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Abstract

This paper provides the analysis of capacity expressionsnidti-user and multi-cell wireless communication
schemes when the transmitters and the receivers have arlangleer of correlated antennas. Our main contribution
mathematically translates into a deterministic equivaleithe Shannon transform of a class of large dimensional
random matrices; the latter are sums of Gram matrices wiparable variance profiles, the covariance matrices of
which possibly have asymptotically large eigenvalues. @napplicative side, this class of large matrices is used in
this contribution to model (i) multi-antenna multiple assg(MAC) and broadcast channels (BC) with transmit and
receive channel correlation, (i) multiple-input muliépbutput (MIMO) communications with inter-cell interfemse
and channel correlation both at the base stations and aetedvers. The theoretical capacity formulas obtained for
these models extend the classical results on multi-user Middpacities in independent and identically distributed
(i.i.d.) Gaussian channels to the more realistic Gausdiammels with separable variance profile. On an information
theoretical viewpoint, this article provides: in scendijpan asymptotic description of the MAC and BC rate regiags
a function only of the transmit and receive correlation meass (thus independently of the random channel realizgatjon
an asymptotic expression of the capacity-maximizing damae matrices in the uplink MAC and downlink BC; a
water-filling algorithm which, upon convergence, is provecconverge to the capacity-achieving power allocation at
the transmitters both in MAC and BC. In scenario (i), thacktprovides: an expression of the single-user decoding
capacity and minimum mean square error (MMSE) decodingaigpahen interference is treated as Gaussian noise
with a known variance profile; for single-user decoding, tia@acity-achieving antenna power allocation policy at
the transmitter.

I. INTRODUCTION

When mobile networks were some time ago expected to run opbwer and frequency resources while being
simultaneously subject to an increasing demand of achiew#dta rates, Foschini [6] and Telatar [7] introduced
the notion of multiple input multiple output (MIMO) systenasd predicted a growth of capacity performance of

min(N, n) for a communication between anantenna transmitter and av-antenna receiver when the propagation
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channel matrix model is formed of independent and ideric@li.d.) Gaussian entries. However, in practical
systems, this tremendous multiplexing gain can only be ideai/for large signal-to-interference plus noise ratios
(SINR) and for uncorrelated transmit and receive antenreyarat both communication sides. In present wireless
mobile networks, the scarcity of available frequency resesi has led to a widespread incentive for MIMO
communications. Due to space limitations, mobile desigmew embed more and more antennas in small devices,
which inevitably spawns non-negligible correlation patteat the antenna arrays and thus non-negligible effects on
the achievable transmission rates. Since MIMO systems @domg with a tremendous increase in signal processing
requirements (which naturally imply a large non-linearégase in power consumption), both base station and mobile
manufacturers need to accurately assess the exact costrafebincreases on finite size devices, prone to experience
strong transmit and receive correlation. Our intentioroigvaluate the antenna efficiency, i.e. the mean per-antenna
achievable rate, for different communication models diedain the following.

Multi-cell and multi-user systems are among the scenaffiosain interest to cellular service providers. The scope
of the present study (which, we will see, can be extended trget set of mobile communications scenarios) lies
in the following two wireless communication systems, whibk authors consider of most valuable interest,

1) the multiple access channels (MAC) in whightransmitters, hereafter assimilated to mobile terminaksis
transmit information to a unique receiver, hereafter meférto as the base station; and the dual broadcast
channels (BC) in which the base station multi-casts infdiomato the K users. While the major scientific
breakthroughs in multi-antenna broadcast channels ate gegent, see e.g. [20], the practical applications
are foreseen to arise in a near future with the so-calleditasétr MIMO techniques to be used in future
long term evolution standards, e.g. [1].

2) the single-user decoding and minimum mean square errttSE) decoding [8] in multi-cell scenarios. In
most current mobile communication systems, the wireletwargs are composed of multiple overlapping
cells, controlled by non-cooperating base stations. Isdhmnditions, the achievable rates for every user in
a cell, assuming no intra-cell interference, correspondfé capacity of the single-user decoding scheme in
which interfering signals are treated as Gaussian noigeavinown correlation pattern. However, single-user
decoders are not linear decoders and are often replaceddtiqgal applications by the simpler linear MMSE
decoders; these decoders maximize the signal-to-in&réerplus noise ratio (SINR) at the receiver.

The achievable rate region of MIMO MAC and BC channels foregenchannels have been known since the
successive contributions [20]-[21], who established apdrtant duality link between MAC rate regions and BC
rate regions in vector channels, both in single antenna aiMiQVchannels. These important contributions provide
the general descriptions of the rate regions under fixedlegisechannels, without any underlying transmission
model. As a consequence, the exact expressions obtainesftareintractable and generally do not provide any
insight of the various channel parameters involved on tkaltiag achievable data rate. The mathematical field of

large random matrices allows one to circumvent this issuerbyiding closed-form approximations of achievable



rates as a function of the most relevant channel parametéys @he most notable result in the line of the present
study for random channels is due to Tulino [2], which progid® asymptotic capacity expression of point-to-point
MIMO systems when the channel random matrix is composed @f Gaussian entries. This result naturally extends
to multiple users by dividing the MIMO channel matrix inf§ sub-matrices; this therefore allows one to obtain
a description of the MAC and BC rate regions for the uncoteglaGaussian channels, which in shown in [2] to
depend only (i) on the signal to noise ratio (SNR) at the remsiand (i) on the ratie = N/n between the
numberN of transmit antennas at the base station and the numlwdrreceive antennas at all receivers. Tulino
also provides an expression of the capacity-achieving pafecation policy at the base station. In [24], Ulukus
derives the capacity-achieving power allocation poliayddinite number of antennas at all transmit/receive devices
in the case ofK users whose channeld;, 1 < k < K, are modelled as Kronecker channels, i.e. Gaussian with
separable variance profil#l; = R,%XkT%, whereRy, T}, are Hermitian nonnegative defiritand X, is random
with i.i.d. Gaussian entries; however, Ulukus (i) does naivfrle a theoretical large dimensional expression of the
resulting capacity, (i) makes the strong assumption thaRa matrices are equal. It is in fact rather straightforward
to observe that, under the assumption that allRg)l share the same eigenspace, the result from [2] is extensible
to the Kronecker channel model, see e.g. [3]. When e matrices have no trivial relationship, the problem
is more complex and requires different mathematical tobfose tools allow us in the present work to obtain a
deterministic equivalent of the per-antenna rate regigss@ated to the channdiky: this is our main result, which
we provide in Theorem 2. In fact, it is important to note that final formula of Theorem 2 is already found and
used by Chen, Equation (32) in [11]; however, the latter @vjgred without any proof, nor any hypotheses on the
considered matrices, and merely stems from the previouatifou(6) which is in valid when alR; matrices have
the same eigenspace, but which is incorrect in the genesel @s will become clear in the following. Chen also
provides the iterative water-filling algorithm which we in@lso obtain in the course of this paper (see Table I);
however, the convergence of this algorithm to the correpaciy, which we will prove, is not provided in [11].
Regarding multi-cell networks, to the authors’ knowledfgy contributions treat simultaneously the problem of
multi-cell interference in more structured channel modedsy i.i.d. Gaussian channels. In [13], the authors carty ou
the performance analysis of TDMA-based networks with ictdt interference. In [14], a random matrix approach
is used to study large CDMA-based networks with inter-cefeiference. In our particular MIMO context, it is
important to mention the work of Moustakas [10] who conjeetuan analytic solution to the single-user decoding
problem with channel correlation and interference withwnovariance profile, using the replica method [32].
Practical channel models, as recalled earlier, prove mbaflenging than mere i.i.d. Gaussian channels. Small
distances between antennas embedded in the wireless slegiagell as solid angles of transmission and reception

of signal energy tend to correlate (potentially stronghg emitted and received signals. A largely spread channel

Isuch as the transmit/receive covariance matrices, thenieistic line of sight components etc.
1 1
ZR]? andT}? are then defined as their unique nonnegative definite sqoate r

Swe use here the term ‘conjecture’ instead of ‘demonstrateesthe exactness of the replica method has not yet beerematically proven.



model, which naturally unfolds from the knowledge of a ctatien pattern at the transmitter and at the receiver
[35] is the so-called Kronecker model, which mathematycathnslates into random matrices with i.i.d. Gaussian
entries with separable correlation profile, as previousttaled. This model is of particular interest when no line
of sight component is present in the channel and when a sufflgilarge number of scatterers is found in the
communication medium. This is the model we will consider lie following study. However note that, in their
substantial contributions [26]-[27], Loubaton et al. pdeva deterministic equivalent of capacity of a point-tarpo
MIMO channel [26] and its corresponding capacity-achiguimput covariance matrix [27] when the channel matrix
H is modelled as Ricean, i.d1 = A + X where A is some deterministic matrix, standing for the line-ofkgig
component, an is Gaussian with general variance profile[|(X;;|?] = o;;). Of particular practical interest is
also the theoretical work of Tse [9] on MIMO point-to-poirggacity in both uncorrelated and correlated channels,
which are validated by ray-tracing simulations.

The main contribution of this paper summarizes into two majathematical theorems, contributing to the field
of random matrix theory, and an important water-filling aifon enabling to describe the boundaries of the MAC
and BC rate regions. On a purely mathematical viewpoint, vewige a deterministic equivalent of the Stieltjes
transform of the sunBy of K Gaussian matrices with separable variance prdﬁl,l;XkaXER%, Ry, T
nonnegative HermitianXy, i.i.d. and unitary invariant, plus a deterministic nonragaHermitian matrixS,

K 1 1
By =Y REX,T,X{R7 +8 1)
k=1
This result extends the recent results from Taricco [5] armahigl [3] in which, respectively, alR; matrices are

equal or share the same eigenspace. The main consequerettingf the R, matrices unconstrained is that no
limit (for large N) eigenvalue distribution 0B is available, even when thR, andT; matrices have a limit
eigenvalue distribution. Therefore, classical resultsfirandom matrix theory are not usable here. The second major
result lies in a deterministic equivalent of the Shannondfarm of B i, obtained by integration of the deterministic
equivalent of the Stieltjes transform. This result extefj$o multiple channels with separable variance profile. Fo
both deterministic equivalents of the Stieltjes and Sharmansforms, and contrary to most previous contributions
in similar articles, we do not restrict here the eigenvalatthe R, and T, matrices to be uniformly (over the
matrix sizes) bounded. In the present contribution, thagenalues can theoretically grow at a restricted rate, to
be defined later. In practice, this allows to study a widepscof channel models than in the previously mentioned
studies; in particular, this study covers the usual casenwtheR ;, andT;, matrices are constrained by(R) = N,
tr(Ty) = ni (N andny, the respective sizes @&, and T},).

The remainder of this paper is structured as follows: in iBadl, we provide a quick summary of our results
and discuss the extent of their applicability. In Sectidnwle provide the two main mathematical theorems needed
for practical applications in the subsequent sections. ddraplete proofs of both theorems are provided in the
appendix. In Section IV, the rate region of MAC and BC chasrald the capacity of single-user decoding and
MMSE decoding with inter-cell interference are studied.this section, we will introduce our third main result:

an iterative water-filling algorithm to describe the bourndaf the MAC and BC rate regions. In Section V, we



provide simulation results of the previously derived thegimal formulas and discuss the advantages and limitations
of the deterministic equivalents. Finally, in Section Ve wive our conclusions.

