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PAGERANK COMPUTATION, WITH SPECIAL ATTENTION TO
DANGLING NODES*
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Abstract. We present a simple algorithm for computing the PageRank (stationary distribution)
of the stochastic Google matrix GG. The algorithm lumps all dangling nodes into a single node. We
express lumping as a similarity transformation of G and show that the PageRank of the nondangling
nodes can be computed separately from that of the dangling nodes. The algorithm applies the power
method only to the smaller lumped matrix, but the convergence rate is the same as that of the power
method applied to the full matrix G. The efficiency of the algorithm increases as the number of
dangling nodes increases. We also extend the expression for PageRank and the algorithm to more
general Google matrices that have several different dangling node vectors, when it is required to
distinguish among different classes of dangling nodes. We also analyze the effect of the dangling
node vector on the PageRank and show that the PageRank of the dangling nodes depends strongly
on that of the nondangling nodes but not vice versa. Last we present a Jordan decomposition of the
Google matrix for the (theoretical) extreme case when all Web pages are dangling nodes.
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1. Introduction. The order in which the search engine Google displays the Web
pages is determined, to a large extent, by the PageRank vector [7, 33]. The PageRank
vector contains, for every Web page, a ranking that reflects the importance of the Web
page. Mathematically, the PageRank vector 7 is the stationary distribution of the so-
called Google matriz, a sparse stochastic matrix whose dimension exceeds 11.5 billion
[16]. The Google matrix G is a convex combination of two stochastic matrices

G=aS+(1-a)E, 0<ax<l,

where the matrix S represents the link structure of the Web, and the primary purpose
of the rank-one matrix FE is to force uniqueness for 7. In particular, element (7,j) of
S is nonzero if Web page ¢ contains a link pointing to Web page j.

However, not all Web pages contain links to other pages. Image files or pdf files,
and uncrawled or protected pages have no links to other pages. These pages are called
dangling nodes, and their number may exceed the number of nondangling pages [11,
section 2]. The rows in the matrix S corresponding to dangling nodes would be zero
if left untreated. Several ideas have been proposed to deal with the zero rows and
force S to be stochastic [11]. The most popular approach adds artificial links to the
dangling nodes, by replacing zero rows in the matrix with the same vector, w, so that
the matrix S is stochastic.

It is natural as well as efficient to exclude the dangling nodes with their ar-
tificial links from the PageRank computation. This can be done, for instance, by
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1282 ILSE C. F. IPSEN AND TERESA M. SELEE

“lumping” all the dangling nodes into a single node [32]. In section 3, we provide
a rigorous justification for lumping the dangling nodes in the Google matrix G, by
expressing lumping as a similarity transformation of G (Theorem 3.1). We show that
the PageRank of the nondangling nodes can be computed separately from that of the
dangling nodes (Theorem 3.2), and we present an efficient algorithm for computing
PageRank by applying the power method only to the much smaller, lumped matrix
(section 3.3). Because the dangling nodes are excluded from most of the computations,
the operation count depends, to a large extent, on only the number of nondangling
nodes, as opposed to the total number of Web pages. The algorithm has the same
convergence rate as the power method applied to G, but is much faster because it
operates on a much smaller matrix. The efficiency of the algorithm increases as the
number of dangling nodes increases.

Many other algorithms have been proposed for computing PageRank, including
classical iterative methods [1, 4, 30], Krylov subspace methods [13, 14], extrapolation
methods [5, 6, 20, 26, 25], and aggregation/disaggregation methods [8, 22, 31]; see
also the survey papers [2, 28] and the book [29]. Our algorithm is faster than the
power method applied to the full Google matrix G, but retains all the advantages of
the power method: It is simple to implement and requires minimal storage. Unlike
Krylov subspace methods, our algorithm exhibits predictable convergence behavior
and is insensitive to changes in the matrix [13]. Moreover, our algorithm should
become more competitive as the Web frontier expands and the number of dangling
nodes increases. The algorithms in [30, 32] are special cases of our algorithm because
our algorithm allows the dangling node and personalization vectors to be different,
and thereby facilitates the implementation of TrustRank [18]. TrustRank is designed
to diminish the harm done by link spamming and was patented by Google in March
2005 [35]. Moreover, our algorithm can be extended to a more general Google matrix
that contains several different dangling node vectors (section 3.4).

