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CONVERGENCE ANALYSIS OF A PAGERANK UPDATING
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Abstract. The PageRank updating algorithm proposed by Langville and Meyer is a special case
of an iterative aggregation/disaggregation (SIAD) method for computing stationary distributions of
very large Markov chains. It is designed, in particular, to speed up the determination of PageRank,
which is used by the search engine Google in the ranking of web pages.

In this paper the convergence, in exact arithmetic, of the STAD method is analyzed. The SIAD
method is expressed as the power method preconditioned by a partial LU factorization. This leads
to a simple derivation of the asymptotic convergence rate of the SIAD method.

It is known that the power method applied to the Google matrix always converges, and we show
that the asymptotic convergence rate of the STAD method is at least as good as that of the power
method. Furthermore, by exploiting the hyperlink structure of the web it can be shown that the
asymptotic convergence rate of the SIAD method applied to the Google matrix can be made strictly
faster than that of the power method.
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1. Introduction. The PageRank of a web page is an important ingredient in
how the search engine Google determines the ranking of web pages [4, 25]. Computing
PageRank amounts to computing the stationary distribution of a stochastic matrix
whose size is now in the billions [21, 22]. Langville and Meyer [12, 13, 15] propose an
updating algorithm to compute stationary distributions of large Markov chains, with
the aim of speeding up the computation of PageRank.

The hyperlink structure of the web can be represented as a directed graph, whose
vertices are web pages and whose edges are links. From it one can construct a stochas-
tic matrix! P as follows. If web page i has d; > 1 outgoing links, then for each link
from web page i to page j, entry (4,7) of the matrix P is 1/d;. If there is no link from
page i to page j, then entry (i,7) of P is 0. If page i has no outgoing links at all (a
dangling node, or sink), then all elements in row i of P are set to 1/n, where n is the
order of P [24]. Thus P is a stochastic matrix, and in order to construct a primitive
stochastic matrix, one forms the convex combination

G =cP+(1-c)1vt,

where 1 is the column vector of all ones, v is a positive probability vector, the super-
script T denotes the transpose, and 0 < ¢ < 1 a scalar. This is the Google matrix.
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LA stochastic matrix P is a real square matrix with elements 0 < pij; < 1, whose rows sum to
one, Zj pij = 1 for all 4.
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Element ¢ of the stationary probability 7 of GG represents the probability that a random
surfer visits web page ¢ and it is a major ingredient in the PageRank of page 1.

Thus Google faces the problem of having to compute the stationary probability
m of a very large stochastic matrix. Direct methods [29, section 2] are too time con-
suming. However, the matrix G is constructed to be primitive, and the power method
applied to G converges, in exact arithmetic, to a multiple of 7 for any nonnegative
starting vector [29, section 3.1]. The asymptotic convergence rate of the power method
is given by the modulus of the second largest eigenvalue, in magnitude, of G. The
original PageRank algorithm relied on the power method [25], but convergence can be
slow [12, section 6]. Langville and Meyer present an updating algorithm to compute
stationary probabilities of large Markov chains, by accelerating the power method
with an aggregation/disaggregation step similar to [29, section 6.3]. We refer to their
method as SIAD for special iterative aggregation/disaggregation method [12, 13, 15].
Numerical experiments illustrate the potential of the STAD method in the context of
PageRank computation [12, 15]. Langville and Meyer’s STAD method is a special case
of more general iterative aggregation/disaggregation methods that can accommodate
general aggregation and disaggregation operators [17, 18]. Here, however, we focus on
the version by Meyer and Langville, whose restriction operator is an inexact stochastic
complementation.

Related work. Our results for the Google matrix are built on the algorithm of
Langville and Meyer [14, 12, 13, 15]. However, there are other approaches for speeding
up the power method on the Google matrix. The following algorithms appear to work
well in practice, but the convergence proofs, if available, are not rigorous. Extrapola-
tion methods [2, 7, 11] construct a new iterate from a judicious linear combination of
previous iterates where the methods in [2] were inspired by the rational expressions
for the PageRank vector interms of ¢ from [28] and further developed in [3]. Adaptive
methods [11, 9] exploit the fact that pages with lower page rank tend to converge
faster and do not recompute these components. A two-stage algorithm [16] computes
stationary probabilities associated with dangling nodes and with nondangling nodes
and then combines the two. It is shown that there are starting vectors for which this
algorithm converges at least as fast as the power method. A three-stage algorithm [10]
which exploits block structure in the web graph to partition the matrix appears to be
an iterative aggregation/disaggregation method like those in [29)].

