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PERTURBATION BOUNDS FOR DETERMINANTS AND
CHARACTERISTIC POLYNOMIALS*

ILSE C. F. IPSENT AND RIZWANA REHMANT

Abstract. We derive absolute perturbation bounds for the coefficients of the characteristic
polynomial of a n X n complex matrix. The bounds consist of elementary symmetric functions of
singular values, and suggest that coefficients of normal matrices are better conditioned with regard
to absolute perturbations than those of general matrices. When the matrix is Hermitian positive-
definite, the bounds can be expressed in terms of the coefficients themselves. We also improve absolute
and relative perturbation bounds for determinants. The basis for all bounds is an expansion of the
determinant of a perturbed diagonal matrix.
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1. Introduction. The characteristic polynomial of a n x n complex matrix A is
defined as

det( A — A) = A"+ e\ o e 1A+ e,

where in particular ¢, = (—1)"det(A) and ¢; = — trace(A).

The coefficients of the characteristic polynomial of a complex matrix are of cen-
tral importance in a quantum physics application. There they supply information
about thermodynamic properties of fermionic systems, which arise, for instance, in
the study of structure and evolution of neutron stars. These thermodynamic quanti-
ties are calculated from partition functions. It turns out that the partition function
Zy for k noninteracting fermions is given by Z; = (—1)¥cy, where the matrix A is
a function of the particle Hamiltonian operator [9]. Partition functions for systems
of interacting fermions require repeated calculation of noninteracting partition func-
tions. The matrices A in these problems have fairly small dimension (n < 1000) and
no discernible structure.

In order to assess the stability of numerical methods for computing the charac-
teristic polynomial, though, we first need to know the conditioning of the ¢ and their
sensitivity to perturbations in the matrix A. To this end, we derive perturbation
bounds for absolute normwise perturbations.

Main results. The main idea behind our perturbation bounds is a determi-
nant expansion of a perturbed diagonal matrix (Theorem 2.3). The expansion can
be extended to any square matrix via the SVD (Corollary 2.4). The resulting abso-
lute perturbation bounds contain elementary symmetric functions of singular values.
Below we present weaker, first-order versions of these bounds.

Let 01 > -+ > 0, > 0 be the singular values of A, and let A+ F be an xn
complex matrix with ||E||z < 1 and characteristic polynomial det(AI — (A + E)) =
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BOUNDS FOR CHARACTERISTIC POLYNOMIALS 763

A+ A 4 46, 1A+ E,. The extreme coefficients ¢; and ¢, have the simplest
bounds. The linearity of the trace implies

|¢1 — c1| = | trace(A + E) — trace(A)| = | trace(E)| < n||E||2,

so that coefficient c¢; is well conditioned with regard to absolute perturbations if the
matrix order n is not too large. The determinant satisfies to first order (Remark 2.9)

[én — el = [det(A) — det(A + E)| < su1]| Ell2 + O(|E3),

where s,_1 is the (n — 1)st elementary symmetric function in the singular values and
has the upper bound s,,_1 < noy...on_1.
The remaining coefficients ¢, satisfy to first order (Remark 3.4)

~ n
ol < (})slEl + OUER),  2<k<n

where s,(ck_)1 is the (k — 1)st elementary symmetric function in the k largest singular

values, and 51@1 < koy...0r_1. However, if the matrix is normal or Hermitian, then
the bound improves to (Remark 3.6)

ek — el < (n =k + Dspal Bz + O(IE]3),  2<k<n,

where s;_1 is the (k — 1)st function in all singular values. Also, since A is normal,
o; = |\i|, where \; are the eigenvalues. Since the binomial term (Z) is reduced to
n —k+ 1, the coefficients of a normal matrix are likely to be better conditioned than
those of a general matrix.

When the matrix is Hermitian positive-definite, eigenvalues are equal to singular
values, and the above bound can be written as (Corollary 3.7)

ex = cxl < (n =k + Dlee1l| Bl + O(IEIF),  2<k<n

As a result, ¢ is well conditioned in the absolute sense if the magnitude of the
preceding coefficient |ci_1| is not too large.

Overview. Section 2 deals with determinants. We first derive expansions for
determinants (section 2.1), and from them absolute perturbation bounds in terms
of elementary symmetric functions of singular values (section 2.2), as well as rela-
tive bounds for determinants (section 2.3), and local sensitivity results (section 2.4).
Section 3 deals with coefficients c¢; of the characteristic polynomial. We derive ab-
solute perturbation bounds for general matrices (section 3.1) and normal matrices
(section 3.2), as well as normwise bounds (section 3.3).