In section 4 we examine how the PageRanks of the dangling and nondangling
nodes influence each other, as well as the effect of the dangling node vector w on the
PageRanks of dangling and nondangling nodes. In particular we show (Theorem 4.1)
that the PageRanks of the dangling nodes depend strongly on the PageRanks of the
nondangling nodes but not vice versa. Finally, in section 5, we consider a (theoretical)
extreme case, where the Web consists solely of dangling nodes. We present a Jordan
decomposition for general rank-one matrices (Theorems 5.1 and 5.2) and deduce from
it a Jordan decomposition for a Google matrix of rank one (Corollary 5.3).

2. The ingredients. Let n be the number of Web pages and k the number of
nondangling nodes among the Web pages, 1 < k < n. We model the link structure of
the Web by the n X n matrix

_ |Hn Hi
H= [ 0o 0]
where the k x k matrix Hi; represents the links among the nondangling nodes, and
Hy5 represents the links from nondangling to dangling nodes; see Figure 2.1. The
n — k zero rows in H are associated with the dangling nodes.
The elements in the nonzero rows of H are nonnegative and sum to one,

1
Hi1 >0, Hi >0, Hiie+ Hize = ¢, where e= ||,
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ND H12

A 4

Fic. 2.1. A simple model of the link structure of the Web. The sphere ND represents the set
of mnondangling nodes, and D represents the set of dangling nodes. The submatriz Hi1 represents
all the links from nondangling nodes to nondangling nodes, while the submatriz Hi2 represents links
from nondangling to dangling nodes.

and the inequalities are to be interpreted elementwise. To obtain a stochastic matrix,
we add artificial links to the dangling nodes. That is, we replace each zero row in H
by the same dangling node vector

w= {wl} , w >0, |w| = whe =1.
w2
Here wy is k x 1, wy is (n—k) x 1, || || denotes the one norm (maximal column sum),

and the superscript T’ denotes the transpose. The resulting matrix

S=H+dw" = {Hl% Hl%} , where d= {O] ,
ewj  ews e

is stochastic, that is, S > 0 and Se = e.
Finally, so as to work with a stochastic matrix that has a unique stationary
distribution, one selects a personalization vector

vzm, v>0, |v|=1,
V2

where v; is k X 1 and vy is (n — k) x 1, and defines the Google matrix as the convex
combination

G=aS+(1-a)e?, 0<a<l

Although the stochastic matrix G may not be primitive or irreducible, its eigen-
value 1 is distinct and the magnitude of all other eigenvalues is bounded by « [12, 19,
25, 26, 34]. Therefore G has a unique stationary distribution,

G =7t >0, ||| = 1.

The stationary distribution 7 is called PageRank. Element ¢ of 7 represents the
PageRank for Web page 1.
If we partition the PageRank conformally with G,

{m}

= ,

o

then m; represents the PageRank associated with the nondangling nodes and 7o rep-

resents the PageRank of the dangling nodes.
The identity matrix of order n will be denoted by I,, = [e; - - - €,], or simply by I.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1284 ILSE C. F. IPSEN AND TERESA M. SELEE

3. Lumping. We show that lumping can be viewed as a similarity transformation
of the Google matrix; we derive an expression for PageRank in terms of the stationary
distribution of the lumped matrix; we present an algorithm for computing PageRank
that is based on lumping; and we extend everything to a Google matrix that has sev-
eral different dangling node vectors, when it is required to distinguish among different
classes of dangling nodes.

