
Second Generation Growth Model with Trade

Oct 2009

Abstract

I take a new look at both long-run and short run e�ect of trade

on economic growth purely through comparative advantate, without

through the other channels, i.e. technology spillover, and scale e�ect. I

propose a second generation growth model with asymmetric industries.

The comparative advantage is decided endogeously, and the trade pat-

tern could be either complete or incomplete specialization. Incomplete

specialization could evolve into a complete specialization, or could stay

incomplete forever; while a complete specialization is stable.

Trade will never reduce output levels at the moment of openning

for both partners, whether it increases output depends on if it's full

specialization or not; in long run, however, trade could either increase

or decrease the balanced growth rate, depended on the type of good

imported but not the type exported. And trade always guarentees a

world balance growth, hense a stable world income distribution.
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1 Introduction

There are varieties of theoretical models which try to link the cross-country

di�erences in long run growth rate to international trade mainly through 3

ways: Enhanced R&D, i.e. Grossman and Helpman's (1990, 1991, 1995),

Young(1991), Galor and Mountford (2006); Scale E�ect, i.e. Rivera-Batiz

and Romer(1991); Technology Transfer, i.e. Rivera-Batiz and Romer(1991),

Howitt (2000), Peretto(2003). Although all these studies consider important

channels through which trade may a�ect growth, most do not provide a

strong link between comparative advantage itself and economy growth rates.

Seater(2007), Arabshahi(2008), and Yenokyan(2009) however provides a

mechanism to study the e�ect of trade on economic growth purely through

comparative advantage. They consider two-sector two-factor model intro-

duced in Barro and Sala-I-Martin(2004, chapter 5), where two goods are

produced by two types of reproducible factors and Cobb-Douglas produc-

tion functions. One sector produces the good(Y ) that could be used as

consumption(C) or investment good (K) and the other sector produces an-

other type of capital good (H) which augments labor. Seater(2007) extend

this model to an open economy, and assumes both factors of production are

tradeable. The resulting growth rates are those that would emerge from tech-

nology transfer, even though no technology transfer actually occurs, leading

to a technology equalization theorem. Trade, which is guaranteed by com-

parative advantage, never reduces growth. If each country has an absolute

2



advantage then trade raises the growth rates of both countries and balance

growth path exists for individual country as well as the world. If one country

has absolute advantage in both sectors, then its growth rate is una�ected and

the other country's growth rate is increased but still lower. Trade therefore

does not necessarily guarantee a stable world income distribution.

The main critique for Seater(2007) is the other type of capital (H), which

is usually called �human capital� in traditional two sector model is not trad-

able. And that model is also a �rst generation growth model with scale e�ect

hiding inside.

It would be nice if we set up a second-generation growth model to discuss

the e�ect of trade purely through comparative advantage.

In order to do that, we need to �nd another tradeable factor that aug-

ments labor, but not human capital (H). Peretto(2007) presents a model

in which technical progress (Z) augments labor but is embodied in inter-

mediate goods (G). There are three sectors in Peretto's model� �nal good

sector, intermediate good sector and R&D sector � together with a mixture of

perfect and imperfect competition, endogenous entry and variety expansion.

The main idea of this paper is to incorporate Peretto's setting of technol-

ogy into a trade model, in order to show free trade could a�ect the growth

rates of countries through the channel of comparative advantage. In addi-

tion although there is no technology spillover (transfer), by trading inter-

mediate goods, which embody technology improvements, and also factors of

�nal good, trade could a�ect both countries' growth rates as if countries ex-
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changed technologies, even though no technology transfer (spillover) actually

happens.

In order to talk about trade, the model needs to have two countries pro-

ducing two kinds of intermediate goods (Gi) with di�erent qualities (Zi)

inside to augment labor. Production technologies of Gi and Zi di�er across

countries. Both intermediate goods and their qualities are essential for the

production of �nal good. The factors of production are produced rather than

simply endowed. The intermediate goods are tradeable, but the qualities em-

bodied cannot be traded directly, unless together with the intermediate good.

These aspects of the analysis make the model as a dynamic Ricardian-

type model. It's not a traditional Ricardian since the factors are produced

not endowed. It's a Ricardian-type model, since like Ricardian model, there's

only one factor � the resource from �nal good sector to produce tradeable

goods � intermediates and their qualities. And the production technologies

di�er across countries.

The trade pattern is decided endogeously, and it could be either complete

or incomplete specialization. Incomplete specialization has two possible equi-

libriums; while a complete specialization is stable.

Trade will never reduce output levels at the moment of openning for both

partners, whether it increases output depends on if it's full specialization

or not; in long run, however, trade could either increase or decrease the

balanced growth rate, depended on the type of good imported but not the

type exported. And trade always guarentees a world balance growth hense a
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stable world income distribution.

2 The model - closed economy

Let's see the closed economy �rst, which is a modi�ed version of Peretto

(1996, 1998, 1999, 2007).

Assume there are two asymmetric industries, Y1 and Y2 in the economy.

These two industries are connected by a Cobb-Douglas production function

into a �nal good, Y . The �nal good can be consumed, used to prodcue

intermediate goods, invested in R&D that rises the quality of existing inter-

mediate goods, or invested in the creation of new intermediate �rms1.

In each industry, one competitively Representative �rm produces industry

goods Yi, i = 1, 2 (i.e. services) with a variety of intermediate goods Gij

and labor Li. As long as he uses the intermediate good Gij, he directly

get the quality Zijof it. So Zijaugments the bunch of labors who are using

Gijto produce the �nal good. Besides that, there is spillover from the other

industry, Zkj,k 6=i, which also augments labor Li in industry i.