Notation. The matrix A is a n X n complex matrix with singular values o; >
-+ >0, > 0, and eigenvalues \;, labelled so that |A;| > -+ > |\,|. The two-norm is
||A|l2 = o1, and A* is the conjugate transpose of A. The matrix I = diag (1 . 1)
is the identity matrix, with columns e;, i > 1. We denote by A; the principal sub-
matrix of order n — 1 that is obtained by removing row and column ¢ of A, and by
A, ..i, the principal submatrix of order n—k, obtained by removing rows and columns
21 ... .

2. Determinants. We derive expansions and perturbation bounds for determi-
nants. We start with expansions for determinants of perturbed matrices (section 2.1),
and from them derive absolute perturbation bounds in terms of elementary symmetric
functions of singular values (section 2.2), as well as relative bounds for determinants
(section 2.3), and local sensitivity results (section 2.4).
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764 ILSE C. F. IPSEN AND RIZWANA REHMAN

2.1. Expansions. We derive expansions for determinants of perturbed matrices
in several steps, by considering perturbations that have only a single nonzero diagonal
element (Lemma 2.1), perturbations of diagonal matrices (Theorem 2.3), and at last
perturbations of general matrices (Corollary 2.4).

LEMMA 2.1. Let A be a n X n complex matriz, o a scalar, and A; the principal
submatriz of order n — 1 obtained by deleting row and column i of A.

If B = A+ aeief, then det(B) = det(A) + adet(4;), 1 <i < mn.

Proof. This follows from a cofactor expansion [8, Theorem 2.3.1] along row i or
column i of B. O

The above expansion can be used to expand the determinant of a perturbed diag-
onal matrix. Before deriving this expansion, we motivate its expression on matrices

of order 2 and 3.
0 fir o fi2
.D - F =
( 52) ’ <f21 f22> ’

Example 2.2. If
then det(D + F) = det(D) + det(F) + Sl, where Sl = 61f22 + 62f11.
If

61 fir fiz fis
D= 89 , F=1\fa fo foa],
03 far fa2 f33

then det(D + F) = det(D) + det(F') + S1 + Sz, where

_ f22 f23 fll f13 fll f12
51 = b1 det (f32 f33>+52det (f31 f33)+53det (f21 f22)’

and Sy = 6102 f33 + 6163 fa2 + 6203 f11.

These examples illustrate that the expansion of det(D + F') can be written as
a sum, where each term consists of a product of k£ diagonal elements of D and the
determinant of the “complementary” submatrix of order n — k of F.

To derive expansions for diagonal matrices of any order, we denote by Fj,  ;, the
principal submatrix of order n — k obtained by deleting rows and columns 4y .. .4 of
the n x n matrix F.

THEOREM 2.3 (expansion for diagonal matrices). Let D and F be n x n complex
matrices. If D = diag (61 . 6n), then

det(D + F) = det(D) + det(F) + S1+ -+ + Sn—1,

where
Se= Y. by b det(Fy, y), 1<k<n-—1
1<ip<---<ipg<n
In particular, if 6y = --- =6; =0 for some 1 < j <n—1, then
det(D + F) =det(F) + S1+--- + Sh—_j,
where

Sy = > biy 0 det(Fy . q,), 1<k<n-—j

JH1<i1 < <ip<n
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Proof. The proof is by induction over the matrix order n, and Example 2.2
represents the induction basis. Assuming the statement is true for matrices of order
n — 1, we show that it is also true for matrices of order n. Let

DY =diag(0 ... 0 841 ... &)

be a diagonal matrix of order n with j leading zeros. Applying Lemma 2.1 to A =
DM 4+ F and B = A+ 6,e1e} gives

det(D + F) = & det(D; + Fy) + det(DY + F).

We repeat this process on the second summand det(D(l) + F) to remove the diagonal
elements ¢; one by one; j > 2. To this end, we apply Lemma 2.1 to A = DU + F
and B = A + 4;eje}, and denote by (D(j))j the matrix of order n — 1 obtained by

removing row and column j from DU). This gives
n—1
det(DW) + F) =) " §; det ((D(f))j - Fj) + 6, det(F,) + det(F).
j=2
Putting the above expression into the expansion for det(D + F') yields
n—1 ]
det(D + F) = det(F) + 6 det(Dy + F1) + Y _ 6; det ((DU))j + Fj) + 6, det(F},).