It was observed in [32] that the Google matrix represents a lumpable Markov
chain. The concept of lumping was originally introduced for general Markov matrices,
to speed up the computation of the stationary distribution or to obtain bounds [9, 17,
24, 27]. Below we paraphrase lumpability [27, Theorem 6.3.2] in matrix terms: Let
P be a permutation matrix and

My Ml,k+1
rPMPT = :

Mii11 - M1 g+

be a partition of a stochastic matrix M. Then M is lumpable with respect to this
partition if each vector M;;e is a multiple of the all-ones vectore, 7 # j,1 < 4,5 < k+1.

The Google matrix G is lumpable if all dangling nodes are lumped into a single
node [32, Proposition 1]. We condense the notation in section 2 and write the Google
matrix as

|G Gz u|
(3.1) G= LulT euﬂ , where u = {UJ =aw + (1 — a)v,

G117 is k x k, and G12 is (n — k) x k. Here element (¢, j) of G1; corresponds to block
M;j;, 1 <14,5 < k; row i of G2 corresponds to block M; jy1, 1 <4 < k; column 4 of
eu? corresponds to My11,4, 1 <14 < k; and eug corresponds to My 1 k1.

3.1. Similarity transformation. We show that lumping the dangling nodes in
the Google matrix can be accomplished by a similarity transformation that reduces
G to block upper triangular form.

THEOREM 3.1. With the notation in section 2 and the matriz G as partitioned

n (3.1), let

0
XZ[I(;C 2], where LEIn,k—nikéeT and é=e—e = 1
1
Then
XGX~! = {Gél) ;} . where G = ﬁ? i;ﬁ(j .

The matriz G is stochastic of order k + 1 with the same nonzero eigenvalues as G.
Proof. From

Xil = |:Iok L(11:| ) Lil =In—+ éeT’
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it follows that

_ G Gi1a(I + eeT)

1 11 12

XGXT = equl’ equl (I + éel)

has the same eigenvalues as G. In order to reveal the eigenvalues, we choose a different
partitioning and separate the leading k + 1 rows and columns, and observe that

Gia(I +éeT)e; = Gze, ud (I+éeT)e; =ule
to obtain the block triangular matrix

xax-1 = [G(l) *}

0 O

with at least n — k — 1 zero eigenvalues. 1]

3.2. Expression for PageRank. We give an expression for the PageRank 7 in
terms of the stationary distribution o of the small matrix G().

THEOREM 3.2. With the notation in section 2 and the matriz G as partitioned
n (3.1), let

G G
oT [ o 1T2€} =07, c>0, lell =1
uy  uze
and partition o7 = [ofk 0k+1] , where o141 is a scalar. Then the PageRank equals

T_ | 1 1 (G2
o= |:01:k o (uT) .
2 /]

Proof. As in the proof of Theorem 3.1, we write

G @]
0 0 |’

XGX 1= {
where

G? = {3?] (I+éeT)ex - en_t).
2

The vector [CTT JTG(z)] is an eigenvector for X GX ! associated with the eigenvalue
A = 1. Hence

T = [JT UTG(Q)} X

is an eigenvector of G associated with A = 1 and a multiple of the stationary distri-
bution 7 of G. Since G has the same nonzero eigenvalues as G, and the dominant
eigenvalue 1 of G is distinct [12, 19, 25, 26, 34], the stationary distribution o of el
is unique.

Next we express 7 in terms of quantities in the matrix G. We return to the
original partitioning which separates the leading &k elements,

. I, O
]

Multiplying out
wh=[ofy (ons1 o"G®)L]

shows that 7 has the same leading k elements as o.
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1286 ILSE C. F. IPSEN AND TERESA M. SELEE

We now examine the trailing n — k components of #7. To this end we partition

the matrix L = I,, _j — ﬁée and distinguish the first row and column,

1 0
L= |: nike I— nikeeT] .

Then the eigenvector part associated with the dangling nodes is
2P =opp1 0TGP L = |:0‘k;+1 — LoTGPe TGP (I— ﬁeeTﬂ )

To remove the terms containing G®) in z, we simplify

(I4éeDeg - en_ile= I+ éel)é = (n—k)e.

