ERGODICITY COEFFICIENTS DEFINED BY VECTOR NORMS
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Abstract. Ergodicity coefficients for stochastic matrices determine inclusion regions for sub-
dominant eigenvalues; estimate the sensitivity of the stationary distribution to changes in the matrix;
and bound the convergence rate of methods for computing the stationary distribution.

We survey results for ergodicity coefficients that are defined by p-norms, for stochastic matrices
as well as for general real or complex matrices. We express ergodicity coefficients in the one-, two-,
and infinity-norms as norms of projected matrices, and we bound coefficients in any p-norm by norms
of deflated matrices. We show that two-norm ergodicity coefficients of a matrix A are closely related
to the singular values of A. In particular, the singular values determine the extreme values of the
coefficients. We show that ergodicity coefficients can determine inclusion regions for subdominant
eigenvalues of complex matrices, and that the tightness of these regions depends on the departure of
the matrix from normality. In the special case of normal matrices, two-norm ergodicity coefficients
turn out to be Lehmann bounds.
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1. Introduction. Ergodicity, in its most general form, has to do with the long
term behavior of dynamical systems. Here we concentrate on particular systems,
namely finite inhomogeneous Markov chains, and try to understand measures of er-
godicity from the point of view of linear algebra.

In the context of inhomogeneous Markov chains, ergodicity refers to the asymp-
totic behavior of products of stochastic matrices! where the number of factors grows
unbounded. Very informally, a Markov chain is ergodic if the matrix products con-
verge to a rank one matrix, that is, a stochastic matrix all of whose rows are equal.
So-called coefficients of ergodicity were introduced to estimate how fast, if at all, these
products converge to a matrix of rank one.

In the simplest case, all factors in the products are identical to the same stochastic
matrix S. Order the eigenvalues A;(S) in order of decreasing magnitude, 1 = A;(S) >
[A2(S)| > .... If the subdominant eigenvalue is strictly smaller in magnitude than the
dominant eigenvalue, i.e. [A2(S)| < 1, then [A\2(S*)| = [X2(S)|* — 0 as k — oo. This
means, the powers S* converge to a stochastic matrix of rank one, and the magnitude
of the subdominant eigenvalue, |A2(.5)|, estimates the asymptotic rate of convergence.
In this situation |A2(S)| could serve as a coefficient of ergodicity, see [24, 60].

Suppose now the products consist of different stochastic matrices S; whose num-
ber is increasing and we would like to know at which rate, if at all, the products
Sp---8; converge to a rank-one matrix as j — oo. The second eigenvalue is of no use
here, since in general Az (S1---S;) # A2(S1) - - - A2(S;). We need a substitute for |z,
with some kind of multiplicative property, and the ability to recognize when a matrix
has rank one.
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LA (row) stochastic matrix is a square matrix with nonnegative elements that sum to one in each
row. A product of stochastic matrices is again stochastic.
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An example of such a substitute is the one-norm coefficient of ergodicity,

Tl(S)

= max ST,
Izl =1, 271 =0 157l

where the maximum ranges over real vectors z, the superscript T' denotes the trans-
pose, and 1 is the column vector of all ones. The coefficient 71(S) is simply the
norm of the matrix S restricted to the subspace that is orthogonal to 1. As we will
show in §3, the coefficient 71 (S) bounds the non-unit eigenvalues of the stochastic
matrix S: |\ < 71(S) for any eigenvalue A # 1 of S; and it is submultiplicative:
71(5152) < 71(S1)71(S2) for any two stochastic matrices S; and Ss.

1.1. Motivation. We became interested in coeflicients of ergodicity in the con-
text of work on the Google matrix [35, 37, 36, 78].

The Google matrix is a convex combination of a stochastic matrix S and a rank-
one stochastic matrix, G = aS + (1 — a)1vT, where v is some nonnegative column
vector whose elements sum to one, and 0 < o < 1. Various algorithms have been pro-
posed to compute the stationary distribution of G, that is a column vector 7 # 0 with
7TG = 7T In [35] we analyzed a so-called aggregation-disaggregation algorithm and
showed that its asymptotic convergence rate is bounded by the ergodicity coefficient
71 of the aggregated matrix.