Notation: In the following, boldface lower-case symbols represerdtme, capital boldface characters denote
matrices [ is the N x N identity matrix). X;; denotes th€s, j) entry of X. The Hermitian transpose is denoted
(). The operatorsr X, |X| and||X|| represent the trace, determinant and spectral norm ofxiitriespectively.
The symbolE[-] denotes expectation. The notatiéi¥ stands for the empirical distribution of the eigenvalues of
the Hermitian matrixY. The function(z)™ equalsmax(x,0) for realz. For F', G two distribution functions, we

denoteF’ = G the vague convergence &f to G.

Il. SCOPE ANDSUMMARY OF MAIN RESULTS

In this section, we summarize the main results of this papdrexplain how they naturally help to study, in the
present multi-cell multi-user framework, the effects ofnhel correlation on the antenrate efficiencywhich we

define as the mean achievable rate provided by each trarestsit/e antenna.

A. General Model

Consider a set of{ wireless entities which purpose is to communicate with eowireless device, either
in downlink or in uplink, at the ‘best’ possible rate perfanté. For clarity and without generality restriction,
consider here the uplink scenario. Dendlg the channel matrix model between th& transmitterk and the
receiver. Then, assuming a large number of scatterers imggium between both entities and no line-of-sight

vision, it is often accurate to consider tHHi, is modelled as Kronecker,
1 1
H; =R; X, T} (2)

where, as already mentioned, thhex N matrix R,% and then x nj matrix T,% are respectively the only nonnegative
square roots of the Hermitian nonnegative matriBgs and T, and X, is a realization of a random Gaussian
matrix®. The matricesT, andR,, in this scenario model the correlation present in signalasmitted by usek

and signals received at the receiver. It is important tossti@ut that those correlation patterns emerge both from
the one-to-one antenna spacings on the volume limited dgvand from the solid angles of useful transmitted
and received energy. Without this second factor, it woulkensense that alR are equals, which was claimed
for instance in [24]. However, this would mean that signaks r@ceived isotropically at the receiver, which turns
out to be often too strong an assumption to characterizetipphcommunication channels. This being said, the
only sensible restriction that one can make on the matigsand T, is for their diagonal entries to be less or
equal to one, and then for their spectral norms to be less shamdn; respectively. We will see that our results

require different hypothesis, which nonetheless allowrsait some channel models with strong correlations. The

4we purposely are cryptic on the term ‘best’ for one might édesvery different performance criteria, such as achivabim-rate, max-min
rate etc.

5Gaussian matrices often refer to random matrices with iGaussian entries.



assumption often considered, e.g. in [26]-[27], is that spectral norms oR; and T, for all k&, are uniformly
bounded (over the matrix sizes), which means that only lometation patterns can be studied; in the present work,
we will allow a possibly large portion of the eigenvaluesRf, T to grow at a potentially high rate, along with
growing N, ni. More precisely, we provide a sufficient (but not necessaoyidition on the number and growing
rate of the eigenvalues &, and T, which ensures the asymptotic accuracy of the determirgsfidvalents under
study. Under this condition, a wider scope of channel catimh models can be studied than in most previous
contributions, including the classical case whe(Ry) = N, tr(Ty) = ng.

As will be evidenced by the information theoretic applioag of Sections IV-A and IV-B, most multi-cell or
multi-user capacity performance rely more or less direotiythe so-called Stieltjes transformy (z) of matrices
B3 of the type

B = Y R/ X, T X[R; 3)
kes
for some given subsét of {1,..., K}.

The Stieltjes transformny of the N x N Hermitian matrixBZSV is defined ovelC \ R* as

1 8 1 -1
mn() = [ 5P O) = (B - #Ly) @)
Of importance is the Shannon transform, dendtéd), of B3, which we define, for: > 0, as
1 1
V() = < log det (IN + EB,S\,) (5)
+oo s
= / log(1 + Az~ 1)dFB~ ()) (6)
0

_ /;oo (% _ mN(w)> dw 7)

B. Main results
The main results of this work related to random matrix theawgne as follows,

« we first present a theorem, namely Theorem 1, which providdetarministic equivalent of the Stieltjes
transform of generalize®3,-like matrices, under the assumption that, with growiNgand n;, (with non
trivial ratio 0 < ¢ = N/n < N) the sequence$FT+},, and {FR+}y are tight. This is, we provide an
approximation ofmy(z) which does not depend on the realization of g matrices. The tight sequence
assumption allows some degenerated cases of very strorgdatmn inR;, and T, which exhibit an eigenvalue
of order of magnitudeV.%

« we then provide in Theorem 2 a deterministic equival@ft (x) of the Shannon transfori(x) of BS,. For
this theorem, the assumptions on fRg and T, matrices are more constraining, since we need to assume

here that the maximum numbey; of the eigenvalues df’y, R, which grow unbounded and their maximum

Sremark, for instance, that the scenario in which the devinlerve is fixed while the number of antennas grows inside this volume, is
prone to exhibit such degenerated behaviour. This caseheseftre be treated here.



valueby satisfylog(1 + b3, 3/z)ry = o(N) for some constans to be defined in Theorem 2. However, this
assumption is largely less restrictive than the hypothekisniformly (with respect toN) bounded spectral
norms of T, andR,. For instance, we can theoretically allow
— the matricesT;, andRy, to verify tr(Ry) = O(N), tr(Ty) = O(N), which is of practical interest here.
— all but a finite number of the eigenvaluesBf, R, to be uniformly bounded, the largest of them growing

like V. For our specific study, this case is less relevant though.

The major practical interest of Theorems 1 and 2 lies in thesibdity to analyze capacity expressions, no longer
as stochastic variables depending on the matigbut as approximations of deterministic quantities. Thestof
those quantities are in general simpler than the study o$tihehastic expressions, even if the deterministic results
are actually solutions of involved implicit equations (s&ection Ill). In particular, remember that our problematic
introduced in Section | is to study the trade-off ‘capaciarg versus ‘cost’ of additional transmit/receive antesina
For this reason, the typical figures of performance soughafe the per-(transmit or receive) antenna normalized
capacity, sum rate or rate region, i.e. the mean efficiencgrofintenna of the transmit/receive array. Those are
again related to the Stielties and Shannon transformB®flike matrices. However, we will not provide in this
study asymptotic sum-capacity expressions,/Netimes the Shannon transform, for which asymptotic accucdcy
the deterministic equivalents cannot be verified; on thigctothe reader is strongly advised to refer to [27].

In such practical applications as the rate region of BC, thanBon transform expressions (5) are needed to
calculate the corner points in the rate region; because oCNB& duality, to determine the BC rate region, one
needs to treat the dual MAC uplink problem, see Section IMrAprder to decouple the influence of antenna
correlation and transmit covariance matrices at the trittems), the correlation matriR;, at thek!* BC receiver
(and then thé'" MAC transmitter) is replaced by the proleéPkR%, with Ry, translating the channel correlation
at the transmitter an#,, the transmit signal covariance matrix. Finding out the ma#P; which maximize (5)
is a very difficult problem for finiteV, which, up to the authors’ knowledge, has not been solvetksarall the
T, matrices are equal [24]. In Section IV-A, we determine therives P} which maximize the deterministic

equivalentV(©) of V in (5). The following points are of noticeable importance,

« the eigenspaces of the capacity-maximizl?jg matrices (in the deterministic equivalent) coincide respely
with the eigenspaces of the correlation matri€gs at the receivers.

« the eigenvalues of th®} matrices are solution of a classical optimization probldihey are given by a
water-filling process.

« we provide an iterative water-filling algorithm for the emyalues ofP; which, upon convergence, are proved
to converge to the optimal eigenvaluesBf, for all k. This is to say, we do not prove that the algorithm
converges (though after intensive simulations, it alwaysverged) but we state and can prove that, if it does,
then it converges towards the sought solution.

It is important to understand here that, contrary to [24F #bove result does not imply that the capacity-

maximizing power allocation in the finitd/ regime consists in aligning the eigenvectors of g matrices to



those of the transmit correlation matrices; we show that #tiategy does optimize the deterministic equivalent

though.

IIl. M ATHEMATICAL PRELIMINARIES

In this section, we first introduce Theorem 1, which providafeterministic equivalent for the Stieltjes transform
of matricesBy of the type (1). The underlying assumptions of this theoreenraade as large as possible for
mathematical completeness. The Shannon transfoiBnofs then provided in Theorem 2, under tighter assumptions
on the matriceX;., R, andT}.

Theorem 1:Let K € N* be some fixed positive integer. For sorvec N*, let

K
By = Y RIX, T X[R7 + 8 (8)
k=1
be anN x N matrix with the following hypothesis for akt € {1,..., K},

1) X = (\/Ln_AXfJ) is N x n;, with the X} identically distributed complex for alN, i, j, independent for

each fixedN, andE| X}, — EXF |2 =
2) RE is the N x N Hermitian nonnegative definite square root of the nonnegaiéefinite Hermitian matrix
Ry,

3) Ty = diag(ri,..., 7, ) IS nk X nk, ni € N*, diagonal withr; > 0,

4) The sequence§FT+},, 1 and {FR*}y~, are tight, i.e. for alle > 0, there existsM, > 0 such that
M > My implies FT*([M, 00)) < e and FR* ([M, c0)) < ¢ for all ny, N,

5) Sis N x N Hermitian positive definite,

6) There exist®$ > a > 0 for which
a <liminf¢x < limsupey < b (9)
N N
with Cl = N/nk

Also denote, forz € C\ RY, mn(z) = [(A — 2)"1dFB~()), the Stieltjes transform aBx. Then, as allV and

ny grow large, with (non necessarily fixed) ratig,

mn(z) — mg\(,)) () %0 (10)
where
(0) deF -
S Ry — =21 11
my (z) = < +Z/1+Ck7'kek k— % N) (11)
and the set of functionge;(z)}, i € {1,..., K}, form the unique solution to th& equations
-1
deF
i(z) = —t R;[S Ry — =1 12
ei(2) r < +Z/1+Ck7'kek k ZN) (12)

such thatsgn(Se; (2)]) = sgn(S[z]).



Moreover, for any > 0, the convergence of Equation (10) is uniform over any regio@ bounded by a contour
interior to

C\{z:|]z|<etU{z=z+iv:az>0v <e})

For all N, the functionmg\?) is the Stieltjes transform of a distributidrf,. DenotingF’B~ the empirical eigenvalue
distribution of By, we finally have
FBY _F\ =0 (13)

weakly asN — oc.
Proof: The proof of Theorem 1 is deferred to Appendix A. ]
Looser hypothesis will be used in the applications of Theofe provided in Section IV. We will specifically
need the corollary hereafter,
Corollary 1: Let K € N be some positive integer. For somée N*, let
By — i R2X, T, X'R? (14)
k=1
be anN x N matrix with the following hypothesis for akt € {1,..., K},
1) X, = (\/%Xl’j) is N x ny, with joint distribution invariant to right unitary producwhere theX} are
independent and identically distributed for each, N, with finite fourth order moment.
2) RE is the N x N Hermitian nonnegative definite square root of the nonnegatéefinite Hermitian matrix
Ry,
3) T is anny x ni nonnegative definite Hermitian matrix,
4) The sequencefFT+},, >1 and {FR*} >, are tight.