Hence

(3.2) GPe = (n—k) {Gﬂ ¢
U3

and

I 7 @ . _ 7|Gi2|,_ 1|G 7 |Gi2
7]{0 G\¥Ye=¢ ug éE=o0 uQT e—o ug €1

n —
_ 7 |G12
=0k4+1 — O T | €1,

Uz

where we used € = e — e1, and the fact that o is the stationary distribution of G(l),
o)

T G12
Ok+1 = 0O |:uT:|€
2

Therefore the leading element of z equals

1
n—=k

G
2] = Opy1 — oTGPe = 4T [ulTQ e1.

2

For the remaining elements of z, we use (3.2) to simplify

G ([ _ keeT) =G® - e GPee” =GP — {Gng] eel.

n — n—k

Replacing

(I4éeMea-en ] =[ea---en_p] + e’

in G® yields

1
2 =0TG? (I - keeT> = {G?] [e2 -+ €n_k]

n — Uy

Therefore the eigenvector part associated with the dangling nodes is

G
R [uﬂ
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- ()

Since 7 is unique, as discussed in section 2, we conclude that # = 7 if #7e = 1.

This follows, again, from the fact that o is the stationary distribution of G and
oT[C2le=0 0
ol 1€ = Ok+1.

and

3.3. Algorithm. We present an algorithm, based on Theorem 3.2, for comput-
ing the PageRank 7 from the stationary distribution ¢ of the lumped matrix

G Gqe
B )

uyp  us e
The input to the algorithm consists of the nonzero elements of the hyperlink matrix
H, the personalization vector v, the dangling node vector w, and the amplification
factor a. The output of the algorithm is an approximation 7 to the PageRank 7,
which is computed from an approximation & of o.

ALGORITHM 3.1.

% Inputs: H, v, w, « Output: 7

% Power method applied to G():

Choose a starting vector 67 = [67,, k41| with 6 >0, |]| = 1.

While not converged

61, =a6l, Hi1+ (1 —a)ol + adpiiw!

&k+1 =1- &fke

end while

% Recover PageRank:

1 =61, a6l Hiz+ (1 —a)v 4+ adpyiwg |

Each iteration of the power method applied to G!) involves a sparse matrix vec-
tor multiply with the k& x k matrix Hy; as well as several vector operations. Thus the
dangling nodes are excluded from the power method computation. The convergence
rate of the power method applied to G is « [23]. Algorithm 3.1 has the same conver-
gence rate, because G has the same nonzero eigenvalues as G (see Theorem 3.1),
but is much faster because it operates on a smaller matrix whose dimension does not
depend on the number of dangling nodes. The final step in Algorithm 3.1 recovers 7
via a single sparse matrix vector multiply with the k x (n — k) matrix Hyo, as well as
several vector operations.

Algorithm 3.1 is significantly faster than the power method applied to the full
Google matrix G, but it retains all advantages of the power method: It is simple to
implement and requires minimal storage. Unlike Krylov subspace methods, Algorithm
3.1 exhibits predictable convergence behavior and is insensitive to changes in the
matrix [13]. The methods in [30, 32] are special cases of Algorithm 3.1 because they
allow the dangling node vector to be different from the personalization vector, thereby
facilitating the implementation of TrustRank [18]. TrustRank allows zero elements in
the personalization vector v in order to diminish the harm done by link spamming.
Algorithm 3.1 can also be extended to the situation when the Google matrix has
several different dangling node vectors; see section 3.4.

The power method in Algorithm 3.1 corresponds to Stage 1 of the algorithm
in [32]. However, Stage 2 of that algorithm involves the power method on a rank-two
matrix of order n — k+ 1. In contrast, Algorithm 3.1 simply performs a single matrix

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1288 ILSE C. F. IPSEN AND TERESA M. SELEE
vector multiply with the & x (n — k) matrix Hqo. There is no proof that the two-stage
algorithm in [32] does compute the PageRank.

3.4. Several dangling node vectors. So far we have treated all dangling nodes
in the same way, by assigning them the same dangling node vector w. However, one
dangling node vector may be inadequate for an advanced Web search. For instance,
one may want to distinguish different types of dangling node pages based on their
functions (e.g., text files, image files, videos, etc.); or one may want to personalize a
Web search and assign different vectors to dangling node pages pertaining to different
topics, different languages, or different domains; see the discussion in [32, section 8.2].