Jj=2

Since D; + F} and (D(j))j + F; are matrices of order n— 1, we can apply the induction
hypothesis. To take advantage of the fact that the j — 1 top diagonal elements of
(DW); are zero, we define the following sums for matrices of order n — 1,

SIE:])E Z 61167,k det(Fﬂl%), 1§j§n—1, 1§k§n—],
JH1<ii < <ip<n

where Fj;, ., is the matrix of order n—k —1 obtained by removing rows and columns
4y91,...,1, of F. The induction hypothesis yields

det(Dy + Fy) = det(Dy) + det(Fy) + SU + -+ 80,
det ((D(J‘))j +F) =det(Fy) + S+ 487, 2<j<n-2

det ((D(nfl))n,l + Fn—l) = det(F,_1) + Sin—l)‘

Now substitute the above expansions into the expression for det(D + F') and use the
fact that 6; det(D1) = det(D), i, §; det(F;) = Si, and

n—j
Z(Slsj(l): 1 ].SJSN—Q 0
i=1

When the leading j diagonal elements of D are zero, then at most n — j of the Sy
are nonzero, and within each Sj one needs to account only for the nonzero summands.
We now extend Theorem 2.3 to general matrices, by transforming them to diagonal
form via the SVD. Let A = UXV™ be a SVD of A, where ¥ = diag (01 an)
with o1 > --- > 0, > 0, and U and V are unitary.
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766 ILSE C. F. IPSEN AND RIZWANA REHMAN

COROLLARY 2.4 (expansion for general matrices). Let A and E be n X n complex
matrices, and F = U*EV . Then

det(A+ E) = det(A) + det(E) + S1+ -+ - + Sn—1,
where
Sp=det(UV*) > oy, -0, det(F, ), 1<k<n-1.
1<i < <ip<n
If rank(A) =r for some 1 <r <n—1, then
det(A+ E) =det(E)+ S1+ -+ S,
where
Sp=det(UV*) > oy -oi det(Fy, ),  1<k<r
1<ig < <ip<r
Proof. The SVD of A implies A+ E =U(X + F)V*, and Theorem 2.3 implies
det(Z + F) = det(S) + det(F) + 81 + - - + Sp_1,
where

Sk = Z T4y " 04y, (1et(‘l*—‘7;1’m’ik)7 1 §k§n—1

1<iy <-<ip<n

With Sy, = det(UV*)S, we obtain det(A + E) = det(A) + det(E) + Sy + -+ + Sp_1.
Now suppose rank(A) = r < n — 1. Then n — r singular values are zero, so that
all products of r + 1 or more singular values are zero. In particular, det(4) = 0. If
rank(A) =r < n —1, then Sp41 = --- = S,—1 = 0. Moreover, the terms Si,..., S5,
contain only the nonzero singular values o1, ..., 0. 0
Corollary 2.4 shows that the number of summands in the expansion decreases
with the rank of the matrix.

2.2. Absolute perturbation bounds. We derive absolute perturbation bounds
for determinants in terms of elementary symmetric functions of singular values. These
bounds give rise to absolute first-order condition numbers. We also derive simpler,
but weaker normwise bounds.

To bound the perturbations we need the following inequalities.

LEMMA 2.5 (Hadamard’s inequality). If B is a n X n complex matriz, then

n
|det(B)| < [T lIBeill2 < 1 Bll5-
i=1
Proof. The first inequality is Hadamard’s inequality [6, Corollary 7.8.2]. ]
The bounds also contain elementary symmetric functions, which are defined as
follows [6, Definition 1.2.9].
DEFINITION 2.6 (elementary symmetric functions of singular values). Let A be
a n X n matriz with singular values oy > ... > o,. The expressions

so =1, Sk = E Oy Oy 1<k<n,
1<) < <ig<n,

are the kth elementary symmetric functions of the singular values of A.
Now we are ready to derive the first perturbation bound for determinants of
general matrices.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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COROLLARY 2.7 (general matrices). Let A and E be n x n complex matrices.
Then

| det(A) — det(A+ B) <3 s B3
=1

If rank(A) = r for some 1 <r <n—1, then
[det(A+ E)| < |[Ell5™ rzsr il E]l3,

where the s; are elementary symmetric functions in the r largest singular values of
A 1<j<r.

The bounds hold with equality for E = eUV* with ¢ > 0, where A = UXV™* is a
SVD of A.