5) There existd > a > 0 for which
a <liminf¢x < limsupcey < b (15)
N N

with Cr = N/’I’Lk.

Also denote, forz < 0, my(z) = % (By — 2Iy)~!. Then, as allN andn; grow large (whileK is fixed), with

ratio ¢,
my(z) — mg\?) (z) 220 (16)
where
m(o)(x) _ 1 tr i/MR 21 . (17)
N o N st 1+ ckaek(z) K N
and the set of functionée;(z)}, i € {1,..., K}, form the unique solution to th& equations
K .
1 TR dFTr (%)
(2) = = trR; W Ry —2d 1
ei(z) NtrRL ;/1+Clﬁkek(z)Rk 2In (18)

such thatsgn(Se; (2)]) = sgn(Sz]).
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Proof: Since theXy's are invariant to right-unitary product, the joint diswiion of X, U coincides that of
Xy, for U anyny, x ny unitary matrix. ThereforeX, T, XY in Theorem 1 can be substituted By, (UT,UH)XH
without compromising the final result. As a consequenceIths can be taken non diagonal nonnegative definite
Hermitian and the result of Theorem 1 still holds true. ]
The deterministic equivalent of the Stieltjes transforry, of By is then extended to a deterministic equivalent
of the Shannon transform @ » in the following result,
Theorem 2:Let « be some strictly positive real number. LBty be a random Hermitian matrix as defined in

Corollary 1 with the following additional assumptions

1) there existsx > 0 and a sequencey, such that, for allV,

 Jax max()\mﬂ, )\EVH) o (19)

where ¥ > ... > )X denote the ordered eigenvalues of tiex N matrix X.
2) denotingby an upper-bound on the spectral norm of fhg's andRy’s, k € {1,..., K}, and3 some real
such that3 > K (b/a)(1 + /a)?, thenay = b% 3 satisfies

rylog(l +an/z) = o(N) (20)
Then, for largeN, ny, the Shannon transforM(z) = [log(1 + \)dFB~ ()\) of By, satisfies
V(z) — VO (z) 220 (21)
where
1 K Tk
VO (z) =—logdet [In + - R / dFTx(r,
( ) & N SCI; k ]-+Ckek( )Tk ( k)
5
— [ log (1 FTe
+3 [sli+aet-am) ar™ ()
+x- mg\?)(—m) -1 (22)
Proof: The proof of Theorem 2 is provided in Appendix B. ]

Remark 1:Remind that, since Gaussian matrices are right-unitargriaat with entries of finite fourth moment,
the special case d&X;, matrices with Gaussian i.i.d. entries fits the requiremeniSorollary 1 and Theorem 2. In
the practical applications of the following section, we Isléways consider this hypothesis.

Remark 2:Note that this last result is consistent with the work of Tald7] and Tulino [2] whenK = 1 and
the transmission channels are respectively Gaussian withonrelation or with separable variance profile. The
latter is easy to observe from the form of Equation (206) Whigp to a Stieltjes; variable change, is exactly the

expression in [2] wherX = 1 with separable variance profile.
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Fig. 1. Downlink scenario in multi-user broadcast channel

IV. APPLICATIONS

In this section, we provide applications of Theorems 1 arwt®%b studies in the field of wireless communications.
First, in Section IV-A, we derive an expression of the ratgioe of multi-antenna multiple access and broadcast
channels for given correlation matrices at the transmitraceive devices. An iterative power allocation algorithm
is then introduced which is proved, upon convergence, toimiag the deterministic equivalent of the rate region
corner points. Then, in Section IV-B, we provide an anabjtiexpression of the capacity of the single user and
MMSE decoders in wireless MIMO networks with inter-cellérfierence. For the single user decoder, a derivation

of the optimal power allocation for the sum rate maximizatie also provided.

A. Rate Region of Broadcast Channels

1) System ModelConsider a wireless multi-user channel with > 1 users indexed fromi to K, controlled
by a single base station. Uskris equipped withn; antennas while the base station is equipped Witlantennas.
We additionally denote, = N/ny. This situation is depicted in Figure 1.

Even if we will longly discuss the MAC channel between thieusers and the base station, our prior objective
is to characterize the BC channel between the base stattbtharusers. For this, we denatec CV, E[ss"] = P,
the signal transmitted by the base station, with power caimtir(P) < P, P > 0; yx € C™ the signal received
by userk andn; ~ €N(0,0°1,,) the noise vector received by user The fading MIMO channel between the

base station and uséris denotedH, € CV*"+. Moreover we assume th&, has a separable variance profile,

“up to a scaling of the power constraints of the individualrsiseetting the same noise variangé on each receive antenna for every user

does not restrict the generality and simplifies the thetak#xpressions.



i.e. can be decomposed as
H, =RZX,T;

12

(23)

with Ry, € C"**" the (Hermitian) correlation matrix at receiverwith respect to the chann&l;,, T) € CV*¥V

the correlation matrix at the base station for liHl, andX,; € C™*~ a random matrix with Gaussian independent

entries of variance /ny. In the Kronecker modell';, and R, satisfy tr(T)

With the assumptions above, the downlink communication ehadfolds

ye =Hgs+n

Denoting equivalently,. the signal transmitted in the dual uplink by ugersuch thaf[ss!]

Py, y andn the signal and the noise received by the base station, wethaveonver

K
y = Z H',;'sk + ny
k=1

=N andtr(Rk) = Ng.

(24)
= Py, tI‘(Pk) <

se uplink model
(25)

In the following, we will derive the BC rate region by meanstbé MAC-BC duality [20]. We then consider

first the achievable MAC rate region.

2) MAC Rate RegionThe (per-receive antenna normalized) rate redi@mnc (P, .- -,

channelH" under respective transmit power constraifis. . . ,

Pr; HY) of the MAC

Py for usersl to K respectively and compound

channel" = HY ... H'Y, is given in [22], and reads
. 1 1
Cuac(Py, ..., P HY) = | {{Ri,l i< K}:) R < clog T+ — > THIPH,|, VS C {1,...,K}}
tr(P;)<P; = =
P;>0
i=1,..., K
(26)
For any se§ C {1,..., K}, thanks to Theorem 2, we have approximately, forn;, large,
i1og In + — > H'PH,| = l1ogdet In+— ZTk / S —
N 02 ¢ L N ].+Ck€k( 0’2)7“k
ics kes
+ Z /10g (14 crer(—0?)ry) dFRPr(ry)
kes ©
+ o2 0, 2y
o -mg’(—0") -1 (27)
where _
dFRAPr(
ms(—o?) = —tr <Z/—1r’“ k) Tk+021N> (28)
kes +cxrrer(—0?)
and thee;’s satisfy
dFRePr (1)) -
Tk k 2
t T; — =T I 29
ei(~o ' <Z/1+Ckrkek (—0?) e N) (29)

From these equations, the complete MAC capacity region eddscribed. To go further, we first need the

following result,
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Proposition 1: If any of the correlation matriceRy, k € S is invertible, then the right-hand side of the capacity

approximate (27) is a strictly concave function®f, ..., Pys.
Proof: The proof of Proposition 1 is provided in Appendix C. ]
From Proposition 1, we immediately prove that tl&-ary set of capacity-achieving matric€éP7, . . "PTS|>

is unique, provided that any of thR;’s is invertible. In a very similar way as in [27], we will shothat the
matricesP}, k € {1,...,|8|}, have the following properties: (i) their eigenspaces aeedame as those of their
correspondindRy’s, (ii) their eigenvalues are the solutions of a classicatesfilling problem.

Proposition 2: For everyk € 8, denoteR;, = UkaU;‘ the spectral decomposition &, with Uy unitary and
D;, = diag(rg1,...,7kn, ) diagonal. Then the capacity-achieving signal covarianae&ioesP7, .. ., PTSI satisfy

1) P; = U,Q;UY, with Q; diagonal; i.e. the eigenspace Bf; is the same as the eigenspaceRyf.

2) denotings; = 6, (—0c?,P}) ande; = ex(—0?, P}), the it diagonal entryy;, of Q; satisfies

+
%z@r 1) (30)

CLELTki

where theu's are evaluated such that(Qy) = P.
Proof: The proof of Proposition 2 recalls the proof from Najim, Prdpn [27]. We essentially need to show
that, at point(d7, .. ., 6‘*S|,e{, ceey eTSI)' the derivative of (27) along an,, is the same whether th&'s and the

e;'s are fixed or vary withQy. In other words, using the form (206) for the capacity, letdesine the functions

1
VOPy,...,Pig) =)  logdet (In, + cverRiPr)

kes
+ %logdet <IN + Z(ska>
kes
K
3 u(—ot)en(—o?) (31)
k=1
where
—1
1
eizei(Pla-~-;P|S\>:NtrTi <O’2 IN+Z5ka ) (32)
kes
1 _
0; = 6i(P1,...,Pig|) = — trRiP; (02 [I,, + ciei(2)RiPy)) ! (33)
andV : (P1,...,Pig,61,...,8s). €1, -, €5) — VO (Py,...,Ps)). Then we need only prove that, for &llc 8,
av * * *
8_5]@(1)1"”7P‘S|’517”.75‘%'7617.”76‘80:O (34)
av * * * *
a_ek(Pl,...,P‘Sl,(sl,...,5‘8|,€1,...,€‘8|):0 (35)
Remark then that
1
ov 1
G—(Sk(Pl,...,P‘g|,51,...,5‘5|,€1,...,€|5‘):Ntr [<I+252T’L> Tk —O—Qek (36)
€8
ov 1 _
a—ek(Pl, .. .,P‘g|,(51, .. .,5‘5|,€1, R ,€|5‘) = CkN tr |:(I+Ck€kRZPZ) lePk:| — 0’25k (37)
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At initialization, for all k € 8, Q; = %Ink,, Sp=1ep =1
while the P’s have not convergedo
for k€ Sdo
Set (0, ex) as solution of (32), (33)

fori=1...,n; do

+
Setgy,; = (uk - Ckeilt”“m) , with . such thattr Q; = P.
end for
end for
end while
TABLE |

ITERATIVE WATER-FILLING ALGORITHM FOR POWER OPTIMIZATION

both being null whenever, for all, e;, = ex(—0*,P1,...,P|g)) anddy, = 0x(—0?, Py, ..., Pg|), which is true in
particular for the unique power optimal solutid@, .. ., PTSI whenevere, = e} anddy, = 0;.
When, for allk, e, = e}, 6 = 0;, the maximum ofV over theP,’s is then obtained by maximizing the

expressiondog det(I,, + cxefRiPx) overPy. By Hadamard’s inequality,
N

det(L,, + crefRiPx) < [ I1(Tny, + ckeiRiP)ill2 (38)

=1
where, only here, we denotX); thei*” column of matrixX. The equality is obtained if and only1f,, +cref Ry Py
is diagonal. The equality case arises Iy and R = UkaU,';' co-diagonalizable. In this case, denotiRg =

UkaU,E', the entries ofy, constrained byr(Qy) = P; are solutions of the classical optimization problem under

constraint,
sup logdet (I, + crerQrDg) (39)
tr(QR)< Py
whose solution is given by the classical water-filling altfon. Hence (30). ]

We then propose an iterative water-filling algorithm to @btde power allocation policy which maximizes the
right-hand side of (27). This is provided in Table I.

