) = (1 + (1− cn)G0

n)(1− g0
n −G0

nz). (5.4)
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It follows that

b0
nz(1− g0

n −G0
n|z|) = (1 + (1− cn)G0

n)
(1− g0

n)z −G|z|2

1− g0
n +G0

n|z|
,

which implies

(b0
nz)2(1− g0

n −G0
n|z|) = (1 + (1− cn)G0

n)
(1− g0

n)v

1− g0
n +G0

n|z|
.

Therefore, 1− g0
n > G0

n|z|. Moreover,

K

v
(1− g0

n −G0
n|z|) ≥ (b0

nz)2(1− g0
n −G0

n|z|) ≥
(1− g0

n)v

1− g0
n +G0

n|z|
≥ (1− g0

n)v

2(1− g0
n)

=
v

2
. (5.5)

Therefore, for all positive v ≤ 1, there exists a K such that

1− g0
n ≥ G0

n|z|+Kv2.

Therefore,
g0
n +G0

n|z| ≤ 1−Kv2. (5.6)

Let bn = 1 + cnEmn and wn = Emn − (1/zn)tr(Ân − I)−1. Then

Emn =
∫ 1

t
bn
− bnz + 1− cn

dHn(t) + wn (5.7)

Define gn, Gn to be the analogs of g0
n and G0

n when b0
n is replaced by bn ≡ 1 + cnEmn

in the definitions of g0
n and G0

n. We have Emn −m0
n = (Em−m0

n)αn + wn where

αn = cn

∫ t
bnb0n

+ z

( t
bn
− bnz + (1− cn))( t

b0n
− b0

nz + (1− cn))
dHn(t). (5.8)

Using (5.6) we have for n large

|αn| ≤ cn

∫ t
|bn||b0n|

| t
bn
− bnz + (1− cn)| | t

b0n
− b0

nz + (1− cn)|
dHn(t)

+cn|z|
∫ 1

| t
bn
− bnz + (1− cn)| | t

b0n
− b0

nz + (1− cn)|
dHn(t)
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≤ (gn)1/2(g0
n)1/2 + |z|(Gn)1/2(G0

n)1/2 ≤ (gn + |z|Gn)1/2(g0
n + |z|G0

n)1/2

≤ (gn + |z|Gn)1/2(1− (K/2)v2
n). (5.9)

At this point we assume x ∈ [a1, a2] and v = vn. Because of assumption (d) in
Theorem 1.1 and Lemma 2.6, the limiting p.d.f. F has bounded support, which, conse-
quently, is true for all F cn,Hn , uniformly in n. Therefore we see that the integral in (5.3)
is uniformly bounded above for all x ∈ [a1, a2]. Thus

sup
x∈[a1,a2]

(b0
nz)2 ≤ Kvn,

which together with (5.5) implies

sup
x∈[a1,a2]

g0
n +G0

n|z| ≤ 1−K, (5.10)

for some positive K. Therefore, from (5.9) we have

|αn| ≤ (gn + |z|Gn)1/2(1−K)1/2.

From (4.3), (4.10b), and the expression for the eigenvalues of (Ân − I)−1 (below
(4.3)), it is clear that both gn and Gn are continuous functions of Emn. Therefore, from
Lemma 3.1 and (5.10), we have for all n large

sup
x∈[a1,a2]

g0
n +G0

n|z| ≤ 1−K/2.

Therefore, from (4.1b) we conclude

sup
x∈[a1,a2]

|Emn −m0
n| ≤ K|wn| ≤ Kn−1.

Combining this with (3.6b) we have for all ` ≥ 1

nE|mn −m0
n|` ≤ K.