Proof. Corollary 2.4 implies | det(A) —det(A+ E)| < |det(E)|+|S1|+- -+ |Sn-1]|-
To bound |S| use the fact that | det(UV*)| =1 and o; > 0 to obtain

|S/€| < max |d€t< 1. lk)l Z Oiy " Oy,

1<ip < <ipg<n, . .
1<ip < <ip<n

- 1§¢lg}?§ik<n | det(Fs,...i. ) s
Lemma 2.5 implies | det(E)| < || E||%, and |det(F;, 4,)| < |F|I5~" = ||E||3~*. Hence
1Sul < sl B3, 1<k <n—1.
Now suppose rank(A) = r. Then Corollary 2.4 implies

| det(A + E)| < |det(E)| + |Si] + -+ |S:| < I3~ Y se—ill Ell2,

where the terms s,_; contain only nonzero singular values.

If E = eUV*, then F = eI and det(F;, ;) = €% = |[E||3", so that Sy =
Skl = B3 se. O

Corollary 2.7 bounds the absolute error in det(A + E) by elementary symmetric
functions of singular values and powers of || E||2. Although the bounds for nonsingular
and rank-r matrices look different, because the sums start at different indices, they
are consistent. If rank(A) < n — k for some k > 1, then |det(A 4+ E)| is bounded by
a multiple of ||E||5. Hence if |E|l2 < 1 then determinants of rank-deficient matrices
tend to be better conditioned in the absolute sense.

Remark 2.8 (Hermitian positive-definite matrices). In the special case when A
is Hermitian positive-definite, singular values are equal to eigenvalues, so that we can
write the elementary symmetric functions in terms of the eigenvalues Ay > --- > A, >
0. Hence in Corollary 2.7

se= > Ajdiy,  1<k<n-L
1<ip < <ipg<n

Note that A + F does not have to be Hermitian positive-definite, because no restric-
tions are placed on E.

Remark 2.9 (first-order absolute condition numbers). Let A be a n X n complex
matrix with rank(4) > n — 1 and ||E||2 < 1. Corollary 2.7 implies the first-order
bound

|det(A) — det(A + E)| < s, || Ella + O (| EI3) ,
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768 ILSE C. F. IPSEN AND RIZWANA REHMAN

where s,,_1 < noy...0,-1. Hence we can view s,,_q1 or noy...o,_1 as first-order
condition numbers for absolute perturbations in A.

Example 2.10. The perturbation of a diagonally scaled Jordan block below illus-
trates that the first-order bound in Remark 2.9 can hold with equality. Let

0 (e5] 0 e 0
0 a9 :
A= 0 , E = cepel,
0 0 Qp—1
0 0 0

where |e/ <1and o; > 0,1 <i<n—1. Then |det(A+ E) —det(A)| = a1 ...an_1€.
Since the singular values of A are 0 and a; > 0, 1 < i < n — 1, we obtain |det(A +
E) — det(A)| = sp_1|Ell.

Replacing the singular values in Corollary 2.7 by powers of || A||2 gives the simpler,
but weaker bounds below.

COROLLARY 2.11 (normwise bounds). Let A and E be n X n complex matrices.
Then

- n n—i q
jder(a+ ) — dect)] < 3 (7 )13l
=1
= (A1l + 1Bl)" ~ Al

If rank(A) = r for some 1 <r <n—1, then

— r r—1 %
jden(a+ 2] < el Y (1) gl
i=0
=Bl Allz + 1E£]]2)"
Proof. This follows from Corollary 2.7 and s,—; < (™ )| Al5~" = (1) A[57",
1<i1<n—1. 0
A bound similar to the one in Corollary 2.11 was already derived in [1, section 20],
[2, Problem 1.6.11], [3, Theorem 4.7] for any p-norm, by taking Fréchet derivatives of
wedge products. Below we give a basic proof from first principles for the two-norm.
THEOREM 2.12 (section 20 in [1], problem 1.6.11 in [2], Theorem 4.7 in [3]). Let
A and E be n x n complex matrices. Then

| det(A + E) — det(A)] < nl|Ell2 max{||All2, | A + E2}" "

Proof. We first show the statement for a diagonal matrix. That is, if D =
diag (61 e 6n) is diagonal, then

det(D + F) = det(D) + z, where |z| < n||F||o max{||D||s, | D + F||2}" " .

The proof is by induction. For n = 2
b1 Jin f12)
D= F=
( 52) 7 (f21 fa2 )’

B B f f
z=det(D + F) — det(D) = 67 fao + det (fi 5 —0-12f22> :

and
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fll) ( f12 )

< ||F||2||D

1< 1Pl Dl + | (2 e,
< 2| Fllz max{|| Dz, |D + Fl2}.