In [27], it is proven that the convergence of this algorithnseres its convergence towards the only capacity-
achieving power allocation policy. However, as recalled[dd], it is difficult to prove the convergence of the
algorithm in Table | in general. Nonetheless, extensiveutations initialized withé, = 1, e = 1, for all £,
showed the algorithm in Table | always converged.

Remark 3:It is important to stress out the fact that we did not prove tha classical water-filling solution
maximizes the true capacity fa¥ finite. We merely showed that, for largé, the true capacity expression on the
left-hand side of (27) is closely approximated by an expoesgthe right-hand side of (27)) whose maximum is
achieved by the iterative water-filling algorithm of TableThe optimality of the water-filling solution for finité/

is proven, e.g. in [24], for the special case whenRyl are equal.
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Base stationl Base stationk’

I

Base statior2

A : [\

Fig. 2. Downlink multi-cell scenario

3) BC Rate RegionThe capacity region of the broadcast multi-antenna chanaglbeen recently shown [23]
to be achieved by the dirty paper coding (DPC) algorithmsTegionCgc(P; H), for a transmit power constraint
P over the compound channEl, is shown by duality arguments to be the set [20]

Coc(P;H)= | Cumac(Pr....,PxiHY) (40)
Zszl P, <P

which is easily obtained from Equation (26).

B. Multi-User MIMO

1) Signal Model: In this section we study the per-antenna rate performanaeireless networks including a
multi-antenna transmitter and a multi-antenna receive, latter of which is interfered by several multi-antenna
transmitters. This scheme is well-suited to multi-cell eldiss networks with orthogonal intra-cell and interfering
inter-cell transmissions, both in downlink and in uplink. particular, this encompasses
» multi-cell uplink: consider ai-cell network; the base station of a cell indexeddbyg {1,..., K} receives
data from a terminal user in this c&land is interfered by — 1 users transmitting on the same physical
resource from remote cells indexed by {1,..., K}, j #i.

« multi-cell downlink: the user being allocated a given tifreduency resource in a cell indexed bye
{1,..., K} receives data from its dedicated base-station and is émtfby — 1 base stations in neighboring

cells indexed byj € {1,..., K}, j # ¢. This situation is depicted in Figure 2.

8this user is allocated a given time/frequency resourceghvis orthogonal to time/frequency resources of the othersuim the cell; e.g. the
multi-access protocol is OFDMA.
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In the following, in order not to confuse both scenarios,yathle downlink scheme is considered. However, one
must keep in mind that the provided results can easily betadap the uplink case.

Consider a wireless mobile network witih > 1 cells indexed froml to K, controlled bynon-physically
connectedase stations. We assume that, on a particular time or fnreguesource, each base station serves only
one user; therefore the base station and the user of @éll also be indexed byj. Without loss of generality, we
focus our attention on usér, equipped withV > K antennas and hereafter referred tdtes useror the receiver
Every base statiori € {1,..., K} is equipped withn; >> K antennas. Similarly to previous sections, we denote
¢; = N/n;.

Denotes; € C", Es; ]] = I,,,, the signal transmitted by base statigny € C andn ~ CN(0,0%Iy)
the signal and noise vectors received by the user. The fadiMO channel between base statigrand the user
is denotedH; € CV*". Moreover, we assume th&; is Gaussian with a separable variance profile, given by
Equation (23).

With the assumptions above, the communication model usfold

K
y:H151+ZHij+n (41)
j=2

wheres; is the useful signal (from base statithands;, j > 2, constitute interfering signals.
2) Single User Decoding:
a) Uniform Power Allocation:If the receiving user considers the signals from ihe 1 interfering transmitters
as Gaussian noise with a known variance patietimen base statioh can transmit with arbitrarily low decoding

error at a per-receive antenna r&g;(c?) given by

K K
1 1 1 1
Csu(a?) = ~log Iy + — > HHY - ~log[In + — > H;HY (42)
j=1 j=
Assume thatV and then,;, i € {1,..., K}, are large compared t& and such that the maximum eigenvalues

of R; or T; are bounded away from¥. From Corollary 1, we define the functions®(?) as the approximated
Stieltjes transforms oEf:i H;HY, i € {1,2},

—1
mi ) (2 :—t T R I 43
<Z/ 1+Ck77c€k kT 2N (43)

where, for allj € {1,..., K}, €}(z) is solution of the fixed-point equation

deF
( )= — trR <Z/ TE— Rk - ZIN> (44)

%n practice, the noise variance does not require the knayeleaf the other base station to user channels, as it can beeitifdom data
sensing in idle mode.
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From Theorem 2, we then have approximately

K
1 1 Tk ,
GSU(O'2> :Nlogdet <IN -+ F ZRk/mdFTk (Tk))
k=1
K
1 logdet | Iy + L ZRk/+dFTk(Tk)
N o2 P 1+ Ckei(fo'Q)Tk
K
1
+ Z <k /log (1 + crep(=0®)mi) dFT*(13.)

K
Zci/log (1+Ck€k( a )Tk) dF™* ()

k=2

+0% - O (—0?) - m>©)(—6?)] (45)

b) Power Optimization for Single-User Decodintn this section we wish to perform power allocation so to

maximize the single-user decoding capad®y;(c?) along Py, the signal variance at the main transmitter. We

therefore replace the matric@s; by TJ%PJ-TJ% in Equation (45).
Let us rewriteCsy (o?) like
GSU(UQ) =

with A = Iy + 2 5> o1 HiP;j H'!.

According to [25], the optimal power allocation strategysach a model i, = >/, p;viiv; with V =

1 1 1 1 1 1 H 1 1
Flos Iy + S AT RIX TP T X{R{ A~ | (46)

[vi,...,v,] the eigenvector matrix in the spectral decompositiorillef= VAVH, A diagonal, where the,’s
satisfy
pi=0 (1/Oéi)—1§7% n1 (1—041)
- herwi 1 (47)
pPi = W otherwise
for o; defined as
1 1 -t -
a; = <1 +—hfA~> [IN + —QA‘%HiPlHHZ-A_%] A‘%hi> (48)
ag ag

h; is thei*® column ofHy, andH_; is H; with columni removed.
1
Denotingh; = R}x;, we havex; centered Gaussian with covariantg, /n1Iy and independent of
1 —1 1
R% A3 [IN + %A*%H_iPlHﬂZA*%} A—zR?. Therefore, asymptotically oV, from Lemma 7,

1\ -1
<1+ “tRl{A+ —H_ PH“} ) (49)
1\ 1
=<1+ ”tRl[A—i— HlPH} ) (50)
1\ -1
1 K
1i; H
= SRy IN+FZ_:HJ»PJ»Hj (51)

= (1+Tiel(-0%) " (52)
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This leads to the power allocation

ni -1
pi=0 Tiei(—0?) < 52 302 1= (14 Tiyer(—0?))

_ Y (g2 -1 (53)
= Lgm(lj_T(llf;( el()) 5 otherwise
ny 2el=1 1,61(—9

In particular, if the diagonal entries @, are all equal (as is often the case in practice), then thenapipower

DPi

allocation policy is the trivial equal power allocation.
3) MMSE Decoding:Achieving Csy requires non-linear processing at the receiver, such asessive MMSE
interference cancellation techniques. A suboptimal lineahnique, the MMSE decoder, is often used instead.
The communication model in this case reads

-1
k k

y = ZHJHIJ—' +0'2IN Hlf ZH]'Sj +n (54)
j=1 j=1
—1
where (Z§:1 H,;H + aQIN) HY is the MMSE linear filter at the receiver. Each entryyofvill be processed
individually.
This technique makes it possible to transmit data reliablgng rate inferior to the per-antenna MMSE capacity

CMMSE, .
1

Crrnisi(o?) = 1 D log(1+ ) (55)
=1

where, denotindy; € C" the j* column of H; andR?x; = h;, the SINR~; expresses as

-1
B (SIS BB 4 0%y ) b

Yi = 1 (56)
1= (SIS HEY 4021y ) b
% —1
=h' | Y HH ~hhf +’Iy | by (57)
j=1
K —1
—x'R? [ Y HHY — b 0’y | Rix (58)
j=1

where Equation (57) comes from a direct application of theriméanversion lemma. With these notations;
has i.i.d. complex Gaussian entries with variafdge /n; and the inner matrix of the right-hand side of (58) is
independent ok; (since the entries off; HY' — hihg| are independent of the entrids). Applying Lemma 7, for

N large, )

K
trRy [ Y H;HY — hibl! 4 0’y (59)

j=1

Tln‘

%:N

From Lemma 5, the rank 1 perturbatign-h;ht') does not affect asymptotically the trace in (59). Therefore

approximately, .

K
Ty,
i = ﬁ Ry | Y H;HY + 071y (60)

j=1
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Noting thate}(z) in Equation (44) corresponds to the normalized trace in Eoug60), we finally have the

compact expression fatyvse,

ni

1
GMMSE(O'Q) = N Z log (]. + Tl,”.(i%(*O'Q)) (61)

=1
In practice, when no specific power allocation strategy ipliad and when no exotic transmit correlation is
presentTy,, = P/n, the average power per transmit symbol, and the capacitynbes6yvse = % -log(1 +

P/ny. - e1(—0?)).

V. SIMULATIONS AND RESULTS

In the following, we apply the results obtained in SectiowsAl and 1V-B for the broadcast channel rate region

and the multi-user MIMO cases respectively.

A. BC Rate Region

First, we provide simulation results in the context of a mser broadcast channel, wilti = 8 transmit antennas
andn, = ny = 4 receive antennas, all placed in linear arrays. The distaicéetween subsequent transmit
antennas is such thdt /\ = 10, A the signal median wavelength; between adjacent receienaas, the distance
d® is the same for users and 2 and such thati® /A = 1/4. The variance profile is generated thanks to Jakes’

model, with privileged directions of signal departure amdval. For instance, the entrfu, b) of matrix T is

9(T1)

max, dT
T, = /( | exXp <27m'|a — b|T cos(9)> df (62)
it

where, in our case, with obvious notatiof§i') = 0, 95 = /2, 652 — 7/3, 9% = 57 /6, 651 = 27/3,
05T = 5776, 02 = 1 o{T2) = 7 /2.

In Figure 3, we take a0 dB value for the SNR and compare the rate region obtained fremadhvex optimization
scheme of Section IV to the equal power allocation stratiigyice that, in spite of the strong correlation exhibiting
very low eigenvalues iR; and Ry, very little is gained by our power allocation scheme coradaio uniform
power allocation. Quite to the contrary, in Figure 4, we é¢dasa—5 dB SNR, and observe a substantial gain in
capacity from the optimal iterative water-filling algonithof Table | compared to equal power allocation on the
transmit antenna array.

In Figure 5, a comparison is made between the theoreticalsandlated rate regions for 20 dB SNR. The
latter is obtained from, 000 averaged Monte Carlo simulations for every transmit poveer (;, P»). We observe

an almost perfect fit, even for these law = 8, ny = no = 4 numbers of transmit and receive antennas.