Overview. We analyze, in exact arithmetic, the asymptotic convergence of the
SIAD method. In particular we show that the STAD method amounts to a power
method preconditioned by a partial LU factorization (sections 3, 4, and 5) and give
a simple derivation of the asymptotic convergence rate (section 5). We consider
the choice of different stochastic complements for better convergence (section 6) and
computable upper bounds on the asymptotic convergence rate (section 7). It is well
known that the power method applied to the Google matrix G always converges; in this
paper we show that the asymptotic convergence rate of the STAD method applied to
G is at least as good as that of the power method. We consider conditions that assure
convergence of the STAD method in general (section 8). At last we prove a stronger
result for convergence of the STAD method applied to G (section 9). By exploiting
the hyperlink structure of the web we conclude that the asymptotic convergence rate
of the SIAD method applied to G can be made strictly better than that of the power
method. We also show how one can save computations when applying the SIAD
method to G.
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Notation. All vectors and matrices are real. The identity matrix is I with
columns e;, 1 = (1 l)T is the column vector of all ones. For a matrix P, the
inequality P > 0 means that each element of P is nonnegative. Similarly, P > 0
means that each element of P is positive.

A stochastic matrix P is a square matrix with P > 0 and P1 = 1. A probability
vector v is a column vector with v > 0 and vT1 = 1. The one-norm of a column
vector v is [|vT]| = [v|T1. The eigenvalues \;(P) of P are labeled in order of decreasing
magnitude, |A\1(P)| > [A2(P)| > --- . The directed graph associated with P is denoted
by A(P).

2. The problem. Let P be a stochastic matrix. We want to compute the
stationary distribution 7 of P, that is, a column vector 7 such that [1, Theorem 2.(1.1)]
7P =T or 77(I — P) = 0 where 7 > 0 and 771 = 1. If P is irreducible, then the
eigenvalue 1 is simple and it is the spectral radius, and the stationary distribution
7 > 0 is unique [1, Theorem 2.(1.3)], [30, Theorem 2.1]. If P is primitive, then the
eigenvalue 1 is distinct and all other eigenvalues have smaller magnitude [1, Theorem
2.(1.7)].

The matrix P may be large, so the idea is to work with only a small part of the

matrix. That is, partition
Py Pro
P= ,
<P21 Pao

where P;; and Pss are square. Ideally the dimension of P;; is small compared to the
dimension of P. The methods considered here approximate the stationary distribution
7w of P by operating on matrices derived from P;; whose dimension is, essentially, the
same as that of Pj;.

3. Exact aggregation/disaggregation. We present an aggregation/disaggre-
gation method that is the basis for the STAD method [12, 13, 15], an updating al-
gorithm designed to compute stationary distributions of large Markov matrices, in
the context of Google’s PageRank. Our presentation differs from traditional ones
[12, 19, 29] because we focus on a 2 x 2 partitioning and we start from a block LDU
decomposition. The aggregation algorithm computes the components of 7 as station-
ary distributions of smaller matrices.

Partition the irreducible stochastic matrix

p_ (P D s

Py Py’ T2
so that Py; and Pso are square. Since I — P is an M-matrix [1, Theorem 8.(4.2)], as
well as singular and irreducible, the nontrivial leading principal submatrix I — Py is

nonsingular [1, Theorem 6.(4.16)]. Hence we can factor I — P = LDU, where [19,
proof of Theorem 2.3]

_ I 0 _(I-P: 0
L:(—Pgl(I—Pu)_l I)’ D:( 0 I—S)’

_ (1 —(I—P11)71P12
U= (0 I

(3.1)

) . S=Pa+ Por(I—Piy) P,

so that I — S is the Schur complement of I — P17 in I — P [5, section 1]. The matrix
S is also known as the stochastic complement of Psy in P [19, Definition 2.1]. It is
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a special case of a Perron complement in the context of nonnegative matrices [20,
Definition 2.1].
Since U is nonsingular we have 77 (I — P) = 0 if and only if 77 LD = 0. Hence

(3.2) 38 =73, m =7 Pu(I— Pp)~ ",

which means that mo is a stationary distribution for the smaller matrix S. The
expressions (3.2) represent a partial version of the coupling theorem for 2 x 2 block
matrices [19, Corollary 4.1].

Since P is irreducible and stochastic, so is S [19, Theorem 2.3]. Hence S has a
unique, positive stationary distribution o,

ol'S =0T, ol1 =1, o> 0.

Therefore we can determine w9 from the stationary distribution o of S and then set
my = po where the (as yet unknown) factor p is responsible for the normalization
1 =1.

The component 7; and the factor p can also be expressed as components of the
stationary distribution of a smaller matrix, the “aggregated” matrix

A= ( In P2l
- O'TP21 (TTPQQ]. )

This is because (3.2), T2 = po, and 071 = 1 imply
(7 p)(I—A)=0, (i p)1=1.

Thus (7{ p) is a stationary distribution of A. Since A is stochastic and irreducible
[19, Theorem 4.1], it has a unique, positive stationary distribution «,

atA=aT, af1=1, a > 0.

Uniqueness implies o’ = (Wf p).
We have shown that a block LDU decomposition of 77 (I — P) = 0 leads to the
expression of 71 and 7o as stationary distributions of two smaller matrices.
ALGORITHM 1 (exact aggregation/disaggregation). Determine the stationary
distribution w of a stochastic irreducible matrixz P.