Lemma 2.5 implies

< IFl2IDll2 + [[Fll2llD + Fll2
2

This completes the induction basis. Assuming the statement is true for matrices of
order n — 1, we show that it is also true for matrices of order n. As in the proof of
Theorem 2.3, let DY) = diag (O Oy ... 6n) be the matrix obtained from D by
replacing §; with 0, and apply Lemma 2.1 to conclude

det(D + F) = & det(Dy + F1) + det(D™) + F).

Since D; + F3i is a matrix of order n — 1, the induction hypothesis applies and gives
det(D; + F1) = det(D1) + 21, where

21| < (n— 1)||Fi|l2 max{|| D12, | D1 + Fy||2}" >
< (n — 1)||F||z max{|| D2, |D + F]2}" 2.

Substitute the above expression into the expansion for det(D + F') to obtain
z=det(D + F) — det(D) = 8,2, + det(DWY) + F),

where [6121] < (n — 1)||F|l2max{||D||z, |D + F|l2}""*. Applying Lemma 2.5 to
det(DW + F) yields

det(DW + F) < |Ferlla [T I(D + Feillz < ||F||a]|D + Fl3 .
=2

Therefore we have proved the theorem for diagonal matrices D.

To prove the theorem for general matrices A, let A = UXV™* be a SVD of A.
Then det(A + F) = det(UV*)det(X + F), where F = U*EV. Since ¥ is diagonal,
det(X + F) = det(X) + z, where

2] < || Fll2 max{||Z|z, |5 + Fll2}"7" = nl| Bl max{|| A2, | A + E|l2}"~".

Hence det(A + E) — det(A) = det(UV*)z, and the result follows from |det(UV™*)]
=1 O

2.3. Relative perturbation bounds. We derive expansions for relative pertur-
bations of determinants, as well as relative perturbation bounds that improve existing
bounds.

THEOREM 2.13 (expansion). Let A and E be n x n complex matrices. If A is
nonsingular, then

det(A + E) — det(A)

= ATE _
det(A) det( )—|—Sl + + S, 1,

where

S = > det((ATE)i, i), 1<k<n-1

1< << <n
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770 ILSE C. F. IPSEN AND RIZWANA REHMAN

Proof. Write det(A + E) = det(A)det(I + A™'E) and apply Theorem 2.3 to
det(I+ A7'E). O

COROLLARY 2.14 (relative perturbation bound). Let A and E be n X n complex
matrices. If A is nonsingular, then

[det(A + E) — det(A)| _ ( Bl . \"
[det(A)] << ||A||2“> b

where k = || A]|2||A7|2-
Proof. Apply Corollary 2.7 to

|det(A + E) — det(A)|
| det(A)]
and bound ||A7 E||2 < &||E||2/||A]|2- 0

Remark 2.15. Corollary 2.14 is more general and tighter than the following bound
from [4, (1.6)], [5, Problem 14.15]:

| det(A + E) —det(A)] _ _ nk[|Ell2/[|A]]2
| det(A)] ~ 1—nk|El2/All2”

= |det(I + A~'E) — det(1)],

which holds only for nk||E||2/||A|l2 < 1. This is true because of the following. With
q = |A7Y2l|Ell2 = &l Ell2/]|All2 we can write the first term in the bound of Corol-
lary 2.14 as

(¢+1)" = Z( )q <anql<znq

=0
If ng < 1, then >°7° (ng)" = 1 1nq, so that
ng
nNr—-1< —1= .
(g+1) ~—1—ng 1—ngqg

This implies for the bound in Corollary 2.14

(B )"y 2oL
[ETE =l B /TATL

where the last expression is the bound in [4, inequality (1.6)], [5, Problem 14.15].
2.4. Local sensitivity. We derive a local condition number for determinants

from directional derivatives. The directional derivative for det(A) in the direction F
is -2 det(A + 2F).
Although we derive the expressions below from the expansion in Theorem 2.3, we
could have also used the expression for derivatives of A(x) in [7, equation (6.5.9)].
THEOREM 2.16. Let A and E be n x n complex matrices, F = U*EV, and x a
real scalar. Then

det(A+zFE) = Z Sp_ix’ + det(A),
i=1
where

So=det(E),  Sp=det(UV*) > oi-eoq det(F, ), 1<k<n—1,

1<ii<--<ip<n
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BOUNDS FOR CHARACTERISTIC POLYNOMIALS 771

and
dk
W det(A + 'I:E)|;C=O = k‘!Sn_k, 1 < k <n.
Proof. If D = diag (61 e 6n) is a diagonal matrix, then Theorem 2.3 implies

det(D+zF) = det(xF)+S,+- - -4+ S,_1+det(D), where det(xF) = 2" det(F) = 2™S,
and

Sy, = Z 8iy -+ b5, det(xFy,  4,) = 2"k,

1<ip < <ip<n

To derive the expansion for a general matrix, use the SVD as in Corollary 2.4. ]
The first derivative gives the local condition number of the determinant with
regard to small perturbations.
COROLLARY 2.17 (local condition number). Let A and E be n X n complex
matrices, and x a real scalar. Then