Competitive monopolistic �rms produce intermediate goods Gij(i.e. man-

ufactures) with the resource from �nal goods. These �rms undertake in-house

research and development (R&D) to improve the qualities Zij of their prod-

ucts, in order to grab more market size demanded by the �nal good producer.

Entrepreneurs can start a new �rm by running R&D and developed a new

1But here I assume a zero cost free entry
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products; the entry cost is assumed to be zero.

The growth is driven by the quality improvements of each intermediate

good.

2.1 Final Good and Industry Goods

One Representative �rm produces and sells a homogeneous �nal good, Y ,

in a competitive market. And the �nal good is produced by two industry

goods:

Y = Y ε
1 Y

1−ε
2 (1)

where Y1and Y2are the industry goods, which are produced by intermediate

goods and labor in each industry. Set the price of �nal good as numeraire,

PY = 1.

One Representative �rm in each industry produces its own industry pro-

duction Yi, i = 1, 2 and sells a homogeneous industry good, Yi, in a competi-

tive market to the �nal good producer. The production functions are de�ned

as below:

Y1 =

ˆ N1

0

Gλ
1j[Z

δ
1Z

1−δ
2 l1j]

1−λdj, 0 < λ, δ < 1 (2)

Y2 =

ˆ N2

0

Gλ
2j[Z

δ
2Z

1−δ
1 l2j]

1−λdj, 0 < λ, δ < 1 (3)
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whereNi, i=1,2 is the number of varieties of non-durable intermediate goods

in each industry. These goods are vertically di�erential according to their

quality, while general equilibrium requires them to be symmetric2. The pro-

ductivity of lij amount of workers using Gijunites of intermediate goods de-

pends on the the average quality of this industry,Zi = 1
Ni

´ Ni
0
Zijdj

3 and the

average quality of the other industry Zk, k 6=J = 1
Nk

´ Nk
0

Zkjdj (spillover). No-

tice that the quality Zij is embodied in Gij but augments labor in �nal good

production.

Combine the industry good fuctions, eq.(2) and eq.(3) into Cobb-Douglas

structure, eq.(1), it's easy to see the �nal good producers pay compensation

ελY to intermediate producers of industry 14; (1 − ε)λY to intermediate

producers of industry 2; ε(1−λ)Y to labors of industry 1 and (1−ε)(1−λ)Y

to intermediate producers of industry 2. Sum them up we see the �nal good

producer compensates λY and (1− λ) to intermediate producers and labors

respectively, i.e.
´ N1

0
(G1PG1 +G1PG1) di = λY ,w(N1l1 +N2l2) = (1− λ)Y .5

De�ne PGij as the price of intermediate good j of industry i; and W as

the wage. Based on value marginal bene�t equals the marginal cost, the

2See Peretto(1998, 1999) for a discussion of the conditions under which it is reasonable
to work with symmetric equilibria in models of this class. There conditions essentially
reduce to the two requirements that: (a) the �rm=speci�c return to quality innovation
is decreasing in Zi; (b) extrants enter at the average level of quality Z. The �rst implies
that if one holds constant the mass of �rms and starts the model from an asymmetric dis-
tribution of �rm sizes, then the model converges to a symmetric distribution. The second
requirement simply ensures that entrants do not perturb such symmetric distribution.

3which is also individual quality level due to symmetry
4Note that PY ≡ 1
5Note that quality Zidosent get paid directly from �nal good sector. It's the quality in-

side Gi. By increasing quality Zi,we can see the demand for Giincreases from equation(4).
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demand functions for intermediate goods are

G1i = [
λε(Y1

Y2
)ε−1

PG1

]
1

1−λ Zδ
1Z

1−δ
2

L1

N1

(4)

G2i = [
λ(1− ε)(Y1

Y2
)ε

PG2

]
1

1−λ Zδ
2Z

1−δ
1

L2

N2

(5)

where Y1

Y2
= ε

1−ε(
PG1

PG2
)−λ(Z1

Z2
)−(1−δ)(1−λ)6. Later we will see

PG1

PG2
is always con-

stant, and Z1

Z2
is constant on balance growth path.

Assume labors �ow freely across industries, so the value marginal returns

of labor must be the same, from which we get the allocation of labor7.

L1

L2

=
ε

1− ε
(6)

2.2 Intermediate goods

Intermediate good producers of both industries behave non-cooperatively.

The task of this section is to construct an equilibrium with free entry and

free exit for the intermediate good sectors in both industries.

Assume it's asymmetric across industries, and symmetric inside industry

by equilibrium. Across industries, the production, R&D, �xed operation cost

and demand functions are di�erent. And the coresponsible parameters are

6Detail derivation see Appendix (1)
7See Appendix (2) for detail.
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Industry Industry 1 Industry 2

Production func for intermediate good G1j = A • Y G2j = B • Y

R&D production Ż1j = αR1j Ż2j = βR2j

�xed operating cost θ1
Z1+Z2

2
θ2

Z1+Z2

2

entry/exit cost 0 0

Demand Func eq. (4) eq.(5)

In each industry, all �rms face identical production, R&D production

and demand function. I restrict the analysis to symmetric case in the same

industry in order to simplify the analysis and focus on the properties of the

model.

In each industry, I consider a Nash Equilibrium (NE) in open loop strate-

gies. To simplify the analysis, I assume the entry and exit involve zero costs8.

Thus the number of �rms is free to jump to its equilibrium level. I construct

an equilibrium where at time t �rms commit to time-path strategies, while

simultaneously free entry and exit determine the number of �rms in the mar-

ket. So among the same industry, there's only one decision point in time,

where time-path of market structure and R&D decision are simultaneously

determined, and the model is indeed a one-shot game in each industry.