Alternatively, the stationary distribution 7 can be computed by applying the
power method to G. The power method has an asymptotic convergence rate of | A2 (G)|,
where \;(G) are the eigenvalues of G labeled in descending order, 1 = A\ (G) >
[A2(G)| > .... A derivation “from scratch” [22, 30, 75] shows that [A\2(G)| < a, but it
also follows follows immediately from [A2(G)| < 71 (G) = a1 (S) < a.

Note that the vector 1 in the expression for G is a dominant eigenvector of S
and also of G, since both matrices are stochastic. Hence the rank-one matrix 1v7T is
almost a spectral projector, but not quite. This helped us to realize that 7 implicitly
deflates a matrix by removing the dominant spectral projector through the constraint
2Tl =0.

The Google matrix form has been extended to general complex matrices [32]. Let
A be a complex square matrix with dominant eigenvalue A and right eigenvector w, i.e.
Aw = Mw. Set H =~vA + (1 — v)wz*, where the superscript * denotes the conjugate
transpose, -y is a complex scalar, and x a complex column vector with z*w = 1. Then
one can show [32, Theorem 1.2] that A\o(H) = yA2(A). With a more general ergodicity
coefficient 7,(w, A) that maximizes over vectors orthogonal to w, we obtain readily
that [A2(H)| < |v| 7p(w, A). Again, as for the Google matrix above, the rank-one
matrix wz* approximates a spectral projector.

The connection of ergodicity coefficients to deflated (or downdated) matrices
sparked our interest. When we started looking at the literature on ergodicity coeffi-
cients, we found many scattered results; it was not always clear how they were related;
and the notation was at times inconsistent and not always transparent. That’s why
we decided to write this paper.

1.2. Overview. We survey coefficients of ergodicity that are defined by vector
norms, from the vantage point of numerical linear algebra. We try to present a
coherent discussion of existing results, with simplified and complete proofs. We argue
that ergodicity coefficients can be viewed as norms of deflated matrices. For two-norm
coefficients we present new explicit expressions and establish connections to singular
values and eigenvalue bounds.



We restrict our attention to ergodicity coefficients of finite dimensional matrices.
Ergodicity coefficients for stochastic matrices of infinite dimension have been studied
by, among others, Isaacson and Madsen [38], Pax [50], Paz and Reichaw [52], and
Rhodius [59].

We could have started this survey with ergodicity coefficients in their most gen-
eral form and derived the results for stochastic matrices as corollaries. Instead, we
decided to follow the historical development a bit, which began with coefficients for
stochastic matrices: in the one norm (§3), infinity norm (§4), and any p-norm (§5,
§6). Subsequently we discuss extensions to real matrices (§7), and to complex matrices
with maximization over arbitrary subspaces (§8). We illustrate applications of ergod-
icity coefficients to: estimating the sensitivity of stationary distributions (§3.3), and
determining inclusion regions for eigenvalues of nonnegative matrices (§7.5), general
complex matrices (§8.1), and normal matrices (§8.4).
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1.3. New Results. We present a much simpler proof for the explicit form of
the one-norm ergodicity coefficient (second proof of Theorem 3.4).

We represent ergodicity coefficients as norms of (obliquely) projected matrices,
for the one-norm (Corollary 3.5), and for the infinity-norm (Corollaries 4.3 and 6.6).
For the two-norm, we derive explicit expressions in terms of orthogonal projections of
the matrix (Corollary 6.8, Theorems 7.12, 7.15, 8.6 and 8.7). We show that general
ergodicity coefficients in any p-norm can be bounded by the norm of a deflated matrix
(Theorem 8.2).



We show that two-norm coefficients can reproduce any singular value (Corollar-
ies 7.16 and 8.8), and that their extreme values are determined by singular values
(Theorem 8.9). We apply ergodicity coeflicients to determine inclusion regions for
subdominant eigenvalues of general complex matrices (Theorems 8.5 and 8.11) and
show that the tightness of the inclusion regions depends on the departure of the ma-
trix from normality. In the special case of normal matrices, the two-norm ergodicity
coefficients turn out to be Lehmann bounds (Theorem 8.13).