To facilitate such a model for an advanced Web search, we extend the single class
of dangling nodes to m > 1 different classes, by assigning a different dangling node
vector w; to each class, 1 <7 < m. As a consequence we need to extend lumping to a
more general Google matrix that is obtained by replacing the n — k zero rows in the
hyperlink matrix H by m > 1 possibly different dangling node vectors wi, ..., Wp,.
The more general Google matrix is

k k1 km
k Fii  Fio Fims1
ki | eud;  eud, eu{m 11
F = . )
ki eu%1 euf12 eurz,FﬁL’mJrl
where
Uil
u; = = aw; + (1 — a)v.
Ui m+1
Let 7 be the PageRank associated with F,
#TF=xT, #>0, |7|=1

We explain our approach for the case when F' has two types of dangling nodes,

k k1 ko

k ( Fu  Fi2  Fis
F=1k|edd euly, eul;
ko \eud;, eul, eul;

We perform the lumping by a sequence of similarity transformations that starts at the
bottom of the matrix. The first similarity transformation lumps the dangling nodes
represented by us and leaves the leading block of order k + k1 unchanged,

k+ki ko
_k+k 1 0
Y=, ( 0 Ll)’

where L; lumps the ks trailing rows and columns of F',

1
lel—k—éeT, Lyt =T +¢ée”, é=e—e =

2
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Applying the similarity transformation to F' gives

k k1 1 ko — 1

k Fi1 Fia Fize Fi3
_ k1 eul] euly, (ulje)e end
X FX- — 11 12 13 Ui

! ! 1 Ule UzTQ u2T3e Usz

ko —1 0 0 0 0

with
Flg = F13L1_1 [62 s €k2] y ’ELT3 = UJT3L1_1 [62 e 6k2] y ] = 1,2

The leading diagonal block of order k + k1 + 1 is a stochastic matrix with the same
nonzero eigenvalues as F. Before applying the second similarity transformation that
lumps the dangling nodes represented by w1, we move the rows with w; (and corre-
sponding columns) to the bottom of the nonzero matrix, merely to keep the notation
simple. The move is accomplished by the permutation matrix

P

[e1 €k  €kghkitl €kl Chiky Chtki42° " En)-

The symmetrically permuted matrix

Fiy Fize Fip | Fi3

T T T ~T
PX, FX-1pT — Ug1 Uzz€ Ude | Uas
141 1 1 = T (T ) T ~T
euy; (ujze)e eujy | et

0 0 0 \ 0

retains a leading diagonal block that is stochastic. Now we repeat the lumping on
dangling nodes represented by uq, by means of the similarity transformation

k+1 k1 ko—1

kE+1 1 0 0
XQE kl 0 L2 0
ke —1 0 0 1

where Ly lumps the trailing k; nonzero rows,

1
Lo=1- k—éeT7 Lyt =T+ ¢éet.
1

The similarity transformation produces the lumped matrix

k 1 1 ki—1 ke—1

k Fi1 Fize Fie o Fi3
1 Ule u2T3e nge asz ﬂsz
XoP X FX{'PEX; =1 uly  ule wlhe al, aty
ki —1 0 0 0 0 0
ko —1 0 0 0 0 0

Finally, for notational purposes, we restore the original ordering of dangling nodes by
permuting rows and columns k + 1 and k + 2,

Py=le1---er €rt2 €kl €pp3---€nl.
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The final lumped matrix is

Fii Fise Fige

T T T
— — u U19€ Ujg€

P XoP X FXT'PIX RS = | AL TRt 8
U31€  Upe€ Up3€

0 0 0 O

* % %
I
&)
o~
=
G
O ¥
_

The above discussion for m = 2 illustrates how to extend Theorems 3.1 and 3.2 to
any number m of dangling node vectors.
THEOREM 3.3. Define X; as