I construct the equilibrium inside one industry in three steps. First, I

focus on the determination of the strategies (price and investment in R&D)

8This is the assumption in Peretto(1996) and (1999). In his current papers, he usu sally
assume there's a sunk cost for entry, which gives a richer transitional dynamic. However,
this complicates the calculation a lot, and cannot generate a explicit solution for my two-
industry model, hence cannot further the discussion about trade issue. So in this paper,
I will focus on the simpler case, where the entry and exit costs are zero.
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of the �rms that are already active in the market (incumbent) in the same

industry. Next, I focus on the free entry and exist decisions and the deter-

mination of the number of �rms in the market. Finally, I combine two sets

of results to describe the equilibrium of this industry.

It's similar to the case with only one industry in Peretto (1996), except

that in this model with asymmetric industries, there is competition for assets

between di�erent industries. If the return of R&D in one industry is higher,

then all investment will go to that industry, and the other industry will not

have resource to do quality improvement.

In the following sections, please notice that ri, which is the return in R&D

in the i's industry is not necessarily equal to r, which is the return to assets.

If they are equal, then no-arbitrage condition is satis�ed, and both industries

do R&D so the economy goes on balance growth path; if they are not equal,

then all investments of R&D go to the industry with higher return. I will

discuss it further in section (2.5)

2.2.1 Intermediate good producers in industry 1 � incumbent

Now let's discuss the intermediate good producers in industry 1 �rst. The

case in industry 2 is similar to industry 1.

The typical intermediate �rm produces its di�erential good with a tech-

nology that require A unit of �nal output per unit of intermediate good, and

a �xed operating cost θ1
Z1+Z2

2
, where Z1and Z2are the average quality level

of industry 1 and 2 respectively, which are taken as given by individual �rms.
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The �rm can invest units of �nal output to increase quality according to

the technology

Ż1j = αR1j (7)

where R1jis the �rm's R&D investment in units of �nal output.

The �rm's gross cash �ow, which is revenues minus production costs is

F1j = G1j(PG1j
− A)− θ1

Z1 + Z2

2
(8)

So the �rm's pro�t is

Π1j = F1j −R1j (9)

the �rm takes average quality Z1and Z2 as given.

The typical incumbent maximizes the present discounted value of net cash

�ow,

V1j(t) =

ˆ ∞
t

e−
´ τ
t r(s)dsΠ1j dτ

=

ˆ ∞
t

e−
´ τ
t r(s)ds[G1j(PG1j

− A)− θ1
Z1 + Z2

2
−R1j] dτ (10)

where V1j(t) is the present discounted value of net cash �ow for each �rm in

industry 1.

The �rm chooses the time path of its product's price and R&D expen-

diture in order to maximize eq.(10) subject to the demand function (4) and
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R&D production function 7. The �rm take average quality, Z1 and Z2 as

given. So the Current Value Hamiltonian is9

CVH1j = G1j(PG1j
− A)− θ1

Z1 + Z2

2
−R1j + q1j(αR1j) (11)

where the co-state variable q1j,measures the value of the marginal unit of

quality, and the state variable is Z1j. The �rm has power to set up its own

optimal price PG1j
and decide how much devoted into research, R1j.

The transversality condition limt→∞e
−
´ τ
t r(s)dsq1j(t)Z1j(t) = 0.

Taking the �rst order derivative subject to PG1j
, the optimal price of this

�rm is:

PG1j
= A
−λε+ λ− 1

−λε
(12)

where −λε+λ−1
−λε > 110, which means �rms have monopolistic power to set

a price higher than its unit cost.

The Hamiltonian is linear in R&D investment. The optimal investment

policy is


R1j =∞ if 1

α
> q1j

R1j > 0 if 1
α

= q1j

R1j = 0 if 1
α
< q1j

9See the whole derivation in Appendix (3)
10See Appendix (4.1) for proof
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The former case violates the general equilibrium condition and is ruled out.

The �rst order conditions for the interior solution R1j > 0 are given by the

equality between the marginal revenue from R&D (q1j units of �nal good)

and its marginal cost ( 1
α
unit of �nal good). So for interior solution, we have

1

α
= q1j (13)

.

Di�erentiating the co-state variable q1j will get

r1 =
∂F1j

∂Z1j

1

q1j

+
˙q1j

q1j

(14)

which de�nes the rate of return to R&D as the ratio between revenue from

one R&D project and the shadow price of the project, plus the change rate

of the shadow price. Since 1
α

= q1j, the transversality condition is satis�ed in

the steady state with constant growth if quality does not grow at a rate higher

than the interest rate. Combine equation (4),(19),(8) and (13)into (14), and

symmetric equilibrium, we get the rate of return for quail innovation.

r1 =
∂F1j

∂Z1j
(15)

= [δ − (1− 2δ)(ε− 1)]αA
1− λ
λε

[
λε

A

−λε
−λε+ λ− 1

]
1

1−λ (
ε

1− ε
)
ε−1
1−λ (

PG1

PG2

)
−λ(ε−1)

1−λ
L1

N1
(
Z1j

Z2j
)[δ−(1−2δ)(ε−1)]−1
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where L1

N1
is �rm size of industry 1. 0 < [δ − (1 − 2δ)(ε − 1)] < 111, and it's

the fraction of Z1j in cash �ow F1j. [δ − (1− 2δ)(ε− 1)]− 1 < 0 means the

return of Z1j is diminishing, and increasing in Z2j can increase the return in

Z1j to eliminate the diminishing return. In the other word, increase of the

ratio
Z1j

Z2j
will also decrease the return to Z1j.