Notation. The identity matrix is I with columns e;. The column vector of all
ones is 1. The transpose of a matrix A is AT, and the conjugate transpose is A*.

Let £ be a n x 1 column vector with elements z;, 1 < ¢ < n. The one-norm
of x is [|z]1 = D> 1<;<n |xi|, and the infinity-norm is ||z|« = maxi<i<p |z;|. The
matrix diag(x) denotes a n x n diagonal matrix whose 7 diagonal element equals z;,
1 <4 < n. The componentwise inequality > 0 (x > 0) means that all elements of
x are nonnegative (positive), while |z| > 0 means that all elements of x are nonzero.
The vector x is stochastic if x > 0 and zT1 = 1. By x1.x we mean the k x 1 vector
consisting of elements x1, ..., Tk.

The elements of a n x n matrix S are denoted by s;5, 1 < 4,7 < n. The column
space of a m X n matrix A is range(A4), and its orthogonal complement in R™ or C",
i.e. the left null space of A, is denoted by range(A)=.

2. General Ergodicity Coefficients for Stochastic Matrices. We present a
formal definition of ergodicity, and we introduce two very general classes of ergodicity
coeflicients.

2.1. Weak Ergodicity. Ergodicity, in general, refers to the long term behav-
ior of dynamical systems. In the context of finite, inhomogeneous Markov chains,
ergodicity describes the long-term behavior of products of stochastic matrices where
the number of factors is increasing. Seneta attributes the following definition of weak
ergodicity to a 1931 paper by Kolmogorov.

DEFINITION 2.1 (84 in [42], §1 in [65]). Let {Sk} be a sequence of n x n stochastic
matrices, k > 1, and let tz(-f’r) be the (i,7) entry of the forward product T@"r) =
Sp+1Sp+2 - - Spr. The sequence {Si} is called weakly ergodic if for all1 < i,j,k <n
and p > 0,

tgz’T) — tﬁ’” —0 as 1 — 00.

This means, a sequence of stochastic matrices is weakly ergodic if the rows of the
products tend to equalize, as the number of factors in the product increases.

Conditions for weak ergodicity appear in numerous sources. Among the earliest
works we found were papers by Bernstein [8, 9, 10, 11, 12, 13], Doeblin [20], Dobrushin
[18], Dynkin [21], Sapogov [61, 62] and Sarymsakov [63]; these papers appeared be-
tween 1920 and 1950. More recent papers by Cohn [16, 17], Dobrushin [19], Hajnal
[25, 26], Kingman [40], and Paz and Reichaw [52] are written in English and are more
easily accessible. Excellent summaries can be found in papers by Seneta [65, §1], [66,
§1], and in his book [67, Chapter 3-4].

2.2. First Class of Ergodicity Coefficients. This class of ergodicity coeffi-
cient is defined specifically for stochastic matrices.

DEFINITION 2.2 (p 509 in [65]). A coefficient of ergodicity, or ergodicity co-
efficient, is a continuous scalar function u(-) defined for stochastic matrices S that
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satisfies 0 < u(S) < 1. A coefficient of coefficient is proper if
w(S) =0 — S =",

where v is a stochastic vector.

A proper coefficient of ergodicity is equal to zero if all rows of the stochastic
matrix are identical. This, in turn, is the case if and only if the rank of the stochastic
matrix equals one. Sometimes one finds an alternative definition, where the ergodicity
coefficient is defined instead as i(S) = 1 —p(S) and is called proper if: i(S) =1 <
rank(S) = 1 [14], [26, §2], [34, p 56], [40, §4], [65, §2].

For the particular case of doubly stochastic? matrices, a proper ergodicity coeffi-
cient is zero for both the matrix and its transpose at the same time. This is because
the rank of a matrix is equal to the rank of its transpose. The corresponding statement
below was shown for 71(-) in [50, Property 1].