E+(i—1)+ Z;n:_ll ki km—it1 1—i+ Z;'n:mfwﬂ kj

k+(i— 1)+ Yk I 0 0
km—it1 0 L; 0
L= i+ ks 0 0 I
and
m—1
Pi=ler--er €ryi €hyl - €ryi1 Cryifl - €nl, T=k+zkj-
j=1
Then
—1pT ipr _ |[FY o«
PmePm—le—l"'PleFX1 P1 "'Xm Pm: 0 ol

where the lumped matrix

Fiy Fie -+ Fipyqie
T T T
Uy Ui -0 UL ;1€
FO =
T T T
Um1  Upo€ - um,m+16

is stochastic of order k + m with the same nonzero eigenvalues as F'.
THEOREM 3.4. Let p be the stationary distribution of the lumped matrix

Fiy Fie - Figpgie
(3.3) PO [T URe e
U%1 U?nze urj;L,m+le
that is,
pPFO=p"  p>0, ol =1

With the partition pT = [pl),  pli1iesm)s Where pritiesm is m x 1, the PageRank
of F' equals

Fio o Py
T T
o T T Utg 0 Ul m+1
= Pk P : .
T T
Uy " um,erl
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4. PageRanks of dangling versus nondangling nodes. We examine how
the PageRanks of dangling and nondangling nodes influence each other, as well as the
effect of the dangling node vector on the PageRanks.

From Theorem 3.2 and Algorithm 3.1, we see that the PageRank 7 of the
nondangling nodes can be computed separately from the PageRank 7 of the dangling
nodes, and that 7o depends directly on 7. The expressions below make this even
clearer.

THEOREM 4.1. With the notation in section 2,

7T = (1= ap? + pul) (I — aHy) ™,
w3 = am Hip + (1 - a)vy +a(l - [Im|)ws

where

1—(1—awf(I—-aH;;) e -—

=a
p 1+ awf(I—aHi) e —

Proof. Rather than using Theorem 3.2 we found it easier just to start from scratch.
From G = a(H +dw™) + (1 — a)vT and the fact that 77e = 1, it follows that 7 is the
solution to the linear system

™ =01-ap’ (I-al- c)aiu;T)_1 ,

whose coeflicient matrix is a strictly row diagonally dominant M-matrix [1, equa-
tion (5)], [4, equation (2), Proposition 2.4]. Since R = I — aH is also an M-
matrix, it is nonsingular, and the elements of R~! are nonnegative [3, section 6].
The Sherman—Morrison formula [15, section 2.1.3] implies that

aRYdwTR™!
1 —awT R’

-1

(R — adwT) =R '+

Substituting this into the expression for 7 gives

1-— TR=1d
a(l=a) R ooy

T _ T p—1
(4.1) 7 =(1—-a) R+ T owl B=14

We now show that the denominator 1 — aw” R~'d > 0. Using the partition

Rl=(U-aH) "= [(I_ afy) ™ a(l - aHll)_le}

0 I
yields
(4.2) 1—aw'Rd= 1704<aw1T (I —aHy) ™ H126+w2Te) .

Rewrite the term involving Hio by observing that Hi1e+ Hize = e and that I —aHq;
is an M-matrix, so
(4.3) 0<a(l—aHy) "Hype=e—(1—a)( —aHp) ‘e

Substituting this into (4.2) and using 1 = w”e = wf'e + wl'e shows that the denomi-

nator in the Sherman—Morrison formula is positive,

1—awTR'd=(1-0) (1 +aw! (I —aHy;)™! e) > 0.
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Furthermore, 0 < a < 1 implies 1 — aw”R™'d > 1 — a.
Substituting the simplified denominator into the expression (4.1) for 7 yields

(4.4)

vITR~1d
1+ awl' (I — aHyp) te

al=(1-a)’R'+a w R

We obtain for 7

vITR™Yd T
I—oaHp;)
1+aw1T(I—aH11)—1ew1> (I - aHy)

7l = <(1 —a)vl +a

Combining the partitioning of R™!, (4.3), and ve +vle =1 gives

0<vI'R'd= [vlT quT] 0 7 .