A perfect-foresight, no-arbitrage condition requires that the rate of return

to R&D r1 must be equal to the cost of the R&D project �nanced by borrow-

ing at the rate r (direct cost of R&D); and this must be equal to the return

from a riskless loan at rate r of the resources required for the R&D project

(opportunity cost of R&D). When no-arbitrage condition is violated, there

will be a bang-bang situation. We will discuss it in detail in section(2.5).

We can also use another expression for r1, which is r1 = λ
G1j(P1j−A)

Z1j
. This

says the incentives to do incumbent innovation are driven by the incumbent

cash �ow (revenue minus variable costs). 12

2.2.2 Intermediate good producers in industry 1 � entry and exit

The value of the �rm V1j de�ned by equation (10) and the optimal price and

investment strategies, described by (12) and (13) give the value of incumbent.

To determin the entry and exit of the �rm, this value V1j has to be compared

with the cost of entry and exit. Assume the cost of entry and exit is zero13,

11See the proof in Appendix(4.2)
12Note that the cash �ow here is not gross cash �ow which expressed by F1j , in equation

(8). The expression of r1is irrelevant with �xed operating cost.
13This is a strong assumption and requires that workers hired away from the other �rms

can blend together in a new �rm at zero cost. Costly entry has been analyzed by other
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�rms entry when V1j > 0; �rms exit for V1j < 0. Since the entry and exit

cost is zero, the number of �rms N1 is a jumping variable, and, at all the

time, free entry and exit makes V1j = 0.

Di�erentiating with respect to time of Eq.(10), get the �rm's rate of return

to equity is

r =
Π1j

V1j

+
˙V1j

V1j

(16)

Where V1j is the price of �rm 1j's shares. A perfect-forsight, no-arbitrage

condition for the equilibrium of the capital market requires the return to �rm

ownership be equal to the rate of return to a riskless loan (r) of size V1j. The

return to �rm ownership is given by the ratio between pro�t (
∏

1j) and the

�rm's stock market value (V1j), plus the capital gain (loss) from the stock

appreciation (depreciation).

Eq. (16) can also be written as rV1j =
∏

1j + ˙V1j. Since zero cost en-

try/exit makes V1j = 0 all the time, it means for all value of interest rate

r, the LHS is 0; and the RHS should also be zero. This implies zero pro�t

condition, Π1j = 0. Since Π1j = F1j −R1j, the level of R&D expenditure can

be obtain by

R1j = F1j (17)

papers of Peretto. I tried to combined a costly entry in this model too, but it complicates
the model a lot without more insides. So I focus on zero entry condition here.
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So the growth rate of quality innovation should be

Ż1j

Z1j
=

R1j

Z1j
=
F1j

Z1j
(18)

= α{A1− λ
λε

[
λε

A

−λε
−λε+ λ− 1

]
1

1−λ (
ε

1− ε
)
ε−1
1−λ (

PG1

PG2

)
−λ(ε−1)

1−λ
L1

N1
(
Z1j

Z2j
)[δ−(1−2δ)(ε−1)]−1 − θ1

1
2
(1 +

Z2j

Z1j
)}

Please notice that the entry stops as long as the pro�t becomes zero. In

this model, entry is not the engine for long run growth, which is one of the

key di�erence from variety expansion model.

2.2.3 Intermediate good producers in industry 2

Following the same steps as in industry 1, we get the solutions for industry

2.

The optimal price of this �rm is:

PG2j
= B

λε− 1

λ(ε− 1)
(19)

The return to R&D in industry 2 is:

r2 =
∂F2j

∂Z2j
(20)

= [δ + (1− 2δ)ε]βB
1− λ
λ(1− ε)

[
λ(1− ε)

B

1− ε
1− λε

]
1

1−λ (
ε

1− ε
)

ε
1−λ (

PG1

PG2

)
−λε
1−λ

L2

N2
(
Z2j

Z1j
)[δ+(1−2δ)ε]−1

where L2

N2
is �rm size of industry 2. 0 < [δ + (1 − 2δ)ε] < 1, and it's the

fraction of Z2jin cash �ow F2j. [δ + (1 − 2δ)ε] − 1 < 0 means the return of
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Z2jis diminishing, which could be eliminated by the accumulation of Z1j.

By the free entry assumption, pro�t is driven to zero through entry, so

the growth rate of quality innovation should be

Ż2j

Z2j
=

R2j

Z2j
=
F2j

Z2j
(21)

= β{B 1− λ
λ(1− ε)

[
λ(1− ε)

B

1− ε
1− λε

]
1

1−λ (
ε

1− ε
)

ε
1−λ (

PG1

PG2

)
−λε
1−λ

L2

N2
(
Z2j

Z1j
)[δ+(1−2δ)ε]−1 − θ2

1
2
(1 +

Z1j

Z2j
)}

2.3 Households

The economy is populated by Representative households who supply labor

inelastically in perfect competitive market, and purchase assets (corporate

equity). Assume there's no population growth. The utility function of the

Representative household is

U(t) =

ˆ ∞
t

log(c) e−ρt (22)

where c = C
L
. c is the consumption per capita, C is the aggregate con-

sumption for the economy, and ρ is the individual time preference discount

rate.