THEOREM 2.3. If Sg € R™ "™ is a doubly stochastic matriz and u(-) a proper
coefficient of ergodicity then

1(Sa) = 1 (S7) =0 < rank(S,) = 1.

Proof. According to Definition 2.2, u(Sq) = 0 <= rank(Syq) = 1. Since ST is
also stochastic, u(S¥) =0 <= rank(ST) = 1. The desired statement follows from
the fact that rank(Sq) = rank(S7). O

Although a doubly stochastic matrix of rank one equals S; = %ll]lT and is sym-
metric, doubly stochastic matrices of larger rank are in general not symmetric.

Definition 2.2 allows us to express the condition for weak ergodicity in terms of
proper ergodicity coefficients.

THEOREM 2.4 (p 136 in [67]). Let {Sk} be a sequence of nxn stochastic matrices,
k>1, and T®P") = p+15p+2 - - - Spyr. The sequence {Si} is weakly ergodic if for
p=0

i (T(p’T)) -0 as r — oo,
where u(-) is a proper coefficient of ergodicity.

EXAMPLE 2.5. Let S be a stochastic matriz. The following are proper ergodicity
coefficients [67, p 137]

1 . .
71(5) = = max E |sik — sjk| =1 — min g min{s;x, s,k }
2 ij ij
k k
a(S) = max max|s;; — Skl
ko dj

B(S)=1- Zminsik.
k

The equality of the two expressions for 11(S) will be proved in Corollary 3.6.
The following ergodicity coefficient is not proper [67, p 137],
vS)=1- max min s;.

2 A stochastic matrix Sy is doubly stochastic if Sg is also stochastic.
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This is because the n x n stochastic matriz S = L141" has rank(S) = 1 but v(S) =
1—2#0.

The ergodicity coefficients in Example 2.5 can be related to each other in a number
of ways [50], [65, §1]. Below is one of the simpler relations.

THEOREM 2.6 (p 56 in [34], pp 137-138 in [67]). If S is a stochastic matriz then
the ergodicity coefficients in Example 2.5 satisfy

a(S) < 71(S) < B(S) < ~(9).

Proof. We start with the bound «(S) < 71(S). Choose indices I,m and r so that
a(S) = Smr — Sir > 0. Then

1 1
m(5) = §H1£LXZ|SM — Sjk| > 52 |$mk — Sik|.
k k

We remove the absolute values by breaking up the sum as follows. Let P, be the set
of all indices k with s, > s;x, and P; the set of all indices k with s,,x < six. Then

Z |Smk — Sik| = Z (Smk — Sik) + Z (16 — Smk) -
k kEPm keEP,

Since the elements in each row of S sum to one,
Zsmkzl_zsmk; Zslkzl_zslk-
keP, kEPm keP, kEPm

Applying these two equalities to D, cp, (Six — Smk) gives

D (k= smk) =Y (Smk — su)
keP kEPm,

hence

1
n(8) 2 5 > Ismk = skl = Y (Smk — sux).
2 kEP,

We have expressed the sum in terms of P,,, because a(S) = Spyr — s > 0 implies
that the index r must be in P,,. Extracting the rth term from the sum gives

Z (Smk — Sik) = (Smr — S1r) + Z (Smk — 1) = a(S) + Z (Smk — Sik)-
kEPm kEP., kEP,,
k#r k#r

The indices k € P, are those for which s,,x > sii, hence > rep,. (Smk — six) > 0,

k#r
and 71(5) > a(9).
To prove 71(S) < 3(5), let ip and jo be indices that achieve the minimum in the
second expression for 7 in Example 2.5. From min{s;, ., $j,,k} < min; s;; follows

1—-n(5) = Zmin{sioyk,sjmk} > Zminsiﬁk =1-p(9).
k k

At last, the bound 3(S) < () follows from maxy min; s;x < ), min; 4. O
6



2.3. Second Class of Ergodicity Coefficients. This second class of coeffi-
cients gives rise to many of the popular ergodicity coefficients.