This bound is uniform for all x ∈ [a1, a2] Let Sn be a set of n numbers, equally spaced
in [a1, a2]. Let ` be large enough so that nv`n is summable. Then, since |mn(x1 + ivn)−
mn(x2 + ivn)| ≤ |x1 − x2|v−2

n , for any ε > 0 we have for all n large

P( sup
x∈[a1,a2]

|nvn|mn(x+ ivn)−m0
n(x+ ivn)| > ε)

≤ P(max
x∈Sn

|nvn|mn(x+ ivn)−m0
n(x+ ivn)| > ε/2)

≤ (2/ε)`nv`n,

which is summable. Therefore we have Theorem 1.2.
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6 Proof of Lemma 3.1 and Corollary 3.1

We begin with the proof of Lemma 3.1. Let λmax denote the largest eigenvalue of Cn. Let
B be a bound on the largest eigenvalue of (1/N)RnR

∗
n. Let Kmax > (B1/2 + (1 +

√
cn))2

for all n. From Lemma 2.6 we have for any t > 0

|bn| ≥ bn2 ≥ cnEmn2I(λmax ≤ Kmax) ≥ cnvn
(x+Kmax)2 + v2

n

(1− o(n−t)) ≥ Kvn

for all n large. Using this bound we find∣∣∣∣ tbn − bnz + (1− cn))
∣∣∣∣2 ≤ (Kv−1

n + (1− cn))2 ≤ Kv−2
n .

Therefore we have Gn ≥ Kv2
n.

From (5.7) we have

bn(1− gn) = 1 + (1− cn)Gn − bnzGn + wn. (6.1)

Similar to the way (5.4) is obtained we find

bn((1− gn)2− (Gn|z|)2) = (1 + (1− cn)Gn)(1− gn−Gnz)−Gnzwn +wn(1− gn). (6.2)

Since (bnz)2 ≥ vn and v3
n − |wn| ≥ v3

n −Kn−1v−7
n , we see from (6.1) that 1− gn > 0

for all n large. For these n we see from (6.2) that

bn(1− gn −Gn|z|) = (1 + (1− cn)Gn)
(1− gn)−Gz
1− gn +Gn|z|

+ Anwn +Bnwn

where An and |Bn| are both contained in (0,1). We see that

(1 + (1− cn)Gn)Gnvn
1− gn + |z|Gn

+ (Anwn +Bnwn)2 ≥ |z|−1vn − 2|wn| ≥ Kvn − 2n−1v−7
n > 0,

from which we can conclude that 1− gn > Gn|z|. Therefore, from (5.9) we get

|Emn −m0
n| ≤ (w/K)v−2

n |wn| ≤ Kn−1v9
n (6.3)

This bound is uniform for all x ∈ [e, f ].
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As before we let Sn be a set of n numbers equally spaced in [e, f ]. From (3.6a) and
(6.3) we get for any ` > 1 and ε > 0

P( sup
x∈[e.f ]

v−1
n |mn −m0

n| > ε) ≤ P(max
x∈Sn

v−1
n |mn −m0

n| > ε/2)

≤ P(max
x∈Sn

v−1
n |mn − Em0

n| > ε/4) ≤ ε−`K`nn
−`v−5`

n .

Fix r > 0. Then for any ` > max(r, 2) we get by Lemma 2.8

E(v−rn | sup
x∈[e,f ]

|mn −m0
n|r) ≤ (K`nn

−`v−5`
n )r/`

`

`− r
→ 0. (6.4)

as n→∞. Therefore, we have (b) of Lemma 3.1.

For (a) we notice that all the “a” arguments leading to (6.4) apply if we consider
vn fixed in (0, 1). Moreover, it is clear that we can find r and ` > r for which (6.4) is
summable. Therefore we get Lemma 3.1(a).

We proceed with the proof of Corollary 3.1. Let ε ∈ (0, 1) be such that [a′1, a
′
2] ⊂

(b1, b2) with a′1 = a− ε, a′2 = a2 + ε. Assume the interval [e, f ] covers [a′1, a
′
2].

Write mn2 = =mn = mout
n2 +min

n2 where

mout
n2 (x+ ivn) =

1

n

∑
λj∈[a′1,a

′
2]

vn
(x− λj)2 + v2

n

.

Similarly write m0
n2 = =m0

n = mout
02 +min

02 where

mout
02 (x+ ivn) =

∫
x∈[a′1,a

′
2]

vn
(x− t)2 + v2

n

dF cn,Hn(t) = 0.