4 det(A + 2E)|og

7 < $p—1||E||2, where s,_1 <noji...opn_1.
T

Proof. Theorem 2.16 implies for the first derivative

d
- det(A + 2E)|p—o = det(UV™) > o, - -op,_ det(Fy ),
1<i < <ip—1<n
where Fj,. ; _, is a diagonal element of F. Lemma 2.5 implies |det(F;,. ;,_,)| <
[Fllz = [|£]l2- O
Corollary 2.17 shows that the sensitivity of det(A) to small perturbations in any

direction F is determined by s,_1 or noy...o,—1. A comparison with Remark 2.9
shows that the local condition number for det(A) is identical to the first-order condi-
tion number.

3. Characteristic polynomial. Based on the determinant results in section 2,
we derive absolute perturbation bounds for the coefficients of the characteristic poly-
nomial for general matrices (section 3.1) and normal matrices (section 3.2), as well as
simpler, but weaker normwise bounds (section 3.3).

Applying Theorem 2.3 to the characteristic polynomial

detOA —A) = A"+ A" P+ fep A ey
of the n x n matrix A gives the well-known expressions [6, Theorem 1.2.12]

Cnok = (—1)"7F Z det(4;,..4,), 0<k<n-—1,

1<i1<...<ix<n

where A;, ;. is the principal submatrix of order n — k obtained by deleting rows and
columns 47 ...4; of A. The characteristic polynomial of the perturbed matrix A + E
is

detO\ — (A+E)) =N+ &N oo 4G A+,
where é, = (—1)" det(A + E) and

Cn—k = (—1)717]C Z det(Ail_,,ik =+ Eil...ik)a 1<k<n-1.

1<i1<...<ig<n
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772 ILSE C. F. IPSEN AND RIZWANA REHMAN

The following example illustrates that products of singular values play an impor-
tant role in the conditioning of the coefficients cy.
Ezample 3.1 (companion matrices). The n x n matrix

ayp Q2 Qnp
n 0 0
A=[10 n ; n >0,
0 0 n 0
is a multiple of a companion matrix, and let F = e (e e) with € > 0. The

respective coefficients of the characteristic polynomials of A and A+ E are [5, section
28.6]

¢ =o't ¢ = (a; + e 1<i<n.

Then |é; — ¢;| = en'~1, 1 <i < n. The singular values of A are [5, section 28.6]

1 1
Uf:i(a—i_ ()(2—4|O[n|2), 0'721:§<Oé—\/042T|04n|2)’

where o = 1+ a1 |2+ - -+|an|?, and 0; = 0, 2 < i < n—1. Therefore the conditioning
of the coefficients cj, is determined by products of singular values.
The products of singular values in our perturbation bounds are expressed in terms
of elementary symmetric functions of only the largest singular values of A.
DEFINITION 3.2 (elementary symmetric functions in the largest singular values).
Let A be a n x n matriz with singular values o1 > ... > o,. Denote by

S((Jk)EL sg.k)z Z Tiy + - Oy, 1<j<k, 1<k<n,

1<4y <<-~<ij§k

n .
where sé ) = s;. The expression s

k largest singular values of A.

(k)

; is the jth elementary symmetric function in the

3.1. General matrices. We use the determinant expansion in Corollary 2.4 to
derive perturbation bounds for coefficients ¢ of general matrices.
THEOREM 3.3 (general matrices). Let A and E be n x n complex matrices. Then

k
o< () o20El,  1sEs<n
i=1

If rank(A) =r for some 1 <r <n—1, then
~ n -7 - k i
R e S P B R

Proof. In the perturbed coefficient

e G > det(Ai, i, + EBiy i),

1<i1 <. <ix<n
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the matrices A;, .4, + Ei,..i, are of order n — k. Fix the indices i1,...,ix; set B =
Ai . i, and F = E; ,.; and let gy > ... > p,_j be the singular values of B.
Corollary 2.4 implies det(B + F') = det(B) + det(F) + S1 + - - - + Sp—g—1, where

Sj = Z Hiq - - /~L17 det(Filmij), 1 Sj S n—k—1.