DEFINITION 2.7 (§2 in [66]). Let S € R"*™ be a stochastic matriz, and let d be
a metric defined on the set of stochastic vectors D = {x: 2z € R*, x >0, 71 = 1}.
The quantity

d(zTS,yTS)

7(S) = sup ———=—=

( ) m,yepD d(xT,yT)
zFyY

is a coefficient of ergodicity.

For instance, sup,, ,ep ,z, |78 — y" S| /|l — y"[|1 is a coefficient of ergodicity
in the sense of Definition 2.7, as well as Definition 2.2, because it is continuous, takes
on values in [0, 1], and is generated by a metric, see §3 for more details.

However, there are situations where Definitions 2.2 and 2.7 are not consistent
[44]. The coefficient u(S) = s11 satisfies Definition 2.2 because it is continuous and
0 < u(S) < 1; but u(S) does not satisfy Definition 2.7 because it cannot be generated
by a metric on D. The coefficient sup, ,ep ,4, 278 — yT S| oo/ ||2T — yT|| oo satisfies
Definition 2.7, but it does not satisfy Definition 2.2 because it can take on values
greater than 1, see Section 4.

There are many ways to choose a metric d [44, 56, 57, 60, 66]. Two popular
choices are presented below.

Birkhoff’s Contraction Coefficient. The projective distance between between
two vectors z > 0 and y > 0 is

max; &t Ty
dp(z,y) =In (75) = maxIn <ﬁ)
min; —z 5] T;iYi

The corresponding ergodicity coefficient

N P dB (:CTayT) ’

whose supremum ranges over all x > 0 and y > 0 that are not multiples of each
other, is called Birkhoff’s Contraction Coefficient [67, §3.1, 3.4]. It can actually be
defined for the larger class of row-allowable matrices, which are nonnegative square
matrices with at least one positive entry per row [67, §3.1, 3.4]. Hajnal [27, (7)]
presents basic properties of 75, and Seneta [67, §3.1, 3.4] derives explicit expressions.
More recently, Artzrouni and others have studied 7p in the context of more general
dynamical systems [2, 3, 4].

TB(S)

Ergodicity Coefficients Defined by Vector Norms. Norm-based coeffi-
cients appear as early as 1956 in a paper by Dobrushin [19, §1.4, 1.5]. For an operator
S derived from a transition probability function and a particular norm ||-||, Drobushin
chooses the metric d(z,y) = ||z — y||, so that

18— sup IS0l
syep  llz =yl
TH#Y

The continuity of norms, together with z = x — y implies

7(5) = ”51”1P1 [Sz] .
zTﬂ;O
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For the remainder of the paper we focus on ergodicity coefficients defined by
vector norms, because such coefficients appear most often in the context of stochastic
matrices. Rhodius [57, §1] credits Seneta [66, §2] with introducing these coefficients.
Unfortunately, there is some confusion associated with their definition, because many
authors assume that a vector and its transpose have the same vector norm, i.e. they
assume ||z||, = HxTHp [24, 28, 29, 43, 44, 55, 57, 58, 59, 60, 66, 68, 70, 73, 76, 77].
We do not make this assumption.

To be consistent with the commonly used indices for ergodicity coefficients, we
define the p-norm ergodicity coefficient for stochastic matrices S as

7p(S) = max HSTZH , (2.1)
llzllp=1 P
2T1=0
where the maximum ranges over z € R™. The subscript p indicates the dependence
on the norm, and the order of the matrix-vector multiplication has been reversed so
that the norm always applies to a column vector. Since 7,(-) is a continuous real-

valued function on a finite dimensional real vector vector space, there is a vector that
achieves the maximum, and the supremum reduces to a maximum.

3. One-Norm Ergodicity Coefficients for Stochastic Matrices. The coef-
ficient (2.1) in the one-norm applied to a stochastic matrix S is [66, §2], [67, §4.3],
71(S) = max HSTZH1 (3.1)
i
where the maximum ranges over z € R™. This coefficient is also called the “Dobrushin
coefficient” or “delta coefficient” [39, 51, 76]. In §3.2 we show that this 71(5) is
identical to the explicit expressions in Example 2.5.