The households faces the �ow budget constraint

Ṡ = rS + wL− C (23)

where S is assets holding and r is the rate of return on assets. The
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intertemporal consumption and saving plan that maximize discounted utility

(22) is given by Euler equation

r = ρ+
Ċ

C
(24)

2.4 General Equilibrium

In this section, I am going to construct the general equilibrium of the econ-

omy. By imposing symmetry of the intermediate good �rms in each sector,

combined the demand functions of intermediate goods into the �nal good

production to eliminate Gi, we get

Y = κZ1−ε
1 Zε

2L, (25)

where κ = λ
2λ

1−λ (1− ε)
1

1−λ ε
λ

1−λ ( ε
1−ε)

2λε−λ+ε
1−λ P

−λε
1−λ
G1

P
−λ(1−ε)

1−λ
G2

This is essentially a two-factor one-sector model, which generates a bal-

ance growth path, where the growth rate of output equals the growth rates

of both qualities.

From household budget constraint (23)combing with zero entry and exit,

Vi = 0, we get wL = C. We have already known wL = (1 − λ)Y from the

Cobb-Douglas �nal good production function, so the ratio between consump-

tion and output is constant like a Slow model, i.e. C
Y

= 1−λ. So on balanced

growth path, we have the growth rates all equal as
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g? =
Ẏ

Y
=
Ċ

C
=
Ż1

Z1

=
Ż2

Z2

=
ẇ

w
(26)

We can easily get the quality ratio value on balanced growth path, (Z1

Z2
)?

from Ż1

Z1
= Ż2

Z2
, r1 = r2 and Euler Equation, which are Eq(18) = Eq(21);

Eq(15) = Eq(20); and Euler Eq (24).

Q(
Z1

Z2

)2 + R(
Z1

Z2

) + H = 0 (27)

where Q = − 1
2

1−Γ
Γ
βθ2 < 0; R = Γ

1−Γ
1
2
αθ1 − 1−Γ

Γ
1
2
βθ2 − Γ

1−Γ
ρ+ 1−Γ

Γ
ρ; H = Γ

1−Γ
1
2
αθ1;

Γ = δ − (1− 2δ)(ε− 1) ∈ [0, 1]

The solutions for the quadratic function are:

(
Z1

Z2

)? =
−R−

√
R2 − 4QH
2Q

> 0

(
Z1

Z2

)? =
−R−

√
R2 − 4QH
2Q

< 0

And we cancel out the negative solution to get the growth rate on bal-

anced growth path is:

g? =
Γ

1− Γ

1

2
αθ1[1 + [(

Z1

Z2

)?]−1]− 1

1− Γ
ρ =

1− Γ

Γ

1

2
βθ2[1 + (

Z1

Z2

)?]− 1

Γ
ρ(28)

where Γ = δ − (1− 2δ)(ε− 1) ∈ [0, 1] (29)

The growth rate positively relates with the R&D productivities, α, β;
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and the �xed operating cost parameters, θ1 and θ2. The higher productivity

of R&D, the higher return to R&D, and the higher incentive to accumulate

more qualities to drive up the growth rate. The higher �xed operating cost,

the lower pro�t for incumbents and less amounts of �rms in the market which

drives up the market size for each incumbent. From Eq(15) and (20) we see

that the larger market size, Li
Ni

is, the higher return in R&D, while others

�xed. So the growth rate is positively related with �xed operating cost.

De�ne αθ1 and βθ2 as R&D ability for industry 1 and 2 respectively, so the

growth rate is positively related with R&D abilities of both industries.

The growth rate is unrelated with unit costs, A and B at all. Any changes

in the unit costs cause the changes in pro�ts, hens the market share for each

incumbent. There two e�ects are in opposite directions and cancel out with

each other, so the unit costs do not a�ect the growth rate. Later we will

see this is the reason why trade doesn't guarantee a higher growth rate. The

trade pattern is determined by the quality-adjusted price ratio which includes

the unit cost, but the growth rate only depends on R&D ability but not unit

costs. So a country could come up with importing a good with a very low

unit cost, but also low in R&D ability, which decreases the growth rate of

this country. We will see the detail in section(3).

2.5 Dynamic System

The model is essentially a two-factor one-sector model and similar to Barro

and Sala-i-Martin(2003, section 5.1). Both qualities are irreversible. While
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the return to Z1is higher than that of Z2, all resource goes to accumulate Z1.

Since there's diminishing return to each quality, so the return to Z1 keeps

decreasing until equals to the return to Z2, then both qualities grow together

at the same rate. Similar if the return of Z2is higher.

From the return to Z1, Eq (15); growth rate of Z1, Eq(18) and Euler

Equation, we see the growth rate of Z1only depends on the ratio of qualities,

Z1

Z2
. Same thing happens to the growth rate of Z2. On balance growth path,

growth rate of both qualities are the same, and the change of the quality

ratio is zero. While one return is higher, only that quality is accumulated to

change the quality ratio back to the steady state. And the expression is as

follow:

˙(Z1/Z2)

Z1/Z2

=
Ż1

Z1

−Ż2

Z2

=



Ż1

Z1
= Γ

1−Γ
1
2
αθ1[1 + (Z1

Z̃2
)−1]− 1

1−Γ
ρ if Z1

Z2
< (Z1

Z2
)?, r1 > r2

0 if Z1

Z2
= (Z1

Z2
)?, r1 = r2

− Ż2

Z2
= 1−Γ

Γ
1
2
βθ2(1 + Z̃1

Z2
)− 1

Γ
ρ if Z1

Z2
> (Z1

Z2
)?, r1 < r2

(30)

where Γ = δ − (1− 2δ)(ε− 1) ∈ [0, 1]

3 The model - Open Economy

We now introduce international trade. There're two countries, home country

and foreign country. They have the same production functions for �nal good
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and industry goods, and also the same utility. They are producing the same

type of intermediate goods, but have di�erent abilities in unit costs, R&D

productivities and �xed operating costs of the intermediate goods. Assume

only trade in intermediate goods, So the consumers will choose the goods

with a lower quality-adjusted price.