1<i1<...<ij<n—k

Since B is a submatrix of A, the singular values interlace [6, Theorem 7.3.9], so that
o; > uj, 1 <j<n—Fk With Lemma 2.5 we obtain |S;| < s;nfk)HEHg_k_J. Hence
1S+ 4 |Snpa] < 0 s" ) |E|li. Summing up the terms associated with

n—k—i
all (Z) submatrices A;,. i, + Ei,.. i, gives the desired bound for |¢,—x — cp—k|.
Now suppose rank(A) = r < n — 1. Since r singular values are nonzero, the

elementary symmetric functions s;k) in the k largest singular values remain unchanged
for k <.
Since n — r singular values are equal to zero, all products of r+ 1 or more singular
(k)

values are zero. Hence for £ > r + 1 we have s ;= 0 whenever j > r + 1, so that
k r
k i k— k i
S sOLEN = 1E15 Y sV El.
i=1 i=0

Moreover, for j < r the sgk) are functions of the r largest singular values only, so that

s = 50 Therefore Y2 st ||EIlS = B g s | B[, giving the desired
bound for |é; — c¢| when k& > r 4 1.

For the two extreme coefficients, Theorem 3.3 produces the expected bounds: In
the case of ¢, = (—1)"det(A), the bound coincides with the determinant bound in
Corollary 2.7, while for ¢; = — trace(A) we obtain |¢; — ¢1| < n||E||2. Theorem 3.3
shows that the conditioning of ¢; with regard to absolute perturbations is determined
by the binomial term (Z) and the elementary symmetric functions in the k largest
singular values. The binomial coefficient is largest for ¢, with & ~ n/2, because
(,”) = (1), and (}) is monotonically increasing for k < n/2. In particular, if n is
even, then for kK = n/2 we have k(Z) >k (%)k = p2n/2-1,

If rank(A) = r» < n — 2, then the bounds for the coefficients ¢, 41, ..., ¢, contain
higher powers of ||E||2. Hence if ||[E||z < 1, then the coefficients ¢,11, ..., ¢, of rank-
deficient matrices tend to be better conditioned in the absolute sense.

Remark 3.4 (first-order absolute condition numbers for general matrices). The-
orem 3.3 implies for ||E|2 < 1 the first-order bound

~ n
ol < (})slEl +OUER),  1<k<n
(k) (k)

where s;’; < koy...op—1. Hence we can view (Z)s,ﬁl or (Z)kal ...0L—1 as first-
order condition numbers for absolute perturbations in the coefficient c.

3.2. Normal matrices. We show that for normal matrices, the conditioning of
the coefficients improves because the binomial term is smaller, and the elementary
symmetric functions depend on all singular values, not just the largest ones. Note
that all statements for normal matrices apply in particular to Hermitian matrices.

THEOREM 3.5 (normal matrices). If the n x n matriz A is normal, then

M n—k+i ,
|Ck —cx| < Z ( ; )Sk_i”E”ZQa 1<k<n.

i=1
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The bound holds with equality if E = el with ¢ > 0.
Proof. Since A is normal, it has an eigenvalue decomposition A = VAV*, where
A = diag (/\1 )\n) is complex diagonal, |A;| > ... > |A,|, and V is unitary.
Set D = A — A and F = —V*EV, so that det(\ — (A + E)) = det(D + F).
Theorem 2.3 implies det(D + F) = det(D) + det(F) + S1 + - -+ + Sp—1. Substituting
det(D) = A" + Y7 cxA" % and det(D + F) = A" 4+ >, &A™ * in the above
expansion gives
Z (Ek — Ck))\"_k = det(F) +S51 4+ Sp-1.
k=1

Thus &, — ¢y, is equal to the coefficient of A» % on the right-hand side, i.e., in det(F) +
S1+---+5S,_1. Since

Sp_j = > A=) (A =N, )det(Fyy a, ), 1<j<n-—1,

1<i1 < <ip—j<n

has as highest power A"~7, the term A\"~* can occur only in S,_g,...,Sn,_1. This
means & — ¢, is the sum of the coefficients of A* % in S,,_1,...,Sn_k. To bound the
coefficient of A% in Sy—; in particular, we first bound all coefficients in S, _;.