3.1. Properties. We show that 71 in (3.1) is a proper coefficient of ergodic-
ity in the sense of Definition 2.2 and that it is submultiplicative and a bound for
subdominant eigenvalues.

The ergodicity coefficient 71 (.5) represents the norm of S restricted to the subspace
spanned by the left eigenvectors associated with eigenvalues A # 1. This is because
the elements in each row of the stochastic matrix S sum to one, S1 = 1, so that 1 is
a right eigenvector for A = 1, and left eigenvectors associated with eigenvalues A # 1
are orthogonal to 1.

By construction 77 is an ergodicity coefficient in the sense of Definition 2.7. Below
we show that 7 is also an ergodicity coefficient in the sense of Definition 2.2.

THEOREM 3.1 (§4.3 in [67]). If S, S1 and Sy are stochastic matrices then

2. |T1(S1) - Tl(S2)| S Tl(Sl — SQ)
3. 11(5) =0 < rank(S) =1.
Therefore, 11 is a proper coefficient of ergodicity in the sense of Definition 2.2.

Proof.
1. The first set of equalities follows from
0<7(S)= max HST,ZHl < max ||STZH1: ||STH1: [IS||co = 1.
llzlli=1,2T1=0 llzll1=1

2. Let 7 (S1) > 11(S2), and 71(S1) = HSlTyH1 for a vector y with ||y||; = 1 and

yT1 = 0. Then
0<7(S1) = 2(S2) = ISyl — max [[S3z]l, < ||S7w]l, |15, -
2T1=0



The triangle inequality implies

STyl =118z vll, < H(Sl - Sz)TyHl S max H(51 - 52)TZH1 = 71(51—52).
zT]i:O
3. If 7(S) = 0 then HSTZH1 = 0 for any z with 271 = 0, and in particular
for 2 = 1(e; —e;) with ¢ # j. This means that any two rows of ST are
identical and rank(S) = 1. Conversely, if rank(S) = 1, then S = 10T for
some stochastic vector v. For any vector z with 271 = 0 this implies STz =
vlTz = 0. Hence 71(S) = 0.
Item 1 implies that 7; takes on values in [0, 1], and item 2 implies that 71 (S) is a
continuous function of S. Therefore 7 is a coeflicient of ergodicity in the sense of
Definition 2.2. Furthermore, item 3 implies that 7 is a proper coefficient of ergodicity.
O
Item 2 in Theorem 3.1 also implies that 71(S) is well-conditioned in the absolute
sense with respect to absolute changes in S. Since 71 (-) is a proper ergodicity coeffi-
cient, Theorem 2.3 implies for a doubly stochastic matrix Sy that 71(-) is zero at the
same time for Sq and ST [50, Property 1],

71(Sa) = 7'1(5,1T) =0 <= rank(Sy) =1.

We now show that 71(S) is an upper bound on all non-unit eigenvalues of a
stochastic matrix S, and that 71 is submultiplicative.
THEOREM 3.2 (85.2 in [5], §2 [66]). If S, S1 and Ss are stochastic matrices then

1. A < 71(S) for all eigenvalues A #1 of S

2. 7'1(5152) S 7‘1(51)7‘1(52).

Proof.

1. If A # 1 is a real eigenvalue of S then there is a real left eigenvector v
with v7S = MT and ||v||; = 1. Since v is a left eigenvector, and 1 is a
right eigenvector for a different eigenvalue, v and 1 must be orthogonal, i.e.
vT'1 = 0. Hence

A= ol = Il = [|$T0f], < pmax [ST2l, = m(S).
2T1=0
If A # 1 is a complex eigenvalue, then its eigenvectors v are complex, too.
Seneta [66, §3] proves |A| < 71(S) by making use of Lemma 3.3 below and
showing that the explicit expression for 7 in Theorem 3.4 also holds when
the maximum ranges over complex vectors. A different proof in [5, §5.2]
constructs a seminorm on C™ that is equal to 71(S5).