B. Multi-User MIMO

We now apply Equations (45) and (61) to the downlink of a twedl-oetwork. The capacity analyzed here is
the per-antenna achievable rate on the link between batsenstaand the user, the latter of which is interfered by

base statior2. The relative power of the interfering signal from baseista® is on averagd’ times that of user
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Rate of User2 [bits/s/Hz]

0 0.5 1 1.5 2 2.5 3
Rate of Userl [bits/s/Hz]

Fig. 3. (Per-antenna) rate regi@gc for K = 2 users,N = 8, n1 = n2 = 4, SNR = 20 dB, random transmit-receive solid angle of
aperturer /2, dr /A = 10, dg /A = 1/4. In thick line, capacity limit wherE[ss"] = I .

1. Both base stations and2 are equipped with linear arrays afantennas and the user with a linear array\of
antennas. The correlation matric&® at the transmission anR,; at the reception; € {1, 2}, are also modeled
thanks to the generalized Jake's model.

In Figure 6, we tookV = 16, I' = 0.25 and we consider single-user decoding at the receiver. feoy egalization
of T, R;, 1000 channel realizations are processed to produce the sirdwag®dic capacity and compared to the
theoretical capacity (61). Those capacities are then gedraverl 00 realizations ofT’;, R;, varying in the random
choice ofefﬁr"'l), anTi;), o\ and 655 with constraintdr, — 955};’1) =05 — HﬁnTi;) = 7/2, while the distance
between antennas indexed byandb ared); = 10\|a — b| at the transmitters and, = 2)\|a — b| at the receiver.
The SNR ranges from-5 dB to 30 dB, andn € {8,16}. We observe here that Monte-Carlo simulations perfectly
match the capacity obtained from Equation (45).

In Figure 7, with the same assumptions as previously, weyalMISE decoding at the base station. Here, a
slight difference is observed in the high SNR regime betwieory and practice. This was somehow expected,
since the largeV approximations in Lemmas 7 and 5 especially are very loosefaclose toR~. To cope with
this gap, many more antennas must be used. We also obsergeificant difference in performance between the
optimal single-user and the suboptimal linear MMSE decadespecially in the high SNR region. Therefore, in

wireless networks, when interfering cells are treated ags&an correlated noise at the cell-edge, i.e. where the
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Fig. 4. (Per-antenna) rate regi@ysc for K = 2 users,N = 8, n; = n2 = 4, SNR = —5 dB, random transmit-receive solid angle of

aperturer /2, dr /A = 10, dg /A = 1/4. In thick line, capacity limit wherE[ss"] = I .

interference is maximum, the MMSE decoder provides trerneagerformance loss.

Finally, in Figure 8, we study the effect of the angle sprefdrergy transmission and reception. As previously
recalled, in most contributions treating antenna cori@taonly the distances between the antennas is considsred a
relevant to the signal correlation. We provide hereaftdaasical situation for which angles of departure and akriva
are of critical importance to the system rate performant¢e Situation is similar to that of Figure 6 with = 8
(N = 16), SNR = 20 dB; the median directional of arrival and departure (for alvides) are taken fromr/32
(grazing angle) tor/2 (signal transmitted/received in front), while the angleesil, on ther-axis, varies fromr /32
to 7 /2. First, note importantly that the directions of departureuival are significant to the system performance:
for instance, with a quite realistic angle spreadr@f, the single-user decoding capacity shows a three-folease
from grazing to orthogonal anglé$ We observe that, in all cases, the per-antenna capacitysgnth the angle
spread, which therefore offers some sort of diversity gaieo, grazing angles provide significantly less diversity

gain than square angles of departure or arrival.

1%remember that we assume isotropic energy emission/receiptithe top-bottom direction and we consider here a réisgiangle of captured
energy in the horizontal plane so that, in reality, one migitgect even more staggering results.
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Fig. 5. (Per-antenna) rate regidtgc for K = 2 users, theory against simulatiolN' = 8, n; = n2 = 4, SNR = 20 dB, random
transmit-receive solid angle of aperturg2, dr /X = 10, dg /A = 1/4.

VI. CONCLUSION

In this contribution, we proposed to analyze the per-ardemate performance of a wide family of multi-antenna
communication schemes including multiple cells and/ortipld users, and taking into account the correlation effect
due to antenna closeness and directional energy transmissieption. As an introductory example, we studied
the rate region of MAC and BC channels, as well as the uplirkdownlink capacity of multi-cell networks with
interference. Our main results stem from a novel mathewratieterministic equivalent of the Stieltjes transform
and the Shannon transform of a certain type of large randomnices. Based on these new tools, an accurate
analysis of the effects of correlation can be directly ttatesl into the antenna efficiency of multi-user multi-cell
systems. We also provided an iterative water-filling altjoni to achieve the capacity boundary of the MAC and

BC rate regions, which proved in simulation to give tremarsloapacity gains in the low SNR regime.
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Fig. 6. Capacity of point-to-point MIMO in two-cell uplinlsingle-user decodingy = 16, n € {8,16}, I" = 25%.

APPENDIXA

PROOF OFTHEOREM1

Proof: For ease of read, the proof will be divided into several sesti
We first consider the casE = 1, whose generalization t& > 1 is given in Appendix A-E. Therefore, in the

coming sections, we drop the useless indexes.

A. Truncation and centralization

We begin with the truncation and centralization steps whidhreplace X, R andT by matrices with bounded
entries, more suitable for analysis; the difference of ttietjs transforms of the original and nd3s converging to
zero. Since vague convergence of distribution functioresjisvalent to the convergence of their Stieltjes transrm
it is sufficient to show the original and new empirical distriion functions of the eigenvalues approach each other
almost surely in the space of subprobability measuresRowith respect to the topology which yields vague
convergence.

Let X;; = Xijl{x,,|<vN} —E(X,-jl{lxukm}) andX = (ﬁfu) Then, from c), Lemma 1 and a), Lemma
3, it follows exactly as in the initial truncation and cetization steps in [4] and [19] (which provide more details
in their appendices), that

|FBN _ FS+R%)~(T)~(HR%| 2) 0 (63)
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Fig. 7. Capacity of point-to-point MIMO in two-cell uplinkyvith MMSE decoder,N = 16, n € {8,16}, I" = 25%.

as N — oo.

Let now X ;; = X;; - 1{x,,|<In N} — E()?ijllﬂxijmn ~y) andX = (%710 This is the final truncation and
centralization step, which will be practically handled theme way as in [4], which some minor modifications,
given presently.

For any Hermitian non-negative definitex » matrix A, let A2 denote itsi-th smallest eigenvalue ok. With

A = Udiag(\,..., \2)U" its spectral decomposition, let for amy> 0
A% = Udiag(M'1pac<ay, - A1, <ap) U" (64)

Then for anyN x N matrix Q, we get from 1) and 2), Lemma 3,

1 1 Lo ma la 2 1 1 1
||FS+R2 QTQ"'R2 FS+R2 QT*Q"R 2 H < Nrank(RE o Ria) + Nrank(T _ Ta) (65)
2 & 1
=52 lorsar T D Lprsay (66)
=1 i=1
1
= 2F%((a,00)) + EFT((Q,OO)) (67)

Therefore, from the assumptions 4) and 6) in Theorem 1, we favany sequencéay } with ay — oo

[FSTRIQTQ'RY _ pSIRETNQTUNQUREIN ) ) (68)
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Fig. 8. Capacity of point-to-point MIMO in two-cell uplinksingle-user decodingy = 16, n = 8, I' = 25%, SNR = 20 dB, for different

median angles of departure/arrival.

as N — oo.
A metric D on probability measures defined Bowhich induces the topology of vague convergence, is iniced
in [4] to handle the last truncation step. The matrices stidih [4] are essentiallBy with R = I . Following

the steps beginning at (3.4) in [4], we see in our case thahwhe is chosen so that a — oo, ay T oo,

a?V(E|X1211{X11|21nN} +N71) — 0 (69)
and
o 16
o
N=1
We will get
D(FSJrR%“NiT”’iHR%QN FS+R%“NKT“NKHR%W) 250 (71)
as N — oo.

SinceE|X;|> — 1 asN — oo we can rescale and replade with X/v/E|X;|?, whose components are
bounded bykIn N for somek > 2. Let log N denote logarithm ofV with basee!/* (so thatkln N = log N).
Therefore, from (68) and (71) we can assume that for gsicthe X;; are i.i.d.,EX;; = 0, E|X11]? = 1, and
| Xij| <log N.
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Later on the proof will require a restricted growth rate orittbppR|| and | T||. We see from (68) that we can
also assume

max([[R]], |T|]) < log N (72)

B. Deterministic approximation afiy (z)

Write X = [x1,...,%,], x; € CN and lety; = (1/,/n)R2x;. Then we can write

By =S+ ) my;y} (73)
j=1
We assume € C* and letv = 3[z]. Define
eny =en(2) = (1/N)trR(By — 2Iy) " (74)

and
1

n
1 Tj _ —T
nz 1+ cnTjen z(1+cenTen)
]:

dFT(r) (75)

PN =

Write By = OAO", A = diag(\1,..., An), its spectral decomposition. L& = {R;;} = O"RO. Then

N
en = (/N) rR(A — 2Ly) ™ = (1/N) Y <2 (76)
i — 2
=1
We therefore see thaly is the Stieltjes transform of a measure on the nonnegataie véith total masgl/N) tr R.
It follows that bothey(z) and zen(z) mapC™ into C*. This implies thatpn (2) and zpy(z) mapC* into C*
and, asz — oo, zpn(z) — —(1/n) tr T. Therefore, from Lemma 6, we also hayg the Stieltjes transform of a

measure on the nonnegative reals with total mags) tr T. From (72), it follows that
len| < v tlog N 77)
and
‘/ mdﬂ(f) = [2pn(2)| < |z|v™ " log N (78)

More generally, from Lemma 6, any function of the form

z(1+m(2))

wherer > 0 andm(z) is the Stieltjes transform of a finite measure®n, is the Stieltjes transform of a measure

(79)

on the nonnegative reals with total massit follows that
T -1

— < 80

‘1+m(z) < Tlelv (80)

Fix now z € C*. Let By =By — ijjyj“. DefineD = —zIn + S — zpn(2)R. We write

By —zIx —D =) 7y;y} +2pnR (81)

j=1
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Taking inverses and using Lemma 4 we have

By —2Iy) ' =D ' =) Dy By — 2Ix) ' + zpyD ' R(By — 21y) (82)
j=1
" D ly (B, — 2Iy)"!
-3 YiY, Bo) le + 2pyDT'R(By — 2Iy) ! (83)
o 1Ty (B —2In) Ty
Taking traces and dividing byv, we have
L -1 1 - — . m
~§ DT —mn(z) = EZTjdj = wy (84)
j=1
where e .
g~ WNxR2(B(;) —2ly) 'D'R2x;  (1/N)trR(By — 2Iy) 'D"! (@5)
! L+ 7y (B — 2In) "ty 1+ cnTjen

Multiplying both sides of the above matrix identity B, and then taking traces and dividing By, we find
1 —1 1 = e _ ,,.€
NtrD R—eN(z):E;Tjdj = wf (86)

where
5 = (1/N)xIR= (B(; — 2Iy) 'RD"'R?x; (1/N)trR(By — 2Iy) 'RD"! @)
! L+ 7558 (B — 2In)ty; 1+cnTjen