=avl (I —aH) " Hyze +vie
=1-(1—-awl{I—aH;) e

(I—aHy)™" ol —aH;) ! Hu} H

Hence 7{ = ((1 — a)v{ + pw!) (I — aHy1)™! with p > 0.
To obtain the expression for 7o, observe that the second block element in

7l (I — aH — adw™) = (1 — a)v”

equals

T T T, T T
—amy Hig + 15 —amy ew; = (1 — a)v; .

The result follows from 7{ e + 7l e = 1. 0

Wq

Fic. 4.1. Sources of PageRank. Nondangling nodes receive their PageRank from vi and w1,
distributed through the links Hy1. In contrast, the PageRank of the dangling nodes comes from va,
wa, and the PageRank of the nondangling nodes through the links His.

Remark 4.1. We draw the following conclusions from Theorem 4.1 with regard
to how dangling and nondangling nodes accumulate PageRank; see Figure 4.1.

e The PageRank m; of the nondangling nodes does not depend on the connec-
tivity among the dangling nodes (elements of ws), the personalization vector
for the dangling nodes (elements of vs), or the links from nondangling to
dangling nodes (elements of His).

To be specific, m; does not depend on individual elements of ws, v, and
Hiy. Rather, the dependence is on the norms, through ||ve| = 1 — |lvy],
[|lwa|| =1 — ||wy||, and Hise = e — Hyqe.

e The PageRank m; of the nondangling nodes does not depend on the PageRank
mo of the dangling nodes or their number, because 71 can be computed with-
out knowledge of ms.
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e The nondangling nodes receive their PageRank 7; from their personalization
vector v; and the dangling node vector w;, both of which are distributed
through the links Hi;.

e The dangling nodes receive their PageRank ms from three sources: the
associated part vs of the personalization vector; the associated part ws of
the dangling node vector; and the PageRank 7 of the nondangling nodes
filtered through the connecting links His.

The links Hi, determine how much PageRank flows from nondangling to
dangling nodes.

e The influence of the associated dangling node vector ws on the PageRank
7 of the dangling nodes diminishes as the combined PageRank |71 || of the
nondangling nodes increases.

Taking norms in Theorem 4.1 gives a bound on the combined PageRank of the
nondangling nodes. As in section 2, the norm is ||z|| = z%e for z > 0.
COROLLARY 4.2. With the assumptions of Theorem 4.1,

Imll =

(1 —a)|lvillg + alw:] #
1+ aoflw||g

)

where ||z||g = 2T (I — aHy1) " e for any z > 0 and

(1 —a)llz] < [lzlla < 121

l-«a

Proof. Since (I — aHy1)™! is nonsingular with nonnegative elements, || - ||z is a
norm. Let |||l be the infinity norm (maximal row sum). Then the Holder inequality
[15, section 2.2.2] implies for any z > 0,

zller < M2l (1 = aHi) oo < T Izl
As for the lower bound,
Izl > |zl = az" Hue > (1 = )|zl O

Hi

FiG. 4.2. Sources of PageRank when wi = 0. The nondangling nodes receive their PageRank
only from v1. The dangling nodes, in contrast, receive their PageRank from va and wa, as well as
from the PageRank of the nondangling nodes filtered through the links His.

Corollary 4.2 implies that the combined PageRank ||7r1 || of the nondangling nodes
is an increasing function of |Jwy ||. In particular, when wy = 0, the combined PageRank
|71 is minimal among all w and the dangling vector wsy has a stronger influence on
the PageRank 7 of the dangling nodes. The dangling nodes act like a sink and
absorb more PageRank because there are no links back to the nondangling nodes; see
Figure 4.2. When w; = 0 we get

(4.5) 7 = (1 —a)l (I — aHy;) ™,

772T omlTng +(1- a)vQT +a(l- ||7T1||)w2T
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In the other extreme case when ws = 0, the dangling nodes are not connected to
each other; see Figure 4.3:

(4.6) 1 = (1 —a)o! +pwi) (I —aHyp) ™,
73 = ari Hig + (1 — a)vi.