1. Determine the stationary distribution o of S = Py + Poy(I — P11) ' Ppa.
P11 P21

2. Determine the stationary distribution o of A = oT Py, 0T Pyl

3. Partition o = (”pl), and set m = (:)r;)

The first two steps of Algorithm 1 can be interpreted as an aggregation because
they take place on “aggregated” matrices of smaller size, while the third step repre-
sents a disaggregation that produces a long vector 7w of original size.

Since exact aggregation/disaggregation is too time consuming for large matri-
ces, it makes sense to consider approximate aggregation/disaggregation methods. To
understand what happens in the approximate aggregation/disaggregation method in
section 4 we express 7 in terms of the block LDU decomposition (3.1).

PRrROPOSITION 3.1. Let P be stochastic and irreducible. Then

0 0\ ,_
WT:,O (* UT) (0 I)L 17

where the scalar p ensures 71 = 1, and * represents an arbitrary vector of appropri-
ate length.
Proof. This follows from (3.2) and Algorithm 1. |
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4. Approximate aggregation/disaggregation. The approximate aggregation/
disaggregation algorithm does away with the time-consuming computations involving
the stochastic complement S. Instead of the exact stationary distribution o of the
stochastic complement S, we pick any positive probability vector &, i.e., & > 0 and
571 = 1. The approximate aggregation matrix is

A= < Py Piol )
“\5TPy 6TPy»l)’
and it differs from the exact matrix A only in the last row.
The matrix A is stochastic because P is stochastic. If P is irreducible, then so
is A is for the following reason. If Py; is of order k, then the directed graph A(A)
of A contains k + 1 vertices. The fact that 6 and 1 are positive vectors implies the

following: A(A) contains an edge from vertex k + 1 to i, 1 < ¢ < k, if and only if
A(P) contains an edge from vertex j, j > k + 1, to 7. Also, A(fl) contains an edge
from vertex i, 1 < i <k, to k+ 1 if and only if A(P) contains an edge from vertex i
to j, j > k + 1. Finally, A(A) contains an edge from i to j, 1 <4,j < k, if and only
if A(P) contains an edge from vertex i to j. Since A(P) is strongly connected, A(A)
must be strongly connected as well. Hence A is irreducible. Thus it has a unique,

positive stationary distribution &,
aTA=a", a’1=1, a>0.

All by itself this approximate aggregation makes no progress. However following
it up by a power method iteration is known to have “a very salutary effect” [29,
section 6.3.1]. Below is a single iteration of the iterative aggregation/disaggregation
algorithm. It makes up for the approximation ¢ by appending one iteration of the
power method with P to produce an approximation 7 to .

ALGORITHM 2 (approximate aggregation/disaggregation). Determine an approx-
imation T to the stationary distribution m of a stochastic irreducible matriz P, in one
iteration.

1. Select a vector & with & >0 and 671 = 1.

2. Determine the stationary distribution & of A = (
3. Partition & = (‘”ﬁl), and set w = (S’;)

4. Multiply 77 = T P.

If it so happens that & = o, then according to Proposition 3.1, w” = #7 = wT P,
and w is the desired stationary distribution.

The approximate aggregation/disaggregation Algorithm 2 amounts, in exact arith-
metic, to one iteration of the power method, preconditioned by a partial LU factor-
ization.

REMARK 4.1. Let P be stochastic and irreducible and ¢ a vector with ¢ > 0 and
5T1 =1. Then

P P21
TPy 6T Pyl)”

- ~ . 0 0\ ,_
7l =p (x &7) (O I>L1P,

where p ensures 711 = 1.
Algorithm 2 can be viewed as applying one step of the power method, with the

preconditioned matrix
~ (0 0\ .,_;
P= <0 I> L™ P,

to the vector (* 6T) and then normalizing it.
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In the next section we execute Algorithm 2 repeatedly.

5. Iterative aggregation/disaggregation (SIAD). The iterative aggrega-
tion/disaggregation (STAD) method [12, 13, 15] is an updating algorithm designed
to compute PageRank. The method consists of repeated application of Algorithm 2.
We show that the SIAD method can be viewed as a preconditioned power method
and give a simple derivation of the asymptotic convergence rate.

ALGORITHM 3 (iterative aggregation/disaggregation (SIAD)). Determine an ap-
prozimation 7 to the stationary distribution m of a stochastic irreducible matriz P,
in k iterations.

1. Select a vector 7(© = (¥ 7 with ﬂ'é
2. Dok=1,2,...
(a) Normalize c*) = wék_l)/[ﬂék_l)]Tl.

(b) Determine the stationary distribution a*) of A®) = (
(¢) Partition o*) = (‘”gk)) and set w®) = ( wi )
pr /)’ — \pro(®)/*
(d) Multiply [T = [w®)TP,
Algorithm 3 is mathematically equivalent, in exact arithmetic, to the power
method preconditioned by a partial LU factorization.
PROPOSITION 5.1. Let P be stochastic and irreducible and 7(® = (= () a

0.