We then show that, for any > 0, almost surely

Jim (log® N)wl =0 (88)
and

lim (log® N)w§ =0 (89)

n—oo

Notice that for eaclhy, y;' (B(j) — zIy)"'y; can be viewed as the Stieltjes transform of a measur&bn

Therefore from (80) we have

1 ||
< & (90)
1+ijlj(B(j) 721]\])71)’]‘ v
For eachy, lete(;) = e¢;)(2) = (1/N) tr R(B;) — 2Ix) !, and
—T
N =pi(z)= | ———dFT 91
both being Stieltjes transforms of measuresfon along with the integrand for each
Using Lemma 4, Equations (72) and (80), we have
72 enlz?log® N
~ apen| = e dFT _ = 92
lepn Zp(j)l len eO)lCN ‘/ (1+CN76N)(1+CNTe(j)) ()] < Nuv3 (92)
Let D(;y = —zIy + S — zp(;)(2)R. Notice that(By — zIy)~' and (B(;) — zIy)~" are bounded in spectral

norm byv~! and, from Lemma 8, the same holds true Tor! andD(‘];.
In order to handle botwy;, d; andws;, d; at the same time, we shall denote Byeither T or Iy, andwy,

d; for now will denote either the originaby;, d; or wg;, dj.
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Write d; = dj + d? + dJ + dj, where

1 _ — 1
(1/N)xR? (B(j — zIy) 'ED 'Rix; (1/N)xfRz2(B;) —2Iy)'EDR2x;

dt = (93)
! 1+ 7yH (B — 2In) 1y, L+ 7y (B — 2In) 1y,
1 _ — 1 _ —
2 (1/N)xRz2(B(;) — 2Iy) 'EDjR2x;  (1/N)trR(B(;) — 2In) 'ED() 04)
! L+ 758 (B — 2In) 1y L+ 758 (B — 2In)~ly;
, _ (1/N)trR(By;) — 2In)'ED)  (1/N)rR(By — 2Iy) 'ED"! (95)
! L+ 758 (B — 2In)~ly; 1+ 758 (Bgy) — 2In) 1y,
s U/N)rR(By —2Iy) '"ED'  (1/N)r R(By — 2Iy) 'ED " (96)
! L+ 7558 (B — 2In)ty; 1+ cenTjen
From Lemma 4, Equations (72), (90) and (92), we have
1 cn log” N|z?
1 2
ild;| < NllxjH N (97)
2 _1log N |y . -1 “1pi, _ -1 -1
Tj|dj| < |Z|’U —_— Xj R> (B(]) ZIN) ED(].)R2XJ tr R(B(J) ZIN) ED(j) (98)
3 2 3
3 _ |z[log® N (1 = enl|z]?log” N
mild;| < N ﬁ—i_ 5 — 0, asn — o (99)
|2en log* N 1 1l 1 11, logN
ldj| < N x/'R2(B(j) — z2Iy) 'R?x; — trR2 (Bj, — zIy) 'R?| + — (100)
From Lemma 7, there exist& > 0 such that,
1 : .
E|N||xj|\2 —15< KN 3log"* N (101)

1 1 _ {1 _ _1.6 _3 _
EW|X?R2(B(]-) —zIn)'EDjR2x; — tr R(By;) — 2In) 'ED}|° < KN %0~ log*' N (102)
1 1 1 L 1 1l _3 _g
E5 G R2 (B() — 2Iv) ' R2x; — trR2 (B — 2Ly) ' R2[° < KNPy 6log" N (103)
All three moments when multiplied by times any power oflog N, are summable. Applying standard argu-

ments using the Borel-Cantelli lemma and Boole’s inequdlin 4n events), we conclude that, for aty > 0

log® N maxj<, 7;d; 2% 0 as N — co. Hence Equations (88) and (89).

C. Existence and uniquenessmﬁ?(z)

We show now that for anyV, n, S, R, N x N nonnegative definite an®l' = diag(r,...,7n), 7 > 0 for all

1 <k < N, there exists a unique with positive imaginary part for which

e = %tr (s n [/ édFT(T)] R zIN)1 R (104)

1+cnTe
For existence we consider the subsequed@ésg}, {n;} with N; = jN, n; = jn, so thatcy, remainscy, form
the block diagonal matrices

Ry, = diag(R,R,...,R), Sy, = diag(S,S,...,S) (105)

bothjN x jN and
Ty, = diag(T,T,...,T) (106)
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of size jn x jn.

We see that"™™; = FT and the right side of (104) remains unchanged for\all Consider a realization where
wfy, — 0 asj — oco. We havelen, (2)| = [(jN) " tr R(B;y — 2In)"'| < v~ 'log N, remaining bounded as
J — oc. Consider then a subsequence for whigh converges to, say,. From (80), we see that

T

< 7lzjo™t (107)

1+ CNTEN;

so that from the dominated convergence theorem we have

T T
/ Trovrem, ) F )= / Trouredf (™ (108)

along this subsequence. Therefersolves (104).

We now show uniqueness. Letbe a solution to (104) and let = S[e]. Recalling the definition oD we write

1 T
e= N tr <D1RDH <S + {/ mdFT(T)} R - z*I>) (109)

We see that since botR and S are Hermitian nonnegative definite; (D~*RD~"S) is real and nonnegative.

Therefore we can write

_ L (pmmy-t ([ [ _exTiee o _
2= tr <D R(D") ([ T cNTe|2dF (M| R+vIn ) | =ea+vs (110)
where we denoted
1 _ _ enT?
=—tr(D'R(DM! /7 FT 111
a=< tr ( R(D") [ T d (T)] R) (111)
8= %tr (D 'R(DM) (112)

Let ¢ be another solution to (104), with, = 3{e], and analogously we can writg = e,a +v3. Let D denote
D with e replaced bye. Then we have: — ¢ = v(e — ¢) where

B / enT? T(T)trD_lRQ’lR
= (1+enTe)(l+cenTe) N

(113)

If R is the zero matrix, then = 0, ande = ¢ would follow. ForR # 0 we use Cauchy-Schwarz to find

2 ~1 Hy-1p \ 2 2 -1 Hy 1p \ 2
vl < (/ 7|1:NT |2dFT(T)trD R]E,D ) R) </ 7|1fNT |2dFT(T)trD R;,D ) R) (114)
CNTE CNTE

=
[SIE

=

(115)

_ e \? ea \?
- (626% - vﬁ) (ggg n vg) (116)

Necessarilys and 3 are positive sincd # 0. Therefore|y| < 1 so we must have = e.

[e]

D. Termination of the proof

Let €%, denote the solution to (104). We show now for ahy 0, almost surely

Jim log! N(exy —e%) =0 (117)
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Let €9 = Sl ], anda® = af;, 3° = 3%, be the values as above for whieh = e3a’ + v3°. We have, using (72)
and (80),

7_2

90% /8% < €3 1N/7dFT 118
safy/By < cewlog N | gz dF T (7) (118)
T
=—logNS | [ ————dFT 11
o8NS | [ i ()| (119)
<log? N|z|v™! (120)
Therefore
0,0
0 e
= —— 121
o (ega‘) T vﬂ‘)) (121)
_ (/B (122)
v+ 68040/60
2
< <71°g ‘]\QZ' ) (123)
v2 + log” N|z|
Let D% D denoteD as above withe replaced by, respectivelf, andey. We have
1
eN =% trD 'R — w§ (124)
With e; = Sfen] we write as above
1 _ _ CNT2€2
=—tr(D'RD" ————— —dFT(r)| R+l — w 125
2 N r< <[ |1+ cnTen]? (T)} T N)) Slwi] (125)

= esa + v — Swi (126)
We have as abovey — €%, = v(en — €%) + w% where now
W <a’az (127)

Fix an ¢ > 0 and consider a realization for Whidhgel N w§, — 0, where!’ = max(¢+ 1,4) andn large enough

so that
lws| < v (128)
N = denlz|? log® N
Supposesd < M}%bm- Then by Equations (72) and (80) we get
a<cenyv?|zflog? NG < 1/4 (129)

which implies|v| < 1/2. Otherwise we get from (121) and (128)

1
1 2
< 02 ied 130
hl<a (ega + v — Sws] (130)

1
log N|z]| 2

< | —=—2—— 131

< (i hoenm) .
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Therefore for allN large

log" N)wS
log Nley — %] < (log’ Nwiy - (132)
17( log? N|z| )2
v2+log? N|z|
< 207 2(v% + log® N|z|) (log" N)w$, (133)
—0 (134)
asn — oo. Therefore (117) follows.
Let m% = N~!tr DY. We finally show
my —m% 250 (135)
asn — oo. Sincemy = N~ 'trD-! — wyy, we have
my —m% = y(exn —eX) — wh (136)
where now 1
2 1RO~
CNT T, trD7TRD
= dF _ 137
K / (1+cnTen) (1 +ented) (7) N (137)

From (72) and (80) we géty| < cN|z|2u*4log3 N. Therefore, from (88) and (117), we get (135).

Returning to the original assumptions dfi;, T, andR, for each of a countably infinite collection of with
positive imaginary part, possessing a cluster point witsitp@ imaginary part, we have (135). Therefore, by Vigli’
convergence theorem, page 168 of [16], for any 0 we have with probability onewy (2) —mQ(z) — 0 uniformly

in any region ofC bounded by a contour interior to
C\{z:|z|<e}U{z=x+iw:2>0,]v] <e}) (138)

If S = f(R), meaning the eigenvalues Bf are changed vig in the spectral decomposition &, then we have
1

mQ(z) = / dFR(r (139)
N( ) f(r)—f—?“fmdFT(T)—z ( )
e (2) = / ! dFR(r) (140)
N F) +r [ e dF (1) — 2
E. Extension taX > 1
Suppose now p
By =S+ R X, T, X/R} (141)

k=1
where K remains fixed, X is N x ny satisfying 1, theX;'s are independenfR; satisfies 2) and 4)T; is

ng X ny satisfying 3) and 4)¢, = N/ny satisfies 6), an® satisfies 5). After truncation and centralization we
may assume the same condition on the entries oXfjs, and the spectral norms of they's and theT}’s. Write

1
Vi, = (1/y/nk)RExy 5, With x;, ; denoting thej-th column of X, and letr,, ; denote thej-th diagonal element

of T). Then we can write

ni

K
By = S+ZZT’W3”W’Y;J’ (142)

k=1 j=1



32

Define
eN,k:eNyk(z) = (1/N)tI‘Rk(BNfzIN)71 (143)
and
- Z S R— (144)
nkz ]-+Ck7_k]€Nk
= / LdFTk (%) (145)
1+ cpmrenk

We seeen , and p, have the same properties ag andpy. Let B, ;) = By — Tk,jykyjy,';'yj. DefineD =
—2IN+S — Zszl zpr(2)Ry. We write

K n
By —zIn =D => [ > 7yr;yn, + 2px(2)Re (146)
k=1 \j=1

Taking inverses and using Lemma 4, we have

K ngk
D'~ By —zIn) " =Y | Y D yksvh By — 2In) T+ 2pD T R (By — 2Iy) (147)
k=1 \j=1

ni

K -1 H -1

D™ yk,;¥i.,; (B, ) — #In) .