From Lemma 3.1

lim
n→∞

E(v−rn sup
x∈R
|mn2(x+ ivn)−m0

n2(x+ ivn)|r) = 0. (6.5)

Notice the family of functions

fx(t) =
1

(x− t)2

defined on [a′1, a
′
2]c is bounded and equicontinuous for x ∈ [a1, a2]. We apply Lemma 2.7

with S = [a′1, a
′
2]c, Θ = [a1, a2], and identifying Pn with either the measures on [a′1, a

′
2]c
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induced by Gn ≡ FCn/FCn{[a′1, a′2]c} or F cn,Hn , and P the measure on [a′1, a
′
2]c induced

by F c,H . Since, as n → ∞, FCn
D→ F c,H , a.s., F cn,Hn

D→ F c,H , and FCn{[a′1, a′2]c} → 1,
a.s. we have

sup
x∈[a1,a2]

v−1
n |min

n2 −min
02| = sup

x∈[a1,a2]

∣∣∣∣∣
∫
t∈[a′b′]c

1

(t− x)2 + v2
n

d(FCn(t)− F cn,Hn(t))

∣∣∣∣∣
≤ 2

v2
n

ε4
+

1

ε2

(
1− 1

FCn([a′b′]c)

)
+ sup

x∈[a1,a2]

∣∣∣∣∣
∫
t∈[a′b′]c

1

(t− x)2
d(Gn(t)− F c,H(t))

∣∣∣∣∣
+ sup

x∈[a1,a2]

∣∣∣∣∣
∫
t∈[a′b′]c

1

(t− x)2
d(F cn,Hn(t)− F c,H(t))

∣∣∣∣∣→ 0, a.s.

as n→∞. Therefore, since supx∈[a1,a2] v
−1
n |min

n2−min
02| is bounded, we get from dominated

convergence for r > 0
lim
n→∞

E sup
x∈[a1,a2]

v−rn |min
n2 −min

02|r = 0,

and with (6.5) we conclude

lim
n→∞

E sup
x∈[a1,a2]

v−rn (mout
n2 )r = 0, (6.6)

For any x ∈ [a1, a2],

v−1
n mout

n2 (x+ ivn) ≥
∫

[a1,a2]

1

(t− x)2 + v2
n

dFCn(t)

≥
∫

[a1,a2]∩[x−vn,x+vn]

1

(t− x)2 + v2
n

dFCn(t) ≥ 1

2v2
n

FCn([a1, a2] ∩ [x− vn, x+ vn]).

Select xj ∈ [a1, a2] such that vn < xj − xj−1 and ∪j[xj − vn, xj + vn] ⊃ [a1, a2]. Then,
for r > 0, we have from (6.6)

v−rn E(FCn([a1, a2]))r ≤ v−rn E
(∑

j

FCn([a1, a2] ∩ [xj − vn, xj + vn])
)r

≤ v−rn E
(

2
∑
j

(xj − xj−1) sup
x∈[a1,a2]

(mout
n2 )

)r
≤ 2r(b− a)r sup

x∈[a1,a2]

v−rn E(mout
n2 )r → 0,
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as n → ∞. Thus far vn = κn−1/(2p), with p > 24. We will also need p large enough so
that

Nd−1v−4
n = O(1), (6.7)

where d is given in condition (1.10) in order for Lemma 3.2 to hold. So we have for any
r > 0

E(FCn([a1, a2]))r = o(vrn) = o(n−r/p)

The same result applies as well to [a′b′] and so we have

E(FCn([a′1, a
′
2]))r = o(n−r/p).

Select now vn = κn−1/(2mp), for which integer m ≥ 8. We get then

E(FCn([a′1, a
′
2]))r = o(v16r

n ). (6.8)

Write C = UΛU∗, Λ = diag[λ1, · · · , λn] in its spectral decomposition, and for any
real a > 0,

Da = Udiag

(
1

|λ1 − z|a
, · · · , 1

|λp − z|a

)
U∗,

Notice for a ≤ 16, x ∈ [a1, a2], and r ≥ 1, from (6.8)

E (trDa)
r = E

 1

N

∑
λk∈[a′1,a

′
2]c

1

|λk − z|a
+

1

N

∑
λk∈[a′1,a

′
2]

1

|λk − z|a

rl

≤ KE(ε−a + v−an FCn [a′1, a
′
2])r ≤ K. (6.9)

We get immediately Corollary 3.1(b).