Py P21
[0_(19)]T1321 [o_(k)]TP221 .

vector with ﬂéo) > 0. Then Algorithm 3 produces iterates

[w(k)]T =p [W(O)]Tﬁk, where P = (8 ?) L7'P,

and p ensures [t®]T1 = 1.

Proof. This follows from Remark 4.1. a

To determine the asymptotic convergence rate of Algorithm 3, label the eigenval-
ues \;(P) of a matrix P in order of decreasing magnitude, |A1(P)| > [A2(P)| > --- .

THEOREM 5.2 (asymptotic convergence rate). If P is stochastic and irreducible,
then the asymptotic convergence rate of Algorithm 3 is [A2(5)].

Proof. According to Proposition 5.1, Algorithm 3 represents a power method with
the matrix

~ 0 0
P = .
(1021(I—P11)_1 5)

Because P is block triangular, its nonzero eigenvalues are those of S. Since P is
stochastic and irreducible, so is S [19, Theorem 2.3]. Hence its spectral radius is
IA1(S)| = 1. Therefore the power method applied to P has asymptotic convergence
rate 2(S)/a(9)] = Ao(S). O

As a consequence, Algorithm 3 converges like the power method applied to the
stochastic complement S. The example below illustrates the effect of the asymptotic
convergence rate.

EXAMPLE 5.1. Consider the stochastic irreducible matriz P = al,, + (1 — a)17?
of order n, where 0 < a < 1 is a scalar and 7 is a vector with 771 =1 and 7 > 0.

Then  is the stationary distribution of P. Partitioning gives

p— Pi1 Pio . aIm+(1—a)17r1T (1—(1)17‘(;
- P21 P22 o (1 — a)17r1T aln_m + (1 — a)lwg
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The stochastic complement is

S =Poy+ Poy(I —Piy) 'Py=al,_p+(1—a)lo”,

where o7 = 71 /7¥'1 is the stationary distribution of S. The ezact aggregation matriz
18
. Py Pl \  (aly + (1 —a)lx? (1-a)(rd1)1
T \oTPy oTPypl) (1—a)rf a+(1—a)(rd1)1
=alyi1 + (1 —a)la”,
where o’ = (Wf 7l 1) is the stationary distribution of A. The aggregation matrix

A happens to have the same structure as the original matriz P.

The subdominant eigenvalue of S is A2(S) = a. Hence the asymptotic convergence
rate of Algorithm 3 is a. What does this mean for the iterates ©%) 2 Any positive
probability vector & produces A = A; thus o'¥) = « for all k. This means after
one iteration the leading components of 7 have converged, i.e., ng-) = m for all
k. As for the trailing components of m*), [ﬂék)]T 0)}TS’“,
Sk =aFI, _,, + (1 —a*)10T. Hence

s a multiple of [ﬂé where

0
[O,(k)]T _ ak—l [7(5 )]T

T
w ~
(1 k 1) ~2 , 5= 71.%"17 v = [ 50)]T1.

The iterates are then

TN = (2T a* 2T + (1 - af)nf ) .

2™

The leading component 7y is eract, and the trailing component a* %[ﬂéo)]T—F(l—ak)ﬂg

shows clearly that the contribution of the initial vector wéo) decreases as a power of

a = X\y(S), while the contribution of the target vector my increases at the same rate.

6. Stochastic complements. In this section we consider how different choices
of stochastic complements affect the asymptotic convergence rate of Algorithm 3.

Remember that the asymptotic convergence rate of the power method applied
to a primitive stochastic matrix P is |A2(P)|. In Theorem 5.2 we showed that the
asymptotic convergence rate of Algorithm 3 applied to

Py Py
P= <P21 P22>
is |A2(S)|, where S is the stochastic complement of Pss. Unfortunately we cannot
take for granted that Algorithm 3 has a better asymptotic convergence rate than the
power method, i.e., that |A2(S)| < |[A2(P)|. In fact, the opposite is possible, as we
illustrate in one of the examples below.

One remedy for accelerating Algorithm 3 in case of slow convergence is to be
more flexible about the choice of stochastic complements and not to limit oneself to
stochastic complements from leading principal submatrices. One can form a stochastic
complement from any principal submatrix [19, Definition 2.1]. One way to think about

this (to keep the notation simple) is to apply a permutation similarity transformation
to P [19, Lemma 2.1], i.e.,

P, P,
poT — (T 12) ’
@re <P21 Py
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where () is a permutation matrix, and use the stochastic complement of the permuted
matrix

S = P22 + Pgl(I — P11)71P12.

Note that a permutation similarity merely reorders the components of the stationary
distribution and preserves the eigenvalues. That is, we can choose different stochastic
complements by thinking of applying Algorithm 3 to a matrix QPQ” that is permu-
tationally similar to P. The question is, can we find permutations ¢ such that the
stochastic complement S of QPQT has |A\2(S)| < [A2(P)|? That is, can Algorithm 3
converge faster than the power method on a suitably reordered matrix?