Observe that S,_; is a sum of (nT_L]) products (A — A, ) -+ (A= Aq,_;). For fixed
i1,...,in—; We can write the product as

A=) A= ) = A" A ey A+

Gn—j
The coefficient ~; is a sum of (";7) products A;, ... \j,. Hence S,,_; contains (nfj) ("77)
n’_‘j) ("l_J) products
[Ajil-.|A;]. Since A is normal |\;| = oy, so that these products are also sum-
mands of the elementary symmetric function s;. The sum s; contains () such
summands. Therefore the number of occurrences of s; in the bound for |S,_;| is
(G2) ()G = (5,

Now we are ready to return to the coefficient of A% in particular; it is Vh—j-
Applying the above counting argument with [ = k& — j shows that the coefficient
of A" * in S,_; is bounded by ("_;.H’j)sk,ﬂdet(Filminfj)L Lemma 2.5 implies
|det(Fy,..4,_;)] < |F||} = ||E|3. Summing up the contributions from all S,_j,
1 < 35 <k, gives the desired result.

If E=ecl, then F = ¢l and det(F, ;) =€ % =|E|37* 0

Remark 3.6 (first-order absolute condition numbers for normal matrices). If A
is normal and ||E||z < 1, then Theorem 3.5 implies the first-order bound

|&x — crl < (n—k + 1)sp_1[|Ell2 + O(|| El3), 1<k<n,

such products. Therefore we can bound |S,_;| by a sum of (

where sp_1 < k|A1...Ak—1|- Hence we can view (n — k + 1)sg—1 or (n — k +
Dk|A1 ... Ag—1| as first-order condition numbers for absolute perturbations in the
coefficient cg.

For Hermitian positive-define matrices, the bound in Theorem 3.5 can be ex-
pressed in terms of the coefficients cy.

COROLLARY 3.7 (Hermitian positive-definite matrices). If the n x n matriz A is
Hermitian positive-definite, then

M- ki .
ek —crl < ( . >|ck_i|||E|§, 1<k<n
=1
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Proof. The coeflicients ¢, are also elementary symmetric functions in the eigenval-
ues [6, section 1.2], and the eigenvalue of a Hermitian positive-definite is equal to the
singular values. Thus c; = (—1)*sy,, and the result follows from Theorem 3.5. a

To first order, the conditioning of coefficient ¢ is determined by the magnitude of
the preceding coefficient, |cx—1]. Asin Corollary 2.8, the matrix A+ E in Corollary 3.7
does not have to be Hermitian positive-definite, because F can be arbitrary. Below we
illustrate that one cannot use the expression in Corollary 3.7 for indefinite matrices;
that is, positive-definiteness of A is crucial for the expression in Corollary 3.7.

Example 3.8. Corollary 3.7 is not valid for indefinite Hermitian matrices and in
particular matrices with zero trace.

To see this, let
e P a—e€
a=(C ) A (T L)

where a > 0 and € > 0. The characteristic polynomials are

det(\ — A) = \? — o2, (M - (A+E)) =X — (a—€)?,
so that & — co = 2ae — €2. However, |éa — ¢2| cannot be bounded in terms of ¢, as
required by Corollary 3.7, because ¢; = 0.

3.3. Normwise bounds. Replacing the singular value products by powers of
|A]l2 gives the following simpler, but weaker bounds.

COROLLARY 3.9 (normwise bounds). Let A and E be n x n complex matrices.
Then

k

~ n k —i i

-l < k(1) 3 (5) s
i=1

= (1) @Al 1By - 1Ay, 1sksn

If rank(A) =r for some 1 <r <n—1, then

T

~ n —r k r—1 7
o=l < k(1152 (5) 1t s

=1

n —r r T
= (P )IBIE™ (1Al + 1R - A7), r+1<k<n

Proof. This follows from Theorem 3.3 and

. k L (k . ,
s (5 = (g asise-n o

A similar bound was was already derived in [1, section 20] and [2, Problem I1.6.11]
for any p-norm, by taking Fréchet derivatives of wedge products. Below we give a
basic proof from first principles for the two-norm.

THEOREM 3.10 (section 20 in [1], problem 1.6.11 in [2]). Let A and E be n xn
complex matrices. Then

~ n _
o = eul < b Bl max{l Al |14+ Bl 1<k<n
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Proof. As in the proof of Theorem 3.3, we use

énfk = (—l)n_k Z det(Ail...ik + Eil...ik)-

1<ii <...<ip<n

This gives for the absolute error

|én*k - C’ﬂ*k| < Z ‘det(AiLuik + Eilmik) - det(All'Lk)l

1<i1 <...<ip<n

Theorem 2.12 implies that | det(A4;, s, + Fi, .4,) — det(A;,. 4,.)| is bounded by

(n = )| By iy |2 max{[| A, iy [l2, [[(A + E)iy g ll2} "

Bounding the principal submatrices by the norms of the respective matrices and rec-

ognizing that the sum contains (n_

"k) summands yields the desired bound. 0
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