Assume both countries are large economies. And no international capital

�ow, no direct technology transfer across borders. The only way to get the

quality of the intermediate good to augment labor, is to obtain that good.

3.1 Trade Patterns

While home country is open, it has more options for the intermediate goods.

It could choose produce them itself, or import them from foreign countries.

So the production function for industry good 1 becomes:

YH1 =

ˆ NH1

0

(GH1j −XH1j)
λ[Zδ

H1(
︷︸︸︷
ZH2 )1−δlH1H ]1−λ dj]1−λ

ˆ NF1

0

(MF1j)
λ[Zδ

F1(
︷︸︸︷
ZH2 )1−δlH1F ]1−λ dj

where YH1 is the output of industry good 1 in home country; GH1j is the

quantity each �rm produces in industry 1 of home. XH1j is the amount of

export per �rm from industry 1 in home. So (GH1j − XH1j) is the amount

of intermediate good 1 that home is keeping for itself. MF1j is the amount

of intermediate good 1 that home imports from foreign country. ZH1 is the
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quality of domestic intermediate good 1 and ZF1 is the quality of foreign in-

termediate good 1. And
︷︸︸︷
ZH2 is some combination of qualities of intermediate

good 2 that home country gets, which depends on whether home country is

using domestic or foreign intermediate good 2, or both of them. If home uses

domestic production, then it will only get the quality of domestic good ZH1

to augment the labors who are using this good, lH1H . Home could choose

intermediate good 1 from domestic �rms, and foreign �rms. Which one it

chooses depends on which good provides a higher marginal product to labor.

MPlH1H = Υ(
Z

δ(1−λ)
λ

H1

PGH1

)
λ

1−λ ;

MPlH1F = Υ(
Z

δ(1−λ)
λ

F1

PGF1

)
λ

1−λ

where Υ = (1 − ε)Y ε
H1Y

1−ε
H2 (1 − λ)[λ(1 − ε)(YH1

YH2
)ε]

λ
1−λ (

︷︸︸︷
ZH2)1−δ; MPlH1H

is the marginal product of labor who uses domestic intermediate good 1;

MPlH1F is the marginal product of labor who uses foreign good. Which

product provides a higher marginal product to the labors depends on which

one has a lower quality adjusted price, or a higher quality per dollar. At the

moment of opening,

• If PGH1

Z
δ(1−λ)
λ

H1

<
PGF1

Z
δ(1−λ)
λ

F2

, thenMPlH1H > MPlH1F ; In this case, the qual-

ity adjusted price of foreign good is too high. So home country produces

industry 1 by itself. Whether it exports depends on the demand from
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foreign country.

• If PGH1

Z
δ(1−λ)
λ

H1

=
PGF1

Z
δ(1−λ)
λ

F2

, thenMPlH1H = MPlH1F ; in this case, home

country is indi�erent with both goods.

• If PGH1

Z
δ(1−λ)
λ

H1

>
PGF1

Z
δ(1−λ)
λ

F2

, thenMPlH1H < MPlH1F ; in this case, the qual-

ity adjusted price of domestic good is too high. home country only

imports industry 1, but not produces by itself.

International trade happens if each country has a lower (or equal) quality-

adjusted price at one intermediate good, i.e.

PGH1

Z
δ(1−λ)
λ

H1

≤ PGF1

Z
δ(1−λ)
λ

F1

; and
PGH2

Z
δ(1−λ)
λ

H2

≥ PGF2

Z
δ(1−λ)
λ

F2

(31)

Home specializes in intermediate good 1, and foreign country specializes in

good 2. It's full specialization while the strict inequality applies. If the

ranking switches, then then trade pattern switches. Here we focus on the case

while home specializes in intermediate good 1, and foreign country specializes

in good 2.

Set the price of �nal good in home country as numeraire, PY ≡ 1; then

the price of �nal good in foreign country is PYF . Recall that price of interme-

diate good equals to monopolistic markup times unit cost, Above equation

is equivalent to

BH

BF

(
ZF2

ZH2

)
δ(1−λ)
λ ≥ PYF ≥

AH
AF

(
ZF1

ZH1

)
δ(1−λ)
λ (32)
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This is a typical trade condition for Ricardian-type model. In basic static

Ricardian model, labor is the only production factor for trading goods, and

the relative wage across countries need to be inside a interval of productivity

ratios. In this model, what we trade is intermediate goods, which only uses

�nal good as production factors. So the factor price ratio (�nal good price

ratio) needs to be inside the interval of productivity ratios. The di�erence

is the productivity ratios in this model not only include unit cost ratios, but

also quality ratios, and the qualities are state variables and keep changing

over time. While complete specialization, where strict inequality applies, the

change in qualities only enhance the trade pattern; however, while incom-

plete specialization, where PYF hits the conner, the change in qualities could

possibly change the incomplete specialization into complete specialization.

We will discuss this in section (3.2) and section (3.3).

According to the ranking in Eq (32), we can arrange it into a typical

version to show comparative advantage:

(
AH

Z
δ(1−λ)
λ

H1

)/(
BH

Z
δ(1−λ)
λ

H2

) ≤ (
AF

Z
δ(1−λ)
λ

F1

)/(
BF

Z
δ(1−λ)
λ

F2

) (33)

Home country has lower quality-adjusted price ratio (intermediate good

1 over good 2), so home specializes in intermediate good 1. Whether it's

complete specialization or not depends on if the �nal good price ratio is

inside the interval or hits the conner in Eq(32).