= Tk,j R : + 2pe DR, (By — 2In) 1
Z:l z; "1+ 7y (Bryy — 2IN) "Ly ( )

(148)
Taking traces and dividing byv, we have
Ko
(I/N)rD™! —mp(z) = — and,” =wl} (149)
k=1 n 7j=1
where ) 1
B (1/N)XII;|,]RI§ (Bk,(j) — ZIN)ilDile Xk,j (1/N) tr Rk(BN - 2,’]:]\/‘)_1D_1
di,j = - (150)

1+Tk,jy;|:,j(Bk,(j) —ZIN)_lykJ 1+Ck7_k,j€N,k
For a fixedk € {1,..., K}, we multiply the above matrix identity bR, take traces and divide hy. Thus we

get
K

1
(I/N)tr D7 'Ry — ex(2) = > — - Z%dkk] = wj, (151)
k=1 7j=1

where
(1/N)X]|;|7]RE (Bk,(j) — ZIN)ilREDilREXkJ' (1/N) tr Rk(BN — ZIN)ilREDil
1+ Tk,jy,':’j B,y — 2In) " tyr,; 1+ cpmijenk

€ —
kkj =

(152)

In exactly the same way as in the case with= 1 we find that for any nonnegativé log’ Nwy and the
log wg's converge almost surely to zero. By considering block died matrices as before with, n;'s, S, R;’s

andT;’s all fixed we find that there exist), ..., e} with positive imaginary parts for which for each

a %trR <S * Z {/ 1+ cpred dFTk (T>] R = ZIN) (153
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Let us verify uniqueness. Le = (¢,...,e%)T, and letD® denote the matrix in (153) whose inverse is taken
(essentiallyD after theey ;'s are replaced by the]'s). Let for eachy, € , = Sef, ande = (ef 5, ..., % ,)T. Then,
noticing that for each, tr SD°” "R, D° " is real and nonnegative (positive whene$e# 0) andtr D° 'R, D"

andtr RJ»DO*HR,-DO*1 are real and positive for aill, j, we have

0 _ T * O*H 071
0, =g |=tu|s dF R, - 21| D* "R,D 154
=3 |y +Z/1+C] ()| Ry (154
X 1 H 1 2 v H 1
=D ey trRDTRD g / mdﬂj (r) + 5 rD”"'R:D’ (155)
=1 J

Let C° = (&), b° = (b9,...,b%)T, where

2

& = %terDO’“RiDO’lcj / Wdﬂf () (156)
and
B = %trDO‘“RZ—DO‘1 (157)
Therefore we have) satisfies
= C% 4 vb® (158)

We see that eacH) ,, ¢;, andb? are positive. Therefore, from Lemma 9 we hay€°) < 1.

Lete = (ef,...,e%)T be another solution to (153), witsh, D°, C° = (), b" defined analogously, so that
(158) holds anch(C") < 1. We have for each,
1 1 K 72 1
! —e) = - trR,D"" ;—€) / dF%i (7)R,;D"" 159
€ €; N r j;(eJ €; )C] (1+CJT€ )(1-‘1-6]7'6]) ( ) )= ( )

Thus with A = (a;;) where
2

(L+cjmed)(1 + cj7ed)

dFTi(7) (160)

1 _ _
Q5 = NtrRZ-DO 1RjDO 1Cj/

we have
_ e(’) (161)

which means, ife® # e°, then A has an eigenvalue equal to 1.

Applying Cauchy-Schwarz we have

1 1
1 o—1 o—H 72 T (1 0—1 o—H 72 T :
|aij| < <NRiD R;D /mdF ‘] | yRD R;D mdF i(7)
J =J

(162)

S (163)
Therefore from Lemmas 10 and 11 we get

p(A) < p(cl; P ®) < p(CO)Ep(C0)F < (164)
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a contradiction to the statemeAt has an eigenvalue equal to 1. Consequently we leavee.
Letey = (en,1,...,en k)" andel = (e} 4,...,€% ) denote the vector solution to (153) for eash We

will show for any ¢ > 0, almost surely

Nlim log N(ex —e%) — 0 (165)
We have
1 -1 1 -1
e = (N trR;D° N RxD? )T (166)
Let w® = w% = —(w$,...,w%)T. Then we can write
1 1
en = (NtrRlD*l,...,Nu~RKD*1)T+we (167)
Therefore
ey —eX = A(N)(ey —e%) +w° (168)
where A(N) = (a;;(N)) with
ai (N) = itrR-DflR-DO‘lc-/ ~ dF (7) (169)
K N ! 7 ) (U eren )1+ ¢jmel ;)

We lete} ,, bY;(N), C°(N), b%,;, andby;, denote the quantities from above, reflecting now their depace on
N. Let C(N) = (¢;;(N)) be K x K with

1 2

cij(N) = NterDHRichj/mdFTj(T) (170)
Leten 2 = Slen] andw§ = S[w®]. Defineby = (by1,...,bn.x)" with
by = %trD‘HRiD‘l (171)
Then, as above we find that
en2 = C(N)enz + vby + w§ (172)

Using (72) and (80) we see there exists a constéant> 0 for which

d(N) < Ky log® NbY (173)
and

¢ij(N) < K1log”® Nby ; (174)

cij(N) < Kilog* N (175)

for eachi, j. Therefore, from (158) we see there exisfs> 0 for which

% < Klog* Nuby (176)

7

Letx be such thak" is a left eigenvector o€°(V) corresponding to eigenvaly¢C°(V)), guaranteed by Lemma
12. Then from (172) we have
xTel 2 = p(C'(N))xTe} , +vx"by (177)
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Using (177) we have
’UXTbO R 4
1—p(C'(N)) = w2+ > (Klog" N) ™! (178)
xX'ey,

Fix an/ > 0 and consider a realization for whidhg™*™ Nw¢, — 0, asN — oo, wherep > 12K — 7. We
will show for all N large
p(C(N)) <1+ (Klog* N)~* (179)

For eachN we rearrange the entries efy 2, vb,, + w$, and C(n) depending on whether thé" entry of

vb,, + W$§ is greater than, or less than or equal to zero. We can therefssume

C— (CM(N) C12(N)) (180)
Cy1(N) Caa(N)

whereC11(N) is k1 X k1, Caoa(N) IS ko X k2, C12(N) IS k1 X ko, andCa (N) is k2 x k1. From Lemma 9 we have
p(C11(N)) < 1. If vby; + w5, < 0, then necessarilyby ; < |w%| < Ki(logn)~37), and so from (176) we
have the entries o€2; (N) and Ca2(N) bounded byK; (log N)~?. We may assume for alV large0 < k1 < K,
since otherwise we would hayg C(N)) < 1.

We seek an expression fdet(C(N) — AIy) in which Lemma 14 can be used. We considétarge enough so

that, for|\| > 1/2, we have(Ca2(N) — A\l )~! existing with entries uniformly bounded. We have

() D) — et (I —Ci12(N)(Caa(N) — AI)l) (CU(N) SAL Cu(N) ) asn)
0 I Cai(N) Caa(N) — A
~ det (CH(N) — I — Clg(N)(CQQ(N) — )\I)_1021(N) 0 ) (]_82)
C21(N) CQQ(N) — A
= det(Cn(N) — A — ClQ(N)(CQQ(N) — )\I)_1C21 (N)) det(CQQ(N) — )\I) (183)
We see then that fok = p(C(N)) real and greater thah,
det(C11(N) — AL — C12(N)(Caz(N) — AXI) "' Ca1(N)) (184)

must be zero.

Notice that from (176), the entries @15(N)(Ca2(N) — AXI)"1C2; (V) can be made smaller than any negative
power oflog N for p sufficiently large. Notice also that the diagonal elemet€g, (V) are all less than. From
this, Lemma 13 and (176), we see th&dC(N)) < K log* N. The determinant in (184) can be written as

det(C11(N) — AI) + g(N) (185)

Whereg()\) is a sum of products, each containing at least one entry figpi N )(Caa(N) — AI) 1 Ca; (N). Again,
from (176) we see that for all\| > 1/2, g(\) can be made smaller than any negative powelogfV by making

p sufficiently large. Choosg so that|g(\)]| < (I? log N)~4*1 for these. It is clear that any > 8k; + 4 will
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suffice. Let), ..., A, denote the eigenvalues 6f;;. Sincep(Ci1) < 1, we see that fofA| > (K log N) ™%, we

have
k1
| det(C1i(N) = AD)| = | [ = V)| (186)

i=1

> (K log N) ™% (187)

Thus with f(X) = det(C11 (V) — AI), a polynomial, and;(\) being a rational function, we have the conditions of
Lemma 14 being met on any rectangle with vertical lines going through(f( log N)=*,0) and (K (log N)%,0).
Therefore, sincg (A\) has no zeros insid€’, neither doeslet(C(N) — AI). Thus we get (179).
As before we see that
1/2
4 (V)] < e *(V)el; (W) (188)

Therefore, from (178), (179), and Lemmas 10 and 11, we havelfaV large

K?log® N — 1 :
AN) < | ————— 189
p(A( >>_< T ) (189)
For theseN we have thed — A(N) invertible, and so
ey —ey=(I—-A(N))twe (190)

By (72) and (80) we have the entries Af(NV) bounded byK; log* N. Notice also, from (189)

K?log® N — 1

1\ —K
|det(I — A(N))| > (1 — p(A(N)K > (1?210g8N<1+ o N ) ) > (2K%1og® N)™%  (191)

When considering the inverse of a square matrix in termssoédjoint divided by its determinant, we see that
the entries of I — A(N))~! are bounded by

(K — 1)K, (log N)*K-1)
|det(I — A(N))]
Therefore, since > 12K — 7 (> 8k; +4), (165) follows on this realization, an event which occuithvprobability

< K(log )12~ (192)

one.
Letting m%, = L trD°" ", we have

my —m% =7 (en — ) (193)

wherey = (y1,...,7x)" with

2 trD'R,;D° "
(L+cenTen ) (1+enTeR ;) N

From (72) and (80) we get eagh;| < en|z[?v~*log® N. Therefore from (165) and the fact thatl — 0, we
have

my —my — 0 (195)

almost surely, agv — co.

This completes the proof. ]
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APPENDIXB

PROOF OFTHEOREM 2

We first prove that?(®) (z) as defined in Equation (22) verifies

V@) = [7 (5 - w) o (196)

w

and then we prove that, under the conditions of TheoreM(®z) defined as such verifies

VO (z) = V(z) £ 0 (197)

A. Proof of (196)

First, observe that we can rewritg(z) under the symmetric form,
-1

K
I+ 6kRk] ) (198)

k=1

ei(z) = %tr R; <—z
6i(z) = %trTZ— (—2[L, + ciei(2)T3)) (199)

and then formﬁ\?) (2),

x 1
ms\(;)(z) = %tr (—Z Iy + Z 5k£‘1/!|> (200)

k=1

Now, notice that

% - mg\?)(fz) = % ((zI)1 - <z

K
=3 6u(—2) - en(~2) (202)

K -1
In+ Y 5kRk] ) ) (201)

k=1

Since the Shannon transfori{z) satisfiesV(z) = f;“’o[w*l — my(—w)]dw, we need to find an integral form

for S35, 0x(—2) - ex(—2). Notice now that

41 K K /
oN log det <IN + Z 5k(z)Rk> = szek(fz) <0, (—2)

k=1

d 1
LN logdet (I,, + crer(—2)Tx) = —z - €}, (—2) - 6k (—2) (203)

K K K
d% (zzaku)ek(z)) = Gu(—2)en(—2) = 2 > Gh(~2) - en(—2) + 6u(—2) - eh(—2) (204)

k=1 k=1 k=1
Combining the last three lines, we have
K
> Sk(—2)er(—2) =
k=1

K

K K
d 1 1
e [N log det <IN + ,;,1 5k(z)Rk> - ,;,1 N logdet (I, + crer(—2)Tk) + 2 ,;,1 Or(—2)ex(—z)| (205)
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which after integration leads to

[ (2o
K

K K
1 1
N log det <IN + ,;,1 5k(z)Rk> + ,;,1 N logdet (I, + crer(—2)Tx) — 2 ,;,1 Or(—2)er(—2) (206)

which is exactly the right-hand side of (22).