The examples below illustrate different convergence possibilities for the power
method and Algorithm 3.

EXaAMPLE 6.1. This example illustrates that Algorithm 3 can converge in one
iteration, while the power method can fail to converge to the stationary distribution.

Let v be a positive probability vector, and

0 oT
r=(i %)

a stochastic matriz. The eigenvalues of P are 1, —1, and 0. Hence |\2(P)| = 1,
which means that the power method applied to P fails to converge to the stationary
distribution (unless the initial vector is the stationary distribution). The stochastic
complement that arises from partitioning off the first row and column of P is S = 1vT.
Its eigenvalues are 1 and 0. Thus |A2(S)| = 0, so that Algorithm 3 converges in a
single iteration.

EXAMPLE 6.2. This example illustrates that the power method and Algorithm 3
can have the same asymptotic convergence rate, regardless of the choice of stochastic
complement.

Consider the matriz from Evample 5.1, P = al+(1—a)17T, where 7 is a positive
probability vector and 0 < a < 1. The matrix P has just two distinct eigenvalues,
AM(P) =1 and \;(P) = a, i > 1. Fach stochastic complement of P has the form
S = al + (1 —a)lo®, where o is a positive probability vector. The eigenvalues of
S are also 1 and a. In particular, A\2(S) = X2(P), so that the power method and
Algorithm 3 converge at the same rate.

EXAMPLE 6.3. This example illustrates that the asymptotic convergence rate of
Algorithm 3 can be significantly worse than that of the power method, regardless of
the choice of stochastic complement.

The irreducible stochastic matriz

5/6 0 1/6
P=(3/4 1/6 1/12
2/3 1/3 0

has eigenvalues A\ (P) = 1 and A\2(P) = A3(P) = 0. It turns out that 0 is a defec-
tive eigenvalue, corresponding to a Jordan block of order 2. Thus the power method
converges in at most two iterations for any initial probability vector.

Now let us consider all possible stochastic complements that can arise during Algo-
rithm 3. Denote by S; the stochastic complement that arises from P by simultaneously
permuting row and column i to the first position and then forming the corresponding
2 x 2 stochastic complement. The stochastic complements have the following subdom-
inant eigenvalues:

A2(S1) = —1/6, A2(S2) = —2/15, A2(83) = 5/36.
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In all cases |A2(S;)| > |A2(P)| =0, 1 <4 < 3. Thus for any choice of stochastic
complement, the asymptotic convergence rate of Algorithm 3 is slower than that of
the power method.

7. An upper bound on the asymptotic convergence rate. We discuss an
upper bound on the subdominant eigenvalue |\s|, which also furnishes upper bounds
for the asymptotic convergence rates of the power method and Algorithm 3. The
upper bound can be easier to compute than |A2| and has some properties convenient
for a convergence analysis.

Example 6.3 shows that for any stochastic complement S of an irreducible stochas-
tic matrix P, |A2(S)| > |A2(P)| is possible, which means that for such a matrix the
asymptotic convergence rate of Algorithm 3 is always slower than that of the power
method. As far as Algorithm 3 is concerned, this situation is undesirable. How-
ever, for the standard upper bound 7 on |A(S)| described below, it will transpire that
7(8) > 7(P) is impossible. Denote by |[v?| = |[v|T1 the one-norm of a column vector
v, and by e; the jth column of the identity matrix. With

1
7(P) = 5 max|(e; - ej)" Pll,

we have, for any stochastic matrix P [27, section 4],
(7.1) |2 (P)] < 7(P).

Observe that 7(P) < 1 for any stochastic matrix P. The quantity 7(P) represents
an upper bound on the asymptotic convergence rate of the power method, while 7(.5)
is an upper bound on the asymptotic convergence rate of Algorithm 3. In contrast
to the eigenvalues, where |A2(S)| > |A2(P)]| is possible, this cannot happen for the
upper bounds 7. The following result shows that 7(S) < 7(P), when P is irreducible.
This was already shown in [23, Theorem 3.1], but our proof is more direct. We also
note that there is a one-line proof of this fact, which is based on rather more detailed
knowledge of the properties of 7 described in [27].
ProrosiTION 7.1. If

k n-—k
k Py Py
P n_k<P21 Py )’ 1<k<n-—2,

is stochastic and irreducible, and S = Pag + Poy(I — Py1) "' P2, then
7(S) < 7(P).

Proof. We claim that |[u” (I — Py1)"'Pia|| < |lu|| for all vectors u. To see that
the claim is true, observe that P1 = 1 implies (I — Pi1)7' P21 = 1. With v; = |u;],
1 < j <k, the triangle inequality implies

|UT(I — P11)71P126i| S ’UT([ — P11)71P126i, 1 S 7 S n — k
Hence
n—k
[u” (I = P1y) "' Pra| < 3 0"(1 = Piy) "' Prae; = 0" (I = Piy) "' Pral = v"1 = [Ju],
i=1

which proves the claim.
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For any two indices 1 <14,j < n — k, the triangle inequality and the above claim
imply
(e — es)"SI < ll(ei — ;)" Pool + [I(e5 =€) Par (I — Pra) ™" Pra|
< (e = €j)" Pool + [I(es =€) Par|| = [[(en+i — exsy) T Pl

Hence

—_

(8 <5, max_ (ei—e) Pl <7(P). O

Proposition 7.1 shows that the upper bound on the asymptotic convergence rate of
Algorithm 3 is never worse than that of the power method. Note that Proposition 7.1
does not hold for k =n — 1 because S'is 1 x 1.