In this case the PageRank 7 of the nondangling nodes has only a positive influence
on the PageRank of the dangling nodes.

Wy

Hi

Fic. 4.3. Sources of PageRank when we = 0. The dangling nodes receive their PageRank only
from va, and from the PageRank of the nondangling nodes filtered through the links Hia.

An expression for 7 when dangling node and personalization vectors are the same,
i.e.,, w = v, was given in [10],

avTR~1d

T
=(1- 14— > =
m (1=a) ( + 1—avTR-1d

) vI'R71, where R=1-— aH.

In this case the PageRank vector 7 is a multiple of the vector vT'(I — aH)1.

5. Only dangling nodes. We examine the (theoretical) extreme case when all
Web pages are dangling nodes. In this case the matrices S and G have rank one.
We first derive a Jordan decomposition for general matrices of rank one, before we
present a Jordan form for a Google matrix of rank one.

We start with rank-one matrices that are diagonalizable. The vector e; denotes
the jth column of the identity matrix 1.

THEOREM 5.1 (eigenvalue decomposition). Let A = yzT # 0 be a real square
matriz with A = 2Ty # 0. If z has an element z; # 0, then X 1AX = A eje;p, where

14y, 1

1 1
- T T - T T
X:I—l—yej—z_ejz , X 1:I—ejej—xyz + N

J

Proof. The matrix A has a repeated eigenvalue zero and a distinct nonzero eigen-
value \ with right eigenvector y and left eigenvector z. From )\ye;r =AX = )2X eje;f
and X 'A = e;z" it follows that X' X = I and X 'AX = Xeje] . O

Now we consider rank-one matrices that are not diagonalizable. In this case all
eigenvalues are zero, and the matrix has a Jordan block of order two.

THEOREM 5.2 (Jordan decomposition). Let A = yzT # 0 be a real square matriz
with 2Ty = 0. Then y and z have elements y;jzj # 0 # yrzx, j < k. Define a
symmetric permutation matriz P so that Pe, = ejy1 and Pe; =e;. Set § = Py and
4= Pz—eji1. Then X 1AX = ejejTJr1 with

1 1 1+ 4.,
X=P <I —|—§ejT — fc»ejaT> , X1 (I — ejejT + g—kg)aT _ ;fkyjejaT) P.
J

Proof. To satisfy 2Ty = 0 for y # 0 and z # 0, we must have y;z; # 0 and
yrzr # 0 for some j < k.
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Since A is a rank-one matrix with all eigenvalues equal to zero, it must have a
Jordan block of the form [8 (1)] To reveal this Jordan block, set 2 = Pz,

% 1 5 1 1+
X = <I +ge) — AejaT> ., Xl= (I —eje; + —ju’ — nyﬂejaT> .
Uj Yk Yk

Then the matrix A = 927 has a Jordan decomposition X-1AX = eje?;_l‘ This
follows from u; = z;, yAe;ﬂ_l = AX = X’eje;ﬂ_l, and X 1A = e; 2T

Finally, we undo the permutation by means of X = PX, X1 = X~!P, so that
X 'X =Tand X 'AX = eje?+1- O

Theorems 5.1 and 5.2 can also be derived from [21, Theorem 1.4].

In the (theoretical) extreme case when all Web pages are dangling nodes, the
Google matrix is diagonalizable of rank one.

COROLLARY 5.3 (rank-one Google matrix). With the notation in section 2 and
(3.1), let G =euT. Letuj # 0 be a nonzero element of u. Then X 'GX = ejejT with

1
X = I—i—eeJT - —ejuT
vy

and
X t=1- ejejT —eu 4+ 2¢;u”.

In particular, 77 = ejTX_1 =T,

Proof. Since 1 = uTe # 0, the Google matrix is diagonalizable, and the expression
in Theorem 5.1 applies. 0

Corollary 5.3 can also be derived from [34, Theorems 2.1, 2.3].
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