25



3.2 Results under complete specialization

When BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ > PYF > AH

AF
(ZF1

ZH1
)
δ(1−λ)
λ , home country has a strictly

lower quality-adjusted price in intermediate good 1, and foreign country has

a strictly lower price in good 2. So both of them completely specialize and

import the good with a lower quality-adjusted price from each other. In

this case, for home, the value of imports (the whole bunch of intermediate

good 2 from foreign country) equals the value of exports (the whole bunch

of intermediate good 1), which means 1 · YH(1− ε)λ = PYF · YF ελ, according

to the property of Cobb-Douglas function. it's easy to get PYF = (1−ε)LH
εLF

,

which indicates the relative value of all intermediate goods imported over

the value of those exported. So the condition for complete specialization

is BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ > (1−ε)LH

εLF
> AH

AF
(ZF1

ZH1
)
δ(1−λ)
λ . This means the relative pop-

ulation size must be inside a certain interval, which depends on the initial

quality ratio at the moment of opening to trade, and the unit costs. If the

relative population size is too high or too low, then it's impossible for com-

plete specialization. We will discuss the incomplete specialization in the next

section.

Now we discuss under complete specialization, the level and growth e�ect

of trade on economies. After completely specializes, home abandons indus-

try 2, and foreign country abandons industry 1, which makes ZH2 and ZF1

stop growing. This enhances the trade pattern, according to BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ >

(1−ε)LH
εLF

> AH
AF

(ZF1

ZH1
)
δ(1−λ)
λ . So as long as the the world economy starts com-

plete specialization, it lasts forever.
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Complete specialization increases output levels at the moment of opening

for both trade partners. Eq (25) shows the output level is negatively related

with quality-adjusted prices, i.e. Y = cons · [( PG1

Z
δ(1−λ)
λ

1

)
−λε
1−λ (

PG2

Z
δ(1−λ)
λ

2

)−
λ(1−ε)

1−λ ]
1
δ .

According to comparative advantage, each country imports the good with

lower quality-adjusted price from each other, such that increases the output

level at the moment of opening to trade.

The growth e�ect depends on the R&D ability of the imports. Recall

that the growth rate is positively related with R&D abilities, αθ1 and βθ2 .

After complete specialization, home abandons the whole bunch of domestic

intermediate good 2 and imports them from foreign country. This means

it gives up the domestic R&D abilities, βHθH2, and gets that from foreign

country, βF θF2. The e�ect of trade on a home country's growth rate is the

same as if that country had learned the R&D technology used by its trad-

ing partner to produce the good that the home country imports. However,

the comparative advantage, which is decided by quality-adjusted price ratio,

doesn't guarantee home imports the good with higher R&D ability. The

trade pattern condition is only decided by unit costs and the initial value of

qualities, which are unrelated with growth rate. It is possible that home im-

ports the good with a lower quality-adjusted price at the moment of opening,

but also with a lower R&D ability. This situation increases output level at

the moment of trade, but decreases growth rate, which means a decrease in

the future output.

One thing needs to be clear here. A country might come up to import
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a good with worse quality than domestic product, but also with a much

lower unit cost, so the quality-adjusted price still beats domestic product.

However, it doesn't necessarily decrease balanced growth rate, because the

�worse quality� is only the initial quality level at the moment of opening. As

long as the country is importing a good with a higher R&D ability, it gets

a higher balanced growth rate. And the R&D ability only depends on R&D

productivity and �xed operating cost coe�cient, but not the initial level of

quality.

We need to notice that the growth rate e�ect doesn't depend on technol-

ogy spillover. A country cannot learn the technology from each other even

with trade. How to produce and improve the quality of an intermediate good

is a �secrete� that protected by each trade partner. A country can only get

the �quality� but not �how-to-do� while importing a good. However, growth

rate is a�ected by trade in the same way as by learning the trading partner's

R&D technology for producing the good imported from the trading partner.

Scale e�ect doesn't play a role in growth rate either. Any increase in

the market size faced by individual �rms will increase pro�t and induce a

zero-cost entry instantaneously to drive pro�t back to zero. For example, in

Eq (14), when home opens to trade, LH1increases from from εLH to LH , and

zero-cost entry causes NH1 to increase proportionally to make the �rm size

unchanged, and so does the e�ect on the return to R&D.

The dynamic system of open economy is driven by the interaction of the

qualities of two trading goods. It's equivalent to an intergrated economy with
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intermediate good 1 totally from home, and intermediate good 2 totally from

foreign. Assume no international investment, both qualities are accumulated

even their returns are di�erent. Since these two qualites are complements,

on balance growth path, their returns are driven to be equal even without

international investment. So it generates a stable world income distribution.

Similar to the closed model, the di�erence on the growth rate of qualities

of the world is expressed as:

˙(ZH1/ZF2)

ZH1/ZF2

=
˙ZH1

ZH1

−
˙ZF2

ZF2

= Q̃(
Z1

Z2

)2 + R̃(
Z1

Z2

) + H̃ (34)

where Q̃ = −1
2

1−Γ
Γ
βF θF2 < 0; R̃ = Γ

1−Γ
1
2
αHθH1 − 1−Γ

Γ
1
2
βF θF2 − Γ

1−Γ
ρ +

1−Γ
Γ
ρ; H̃ = Γ

1−Γ
1
2
αHθH1

The di�erence between above equation and Eq (27) shows that, trading

in goods is equivalent with trading in R&D abilities. The coe�cients now are

combinations of αHθH1 and βF θF2, instead of only from domestic parameters

under autarky.

Since there's no international investment, so each trade partner accumu-

late their own qualities in di�erent returns during transition, until the returns

equalize on balance growth path. The diagram is in Figure 1.