The result below implies that there are matrices (including the Google matrix in
section 9) for which the power method always converges, and for which the asymptotic
convergence rate of Algorithm 3 is at least as good as that of the power method.

COROLLARY 7.2. Let G = cP + (1 — ¢)1v”, where P is a stochastic matriz,
0 < ¢ <1, and v is a positive probability vector. If |Ao(P)| = 1, then for any
stochastic complement S of G

A2(S)| < [X2(G)] = ¢ < 1.

Proof. Since v is positive and ¢ < 1, G is irreducible. Inequality (7.1) and
Proposition 7.1 imply [A2(S)] < 7(S) < 7'( ). The results [6, Theorem 2], [14,
Theorem 4.1], [28, Theorem 2.3, and (7.1) imply ¢ = |A2(G)| < 7(G). At last,
7(G) < ¢ follows from 7(G) = er(P) < c. 0

Note that the fact that |[A2(G)| = ¢ in Corollary 7.2 was already shown in [6,
Theorem 2| and [14, Theorem 4.1]. The crucial inequality in Corollary 7.2 is |A2(S)] <
|[A2(G)|. The matrices in Examples 5.1 and 6.2 are special cases of the matrices in
Corollary 7.2 with P = 1.

For certain matrices, the upper bound 7 provides an easily computable upper
bound on the asymptotic convergence rate of Algorithm 3. These include matrices
where P51 or Pas has a column with all elements positive.

REMARK 7.1. If P is irreducible and stochastic and p;m, > 0 for some m and
k+1<i<n, then

‘)\Q(S)| <1l- k+11n§1?§nplm < 1.

To see why this is true, note that rows ¢ and j, k+1 < 4,7 < n, have positive

entries in position m and

n
(e —e;)" P|| = Z Ipit — pjil < 1= pim + 1= pjm + [Pim — Pjm]
=1
= 2(1 - min{pim, pjm})'

Proposition 7.1 implies [A2(S)| <1 — ming41<i<n Pim < 1.

8. Conditions for convergence. We derive conditions that guarantee conver-
gence, in exact arithmetic, of Algorithm 3.

The power method with a stochastic irreducible matrix P converges if | A2 (P)| < 1,
or equivalently if P is primitive [1, Definition 2.(1.8)]. However, just because P is
primitive, a stochastic complement S is not necessarily primitive [19, section 5].
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REMARK 8.1. Let
Py Pro
F= <P21 P22>
be stochastic and irreducible. If Pao is primitive or Pyo has at least one nonzero
diagonal element, then Algorithm 3 converges.

This follows from [19, Theorems 5.1 and 5.2].

REMARK 8.2. Primitivity of a stochastic complement S can also be related to
properties of the directed graph A(S), which is also known as the compressed directed
graph [8, sections 1 and 4]. A useful property of the compressed directed graph is the
following: For any pair of indices i, with 1 < 4,5 < n — k, if there is a path from
vertex k + i to vertex k + j in A(P), then there is a path from vertex i to vertex j in
A(S).

THEOREM 8.1. If P is irreducible and stochastic, then the following holds: P
has at least one primitive stochastic complement of order at least two <= P is not a
cyclic permutation matrix.

Proof. First, we claim that P is a cyclic permutation matrix if and only if each
column of P has at most one positive entry. One direction of the claim is clear. To
see the other direction, suppose that each column of P has at most one positive entry.
Because P is irreducible, each column must have exactly one positive entry. Further,
since the entries of P are at most 1, and the sum of all entries in P is equal to the
order of the matrix, the single positive entry in each column of P must be a 1. Thus,
P is an irreducible stochastic (0,1) matrix; hence P is a cyclic permutation matrix.

With the claim established, we now proceed with the proof of the result.

<=: Suppose that P is not a cyclic permutation matrix. Then some column m of

P has at least two positive entries, i.e., pi, m, -, Pi,,m > 0 for iy, ..., ig with
q > 2. With a suitable permutation (), partition

P, P,
poT — (f1n D
@PQ <P21 Py

so that Py is ¢ X g, and P»y or Pas has a positive column. Remark 7.1 implies
that |[A2(S)| < 1, so that S is primitive.