By Jensen,’s inequality we have for any real m ≥ 1 and a > 0

(s∗jDasj)
m =

(
n∑
k=1

|u∗ksj|2

|λk − z|a

)m
≤
(

n∑
k=1

|u∗ksj|2

|λk − z|am

)(
n∑
k=1

|u∗ksj|2
)m−1

= ‖sj‖2(m−1)s∗jDamsj ≤ Ks∗jDamsj.

(considering |u∗ksj|2/
∑
k |u∗ksj|2 as a probability).
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Therefore, by Hölder’s inequality, (with ν =
∑
i(νi + µi) and ιk = (νk + µk)/ν)

E

∣∣∣∣∣∣ 1

N

N∑
j=1

m∏
k=1

s∗jD
−νkD−µk∗sj

∣∣∣∣∣∣
`

≤ E

 1

N

N∑
j=1

m∏
k=1

s∗jDνk+µksj

`

≤ E

 m∏
k=1

 1

N

N∑
j=1

(s∗jDνk+µksj)
1/ιk

ιk` ≤ KE

 1

N

N∑
j=1

s∗jDνsj

`

= KE
(

1

N
trCnDν

)`
.

We have by (6.9 )

E
(

1

N
trCnDν

)`
≤ KE

(
1

N
trDν−1

)`
+KE

(
1

N
trDν

)`
≤ K.

This gives us Corollary 3.1(a).

7 Proof of Lemma 3.2

We use condition (1.10). Consider a j which satisfies the property in (1.10), that is, no
eigenvalues of (1/(N − 1))RnjR

∗
nj appear in (a1− ε̂, a2 + ε̂). We apply (3.7) and (4.2) to

Cj
n ≡

1

N − 1

∑
k 6=j

(xk + rk)(xk + rk)
∗,

where D is replaced by Dj(z) = Cj
n − zI and Ân is replaced by

Ânj =
1

z(1 + c′nEmj(z))
(1/(N − 1))RnjR

∗
nj − Emj(z)I,

where Rnj is Rn with the j-th column removed, mj(z) = (1/n)trDj−1
(z), c′n = n/(N−1),

and mj(z) is given by (3.1) (cn replaced by c′n). We have

‖D−1
j −Dj−1‖ = ‖D−1

j (Cj −Cj
n)Dj−1‖ ≤ Kv−2

n N−1. (7.1)

Therefore, using Lemma 2.1 we have

|mn −mj| ≤ (nv)−1 +Kv−2
n N−1 ≤ Kv−2

n n−1. (7.2)
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Recall the definition of ŵn and the role of the interval [c, d] in Section 4. Let

ŵj(z) = (1 + c′nEmj(z))2z − (1 + c′nEmj(z))(1− cn),

The eigenvalues of (Ânj − I)−1 are

z(1 + c′nEmj(z))

tinj − (1 + cnEmj(z))z(Emj(z) + 1)

=
z(1 + cnEmn(z))

tinj − ŵj(z)
,

where tinj is the i-th smallest eigenvalue of 1/(N − 1)RnjR
∗
nj. We have all tinj lying

uniformly away from [c, d]. From (7.2) we have |ŵn − ŵj| ≤ Kn−1v−2
n . Therefore, using

(4.3), we find
sup

x∈[a1,a2]

‖|(Ânj − I)−1‖ ≤ K, (7.3)

for all n large. With Ej denoting conditional expectation with respect to xj, we have
using (3.7), (4.2), (7.3), and (7.1) we have for any ` ≥ 1 and x ∈ [a1, a2]

E|β−1
j |` ≤ K`(1 + E(j)(E

j|s∗jD−1
j sj|`))

≤ K`(1 + E(j)(E
j|s∗j(D−1

j −Dj−1
)sj|` + Ej|s∗j(Dj−1 − (1/z)(Ânj − I)−1)sj|`)

≤ K`(1 + v−2`
n N−` + v5`

n n
−`/6 + v−5`

n n−`/3) ≤ K`.

Finally, with In denoting the index set of j’s which satisfy the property in (1.10), we
get, using (6.7), for any ` ≥ 1

E

 1

N

N∑
j=1

|βj|−4

` ≤ K`

(Nd−1v−4
n )` +

1

N

∑
j∈In

E|βj|−4`

 ≤ K`.

Therefore, we have Lemma 3.2
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