B. Proof of (197)

Consider now the existence of a nonrandamand for eachV a non-negative integery for which
k2 R%
max max()\;rNJrl, Arn41) S a (207)

(eigenvalues also arranged in non-increasing order). Thieaachi

1 1 1 1
R?X,T;X"R? RZX;T?
Aory 41 = (8,11 )? (208)
< o?| XX (209)
and then we have, from Lemma 15,
A1 < (XX 4+ + X X)) (210)

We can in fact consider that the spectral norms ofXheare bounded in the limit. Either Gaussian assumptions
on the components, or finite fourth moment, but all comingrfrdoubly infinite arrays (remember though that we
need the right-unitary invariance structure Xf). Because of assumption 5 in Corollary 1, we can, by enlgrgin
the sample space, assume e&his embedded in aiV x n; matrix X/, whereN/n, — a as N — oo. Then,

with probability one (see e.g. [33]),
. By . 2 1~ H ; ~1 H
hm;up AoRry+1 = hm;uPa (XX + -+ [ X XD
< ?K(b/a)(1+ Va)? (211)

Let a” be any real greater thaw’ K (b/a)(1 + \/a)?.
SinceS = 0 here, it follows as in [4] tha{ FB~} is almost surely tight. LeF, denote the distribution function

having Stieltjes transforrmg\(;), and letf on [0, 00) be a continuous function. Then the function

0
fule) =4 T@ r=a (212)

f@) , z>ad°

is bounded and continuous. Therefore, with probability

/ fuo () AFB () — / fuo (£)AFS () — 0 (213)

asN — oo.
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Suppose nowy = o(N). Then, since almost surely there are at Nty eigenvalues greater tha for all
N large, any converging subsequence 6%, } must have some mass lying @ a"]. This implies, with probability
1!

=3 00— /[ TR @) =0 (214)

)\iga"
asN — oo.

Let by be a bound on the spectral norms of tReandR,;. Then
H H
Bl < bR (XX [+ -+ [ X X5 ) (215)

Fix a numbers > K (b/a)(1++/a)?, and letaxy = b% 3. Suppose also that is increasing and that(ax)ry =
o(N). Then

/f )AFB (2) — — Z f(x (216)

/\ <a®

almost surely, asvV — oo. Therefore, with probabilityi,

/ f(2)dFB~ (z) — /[0 . f(x)dF{(z) — 0 (217)

asN — oo.

For any N we consider, forj = 1,2,..., the jN x jN matrix By ; formed, as before, from block diagonal
matrices andj N x jn, matrices of i.i.d. variables. Then with probability FB~. converges weakly ta, as
j — oo. Properties on the eigenvaluesBfy ; will thus yield properties ofF'y.

By considering the bound ofiB,, ;|| analogous to (215), we must ha¥&, (an) = 1 for all N large.

Similar to (211) we see that, with probability

lim sup bV
J

kst S C(L+Ve)? + -+ (1+ Vew)?) (218)

this latter number being less thafi for all N large.
At this point we will use the fact that for probability meassPy, P on R with Py converging weakly taP,
we have (see e.g. [34])
1in}vinf Pn(G) = P(G) (219)
for any open seG. Thus, withG = (a°, ) we see that, with probability, for all N large
F{((a® 00)) =1 — FY(a®) < liminf FB~ ((a®, 00)) (220)
J

<2Kry/N (221)

Therefore, for allN large
[ $@dr @) < flax)2Kr/N =0 (222)
(a%,00)

asN — oo.
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Therefore, we conclude thaf, f(z)dF¥ (z) is bounded, and with probability
[ 1@ar= (@) - [ f@drk@ -0 (223)
as N — oo. This concludes the proof.

APPENDIXC

PROOF OFPROPOSITION1

The proof stems from the following result,

Proposition 3: f(Py,...,Pxk) is a strictly concave matrix in the Hermitian nonnegativirdee matricesP;, ..., Px,
if and only if, for any couplesP;,,Py,),..., (Pk,,Pk,) of Hermitian nonnegative definite matrices, the function
p(A) = f(AP1, + (1 = A)Py,,..., APk, + (1 = N)Pk,) (224)

is strictly concave.

Let us use a similar notation as in (31) of the capacity,
I_()\) = I()\Pla +(1- )\)Plb7 ceey )‘P\SLL +(1- )\)P|g‘h) (225)

and consider a séby, ex, P1, ..., P|g) which satisfies the system of equations (31)-(33). Them fremark (36)
and (37),

ov &Sk oV de, OV

il 226
Za(sk ox "o ox T on (226)

ov
= 227
o (227)

where
V:(51,...,5|5‘,€1,...,6‘5|,>\)l—>j(>\) (228)
Mere derivations oft lead then to

v 1

32 = > (e )N tr (14 cie;RiP;) > (Ri(Py, — Py,))? (229)

=
Sincee; > 0 on the strictly negative real axis, if any of ti;’s is positive definite, then, for all nonnegative

definite couplegP;,,P;, ), such thatP;, # P,,, I < 0. Then, from Proposition 3, the deterministic approximate

La7

on the right-hand side of (27) is strictly concavemn, ..., P|g| if any of the R; matrices is invertible.

APPENDIXD

USEFUL LEMMAS

In this section, we gather most of the known or new lemmas lwhie needed in various places in Proof A.
The statements in the following Lemma are well-known

Lemma 1: 1) For rectangular matriceA, B of the same size,

rank(A + B) < rank(A) + rank(B) (230)
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2) For rectangular matriceA, B for which AB is defined,
rank(AB) < min(rank(A), rank(B)) (231)

3) For rectangulad\, rank(A) is less than the number of non-zero entriesAof

Lemma 2:(Lemma 2.4 of [4]) ForN x N Hermitian matricesA and B,
1
|FA — FB|| < ~rank(A - B) (232)

From these two lemmas we get the following.
Lemma 3:Let S, A, A, be HermitianN x N, Q, Q both N x n, andB, B both Hermitiann x n. Then

1)
— 2 —
||FS+AQBQHA _ FS+AQBQHAH < Nrank(Q -Q) (233)
2)
_ — 2 —
HFSJFAQBQHA _ FS+AQBQHAH < Nrank(A —-A) (234)
and
3)
— 1 —
||FS+AQBQHA _ FS+AQBQHAH < Nrank(B -B) (235)

Lemma 4:For N x N A, 7 € C andr € CV for which A and A + rrrH are invertible,

1
T 14+ 7rHA- Iy

This result follows fromrHA~1(A + 7rrt) = (1 + 7rH A~ 1r)rH,

(A + rret) ! rfA-! (236)

Moreover, we recall Lemma 2.6 of [4]
Lemma 5:Let z € C* with v = 3[z], A andB N x N with B Hermitian, andr € C. Then

HB - 2In)'AB - 2Iy) " 'r < [|A]l
1+rH(B - 2Iy)"Ir - '

From Lemma 2.2 of [17], and Theorems A.2, A.4, A.5 of [18], waré the following
Lemma 6:1f f is analytic onC*, both f(z) andzf(z) mapC* into C*, and there exists 8 € (0,7/2) for

tr (B —2Iy)"' = (B+ rri — 2AN)TY) Al = d

(237)

which z f(z) — ¢, finite, asz — oo restricted to{w € C: § < argw < m — 6}, thenc < 0 and f is the Stieltjes
transform of a measure on the nonnegative reals with totabma.
Also, from [4], we need
Lemma 7:Lety = (y1,...,yn)" With the y;’s i.i.d. such thatEy; = 0, E|y;|?> = 1 andy; < log N, andA an
N x N matrix, then
E[y"Ay[® < K||A|°N?log"? N (238)

where K does not depend oV, A, nor on the distribution ofy;.

Additionally, we need
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Lemma 8:Let D = A +iB + ivl, where A, B are N x N Hermitian, B is also positive semi-definite, and

v>0. Then|D7 || < vt

Proof: We haveDDH = (A +iB)(A —iB) + v2I + 2vB. Therefore the eigenvalues BfD" are greater or
equal tov?, which implies the singular values ® are greater or equal to, so that the singular values & !
are less or equal to—!. We therefore get our result. ]

From Theorem 2.1 of [28],

Lemma 9:Let p(C) denote the spectral radius of thé x N matrix C (the largest of the absolute values of the
eigenvalues oB). If x,b €V with the components o€, x, andb all positive, then the equatior = Cx + b
implies p(C) < 1.

From Theorem 8.1.18 of [29],

Lemma 10:SupposeA = (a;;) andB = (b;;) are N x N with b;; nonnegative ang;;| < b;;. Then

p(A) < p((Jai;]) < p(B) (239)

Also, from Lemma 5.7.9 of [30],
Lemma 11:Let A = (a;;) andB = (b;;) be N x N with a,;, b;; nonnegative. Then

p((aZb2)) < (p(A))* (p(B))* (240)

And, Theorems 8.2.2 and 8.3.1 of [29],

Lemma 12:If C is a square matrix with nonnegative entries, th&) is an eigenvalue ofC having an
eigenvectox with nonnegative entries. Moreover, if the entriesfre all positive, thep(C) > 0 and the entries
of x are all positive.

From [30], we also need Theorem 6.1.1,

Lemma 13: Gersgorin’s TheoremAll the eigenvalues of aV x N matrix A = (a;;) lie in the union of the
N disks in the complex plane, th€" disk having center;; and radiuszj# @]

Theorem 3.42 of [16],

Lemma 14: Rouche’s Theordlfn f(z) and g(z) are analytic inside and on a closed contéuiof the complex
plane, andg(z)| < |f(z)| on C, then f(z) and f(z) + g(z) have the same number of zeros inside

In order to prove Theorem 2, we also need, from [32]

Lemma 15:Consider a rectangular matrik and lets® denote the*” largest singular value oA, with s = 0

wheneveri > rank'A). Let m, n be arbitrary non-negative integers. Then for B rectangular of the same size
A+B A
Smin+1 § S'rn-i—l + SE—&-I (241)
And for A, B rectangular for whichAB is defined
AB A B
S'rn-l—n-i—l S S'rn-l—lsn-i-l (242)

As a corollary, for any integer > 0 and rectangular matrice&, ..., Ak, all of the same size,

Ai+-+A A A
SK;Jrl ® S SrJil +oeeet SrJrKl (243)
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