=—>: Suppose that
Py Pro
P =
<P21 P22>

is a cyclic permutation matrix. Since A(P) has exactly one cycle involving
every vertex, and since A(Py1) is a proper subgraph of A(P), A(P;1) contains
no cycles. Hence Pp; is nilpotent, so (I — P;1)~?! is a finite sum of powers of
Py1. In particular, (I — Py1)~! is a matrix with nonnegative integer entries.
Hence the stochastic complement S = Pay + Py (I — P11) "' Pj5 is also a
matrix of nonnegative integers. Since S is stochastic, it is a (0,1) matrix,
and since S is irreducible, it is a cyclic permutation matrix. Therefore S is
not primitive. 0
COROLLARY 8.2. If the irreducible stochastic matriz P is not a cyclic permuta-
tion matrix, then P has at least one stochastic complement S for which Algorithm 3
converges, i.e., |A2(S)] < 1.



CONVERGENCE ANALYSIS OF A PAGERANK ALGORITHM 963

9. The Google matrix. We show that, when Algorithm 3 is applied to the
Google matrix G with an appropriate choice of stochastic complement, then the
asymptotic convergence rate is better than that of the power method. We also show
how one can save computations when applying Algorithm 3 to G.

In Corollary 7.2 we showed that if [Ao(P)| = 1, then [A2(S)] < [X2(G)| =c< 1
for any stochastic complement S. This means that the power method applied to G
converges, and the asymptotic convergence rate of Algorithm 3 is at least as good as
that of the power method. Now we prove a stronger result by exploiting the structure
of the Google matrix and by choosing a particular stochastic complement. In this
case the asymptotic convergence rate of Algorithm 3 is strictly better than that of
the power method. We make the following assumptions; these assumptions are not
restrictive because they are almost certainly satisfied by the Google matrix.

Assumptions 1.

1. The stochastic matrix P contains k > 2 essential index classes C1,...,Ck.
The class of inessential indices (if any) is called D.
Recall that an index i is inessential if for some index j there is a chain of
links from page ¢ to page j, but there is no chain of links back from page j
to page i (i.e., (P™);; > 0 for some power P™, but (P*);; = 0 for all powers
P*); otherwise the index i is essential. An essential index class C is a set of
essential indices, such that there is a chain of links between any two indices
in C, but no outgoing link to an index outside of C' [26, section 1.2].

2. Each essential index class C; contains an index i; whose corresponding diag-
onal entry in P is 0; i.e., at least one web page in each C; does not link back

to itself.
These assumptions imply that the rows of P that are equal to %1T all correspond
to inessential indices in D. Also, |A3(P)| = 1 because P has at least 2 essential

index classes. Note that class D contains not only dangling nodes, i.e., nodes without
out-links, but also nodes that link to dangling nodes.

When P satisfies Assumptions 1 there is a permutation matrix ) that orders the
rows and colums of QPQT into the following form: i1, ..., i, C1\{i1},. .., Cx\{ix}, D.
Partition

G G12>
GQ" = :
QoQ <G21 G2z
where G171 is k X k and corresponds to the indices i1, ...,i, and let Sg = Gaog +

Ga1(I — G11)71G12 be the corresponding stochastic complement.
THEOREM 9.1. Let G = cP + (1 — ¢)1vT where 0 < ¢ < 1, v is a positive
probability vector, and the stochastic matriz P satisfies Assumptions 1. Then

A2(Sa)| < [A2(G)]-

Proof. We exploit the structure of P, in several stages, to capture the structure
of the stochastic complement Sg. Partition

0 P2
PQT =
@rQ <P21 P22> :
where the leading diagonal block of order k is zero because the indices i1, . .., i; belong

to different essential classes, and each index corresponds to a zero diagonal element of
P. While QPQT is presented as a 2 x 2 block matrix, whose leading principal block
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corresponds to indices i1, ..., i, we will have occasion to further partition the second
block into two classes, Cy \ {i1},...,Ck \ {ix}, and D.
Partitioning
U1
v = Vo
U3

conformally with P gives, for the partition of QGQT,

Gu = (1—olvf, Gio=cPia+(1-0c)1(v] o),
G21 :Cpgl +(1*C)1U{, G22 :CP22+(176)1 (’U; ’Ug) .

We claim that [A2(S¢)| < ¢, from which the conclusion follows with Corollary 7.2.
To establish this claim, write Sg = Gas + G21(I — G11) " 'G12 as a convex com-
bination Sg = ¢TI + (1 — ¢)127, where

TEP22+P21(I—G11)_1G12, 2T = (Ug Ug) —‘r’UT(I—GH)_lGlg.
Using the three facts that (I — G11)™" = I + $1v{, where

- 1-c _ T4

f=i"a-gs 0=ul
the stochastic complement Poy+ Py Pio of P is again a stochastic matrix; and P21 =
1, we conclude that T is stochastic and z is a positive probability vector. Since
A2(Sa) = cAo(T') [14, Theorem 4.1] it suffices to prove |A2(T)| < 1. To this end, we
will show that T' has at least one positive row and is irreducible. This implies T is

primitive [1, Corollary 2.(4.8)], hence |A2(T")| < 1 [1, Definition 2.(1.8)].