(
ZH1

ZF2

)? =
−R̃−

√
R̃2 − 4Q̃H̃

2Q̃
> 0

(
ZH1

ZF2

)? =
−R̃ +

√
R̃2 − 4Q̃H̃
2Q̃

< 0
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Figure 1: Dynamic System for Open Economy under Complete Specialization

Ω ≡ ZH1

ZF2

The second steady state is negative which is meaningless for quality ratio,

and it's also unstable. So the only positive and stable steady state for world

quality ratio is
−R̃−
√

R̃2−4Q̃H̃
2Q̃ .

So we've seen a trade under complete specialization always increase out-

put level at the moment of opening, but the growth e�ect depends on the

R&D ability of the imports. And complete specialization always generate a

balanced world income distribution even without international investment.

3.3 Results under incomplete specialization

If (1−ε)LH
εLF

is out side the interval (BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ , AH

AF
(ZF1

ZH1
)
δ(1−λ)
λ ), then the

world is incomplete specialization, and PYF hits a boundary, i.e. (1−ε)LH
εLF

≥
BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ = PYF >

AH
AF

(ZF1

ZH1
)
δ(1−λ)
λ . This means at the moment of trade,

home can produce good 1 cheaper, and the quality-adjusted prices of good

2 are the same across countries. So foreign country would like to import

good 1 from home; while home is indi�erent in domestic and foreign good

2. Trade happens when foreign country completely specializes in good 2,
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while home country produces both goods but also imports good 2 to keep

the trade balanced. In e�ect, foreign country is not �big� enough to satisfy

home's requirement for good 1, i.e. (1−ε)LH
εLF

is too high.

At the moment of opening to trade, the output level doesn't change for

home, and increases for foreign country. Because home imports intermediate

good 2, which has the same quality-adjusted price as domestic product, so

it doesn't change its output level. While foreign country imports a cheaper

good from home, so it increases its output level.

Incomplete specialization could evolve to complete specialization. For

example, if at the moment of trade, (1−ε)LH
εLF

= BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ , and ZF2

grows faster than ZH2, then instantaneously BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ > (1−ε)LH

εLF
>

AH
AF

(ZF1

ZH1
)
δ(1−λ)
λ and both countries completely specialize and follow the dy-

namic system to balance growth path, like section (3.2).

BH
BF

(ZF2

ZH2
)
δ(1−λ)
λ might never reach (1−ε)LH

εLF
, and home stays in incomplete

specialization. In this case, home accumulates ZH1and ZH2 at the same

time. The dynamic depends on not only the return of both qualities of home

country, but also the quality level from foreign country, ZF2, since home

imports intermediate good 2. The system is similar to Eq (30) but with the

involve of ZF2.

˙(ZH1/ZH2)
ZH1/ZH2

=
˙ZH1

ZH1
− ˙ZH2
ZH2

=



˙ZH1
ZH1

= Γ
1−Γ

1
2
αHθH1[1 + ( ZH1

1
2 Z̃H2+ 1

2ZF2
)−1]− 1

1−Γ
ρ if ZH1

1
2ZH2+ 1

2ZF2
< ( ZH1

1
2ZH2+ 1

2ZF2
)?, rH1 > rH2

0 if ZH1
1
2ZH2+ 1

2ZF2
= ( ZH1

1
2ZH2+ 1

2ZF2
)?, rH1 = rH2

− ˙ZH2
ZH2

= 1−Γ
Γ

1
2
βHθH2(1 + Z̃H1

1
2ZH2+ 1

2ZF2
)− 1

Γ
ρ if ZH1

1
2ZH2+ 1

2ZF2
> ( ZH1

1
2ZH2+ 1

2ZF2
)?, rH1 < rH2

where Γ = δ − (1− 2δ)(ε− 1) ∈ [0, 1]

In this system, ZF2 is accumulated by foreign country. Since foreign
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country imports good 1 from home, and completely specializes in good 2, so

the dynamic of ZF2 also depends on the accumulation of ZH1.

˙ZF2

ZF2
= 1−Γ

Γ
1
2
βF θF2(1 + ZH1

ZF2
)− 1

Γ
ρ

Combine above equation with the dynamic system of home country, we

get the dynamic system for the world. On balance growth path,
˙ZH1

ZH1
=

˙ZH2

ZH2
=

˙ZF2

ZF2
, and ZH1

1
2
ZH2+ 1

2
ZF2

= ( ZH1
1
2
ZH2+ 1

2
ZF2

)?, which is a function of the R&D abilities

of home, i.e.αH , βH , θH1 and θH2; and it's the same as autarky. So trade

doesn't change the balanced growth rate for home. And the e�ect on foreign

country depends on the magnitude of αHθH1 and αF θF1. After trade, both

countries grow at the same rate.

4 Conclusion

We used a second-generation growth model with asymmetric industries to

discuss the e�ect of trade on both output level and growth, without involving

any scale e�ect or technology spillover. However, by trading Intermediate

good, country also gets the quality inside to augment labor. It's equivalent

to direct technology transfer.

The comparative advantage is determined endogenously, and it guaran-

tees trade never reduces output level at the moment of opening. Whether

it increases output also depends on whether it's complete specialization or

not. However, comparative advantage doesn't guarantee a higher growth

rate. Trade could either increase or decrease growth rates, depended on the
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absolute advantage in the R&D ability of the imports. Young(1991) also gets

a similar result, but the growth rate e�ect depends on the good exported.

The change in unit costs and market size here dosent show up in growth

rate, and totally absorbed by free entry of �rms.

Since the qualities of goods are complements, world balance growth is

reached even without international investment.
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