The principal submatrix of P corresponding to the essential index class C; can

be written as
T
M, = (0 xj) ,
T\Y By

where the leading row and column correspond to index 4;, and the remaining rows
and columns correspond to the indices of C; \ {i;}. Since C; is an essential index
class, y; is not the zero vector. Hence M; is irreducible and stochastic, and so is its
stochastic complement B; + ij?.
With
B4 J},{ Y1
B =

By, zi Yk

it follows that

0]X 0
QPQT = ( PO 11312) = Y[ B o0
21 22 R | Ry Rs

Hence

T = P22 + CP21P12 +CﬁP211’U,1TP12 + (]. — C)(]. + ﬁé)PQl]. (’Ug ’Ug;) .
N—_————
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Consider the last summand in 7. The row (v v3) is positive because v is.
Moreover

Y1

P11 = : )
Yk
Ri1

where each vector y; has at least one positive element. This means, T' has at least
one positive row corresponding to each C; \ {i;}, 1 <j <k.

We still need to prove that T is irreducible. T being irreducible is equivalent to
the directed graph A(T) being strongly connected [1, Theorem 2.(2.7)]. We will show
that for any vertex in A(T") there is a path to any other vertex.

1. Paths within C; \ {¢;}, 1 < j < k: Consider the first two summands in T,

B+cYX O)

Py +cPy1 Pigp = <R2 Y eR X Rs

The leading principal submatrix is

By + eyt
B+cYX =
By + cygxi

Every diagonal element B; + cij]T is irreducible because its directed graph
is the same as that of the irreducible matrix B; +ijJT, ie, A(B;+ cijjT) =
A(Bj+yjz] ). Therefore A(T) contains a path from every vertex in C; \ {i;}
to all other vertices in C; \ {i,}.

2. Paths leaving C; \ {¢;}, 1 < j < k: The above fact that T contains at least
one positive row for each C; \ {i;} implies that A(T") contains a path from
every vertex in C; \ {i;} to any other vertex in A(T). Together with item
1, this implies A(T) contains a path from every vertex in C; \ {i;} to any
other vertex in A(T), 1 < j <k.

3. Paths leaving D: From the leading two summands of T', Pogy + cPs1 P12 with
¢ > 0, we see that A(T') contains A(Pas + cPo1 P12) = A(Sp), where

B 0 Y
Sp = Pag + P21 Pip = (R2 R3> + (R1> (X 0)

is a stochastic complement of P. Since every inessential index d € D has
a path to some essential index class C;, A(P) contains a path from d to
every vertex in Cj. Remark 8.1 implies that therefore A(Sp) also contains a
path from d to every vertex of C; \ {i;}. Since A(T) contains A(Sp), every
vertex in D must have a path to some vertex of C; \ {i;}. With item 2, we
conclude that A(T') contains a path from every vertex in D to any other vertex
in D. ]

Theorem 9.1 shows that for the Google matrix, there is always a choice of stochas-
tic complement so that the asymptotic convergence rate of Algorithm 3 is strictly
smaller than that of the power method. We give a simple illustration below.

ExaMpLE 9.1. This example illustrates that the asymptotic convergence rate of
Algorithm 3 applied to the Google matriz G can be the square of that of the power
method.
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Let G = cP + (1 —¢)1vT, where 0 < ¢ < 1, v is a positive probability vector, and

0 I
-0 1),
If P is of order n = 2k, then its directed graph A(P) is a union of k cycles, each of

length 2.
Partitioning v* = (UlT UQT) conformally with P gives, for the stochastic comple-

ment from Theorem 9.1,
Seg=(1-c)1v] + (el +(1—c)1o]) (I — (1 - c)lvf)_l (cI+(1-c)1v3).
Multiplying out yields

1—¢?

ml(w? + ’Ug)a where 6 = vlTl.

Sa = AT+

The eigenvalues of Sq are 1 and c2.

Hence the asymptotic convergence rate of Algorithm 3 for this matriz G is c?,
while the convergence rate of the power method is only c.

Below we illustrate that when Algorithm 3 is applied to the Google matrix G, the
computation of the stationary vectors of the aggregated matrices A®) is cheap.

REMARK 9.1. Algorithm 3 applied to the Google matriz G involves the computa-
tion of stationary vectors of aggregated matrices

A _ Gn G121
[O'(k)}TGgl [O'(k)]TGQQ]_ ’

For the stochastic complement Sg from Theorem 9.1, G11 = (1 — ¢)1v{. Hence
w_ ((1=c)lvf 71
a0 = (L8 1l
W7 = [0W]TGy, y=1-(1—c), =]l

The simple structure of A% yields an explicit expression for its stationary vector,

1
€+

a®) —

(ek(l —c)f + 'y[z(’“)]T 'y) , where €, = [z(k)]Tl.

Thus, when Algorithm 3 is applied to the Google matriz G, the computation of
the stationary vectors a'®) is cheap.

Acknowledgments. We thank Amy Langville and Carl Meyer for many helpful
discussions.
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