2. Let y be a vector with 71(5155) = || ($152)" yl1, [lylls = 1 and yT1 = 0. The

vector x = ST y/ HSlTyH1 satisfies ||z[|; = 1 and 271 = 0. Then

ni(5152) = | (su52) "y = 157 sTull, = [15Tull, [5F2], < ma(S1) 7a(Se).

d

The interesting feature of Theorem 3.2 is that the magnitude of complex eigen-
values can be bounded by an expression that is maximized over real vectors. A more
general such eigenvalue bound for nonnegative matrices is presented in Theorem 7.17.
Seneta [71, p 191] credits the submultiplicative property to Dobrushin [19]; it also
appears in a 1975 paper by Kingman [40, (4.10)].
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3.2. Explicit Expressions. We show that 71 in (3.1) is identical to the two
expressions in Example 2.5.

Markov, in 1906, may have been the first to present an explicit expression for
the ergodicity coefficient 71(S), as part of a construction of a Weak Law of Large
Numbers [46, pp 358-359], [45, 47]. For a stochastic matrix S Markov introduces a
quantity 0 < H < 1 that satisfies

1
H= —maxZLsik — Skl
2 g -

In fact 0 < H < 1. The quantity H is equal to the first expression for 71(S) in
Example 2.5. Seneta comments on this use of H in Markov’s works [72, §5], [73, §7].
In the context of the Central Limit Theorem for Markov chains [19, p 70] Dobrushin
shows that

ST 7sT
sup M =1- mianin{sik, Sik}
S P s

This explains why Seneta refers to 7(S) as the “Markov-Dobrushin coefficient of
ergodicity” [73, p 10]. In 1971, Paz [51] refers to 1 — min;; y_, min{s;x,s;x} as the
d-coefficient. It was later adopted by other authors, including Tan [77] and Rhodius
[55, 58, 59].

We present two proofs to show that the expressions for 71(.5) in (3.1) and Example
2.5 are identical, i.e. to show that

1
”Ijﬁ?ﬁl ||STZH1 =3 mj}xz ik — k|-
2T1=0 k
The first proof makes use of an expression for real vectors whose elements sum to zero.
Such vectors can be represented as linear combinations with nonnegative coefficients
of vectors e; — e;.
LEMMA 3.3 (Lemma 2.4 in [67]). If x € R" satisfies x # 0 and 7 1 =0 then

e —e€j
x = Zyij . 5 . where yij > 0, Zyij = ||z|1.
i#£j i#j

Proof. The proof proceeds by induction over the dimension n of z.

If n = 2 assume 27 > 0. Then 271 = 0 implies * = a1 (1 fl)T. Setting
y12 = 271 gives © = y12(e1 — e2)/2 and y12 = ||z]|1 > 0.

Now assume the lemma holds for n > 2 and we will show it holds for n + 1.
Let  # 0 be a vector of dimension n + 1 with 271 = 0, and assume it has been
permuted so that z, > 0 and z,4+1 < 0. Without loss of generality we also assume
Tp = MaX]1<i<n+1 |-Tz| Then

Tl:n—1 Tl:n—1 Ol:n—l
T = T =|ZTn+Tnt1 | — Tn+1 1
Tn+1 0 -1

Define the vector z = (acfnfl Ty + xn+1)T of dimension n, which satisfies 271 =
271 = 0. If # = 0 then the conclusion follows as in the case n = 2. If & # 0 then we

10



apply the induction hypothesis to & and obtain

. ei—¢ej .
E=Y yij— 5 L where yi; >0, Yy =&l
i#j i#j

Applying the definition of £ and setting ¥, nt+1 = —2x,41 > 0 gives

> i+ Ynmir = &l = 2201 = |21l + 20 + Tnsa] — 22041

i#j
From z, = maxi<i<p+1|z;| > 0 and zp41 < 0 follows z, + 2,41 > 0. Hence
|Zn + Tpy1| = Tn + p1 and Zi# Yij + Ynnt1 = ||z|l1. Furthermore, from the

definition of yy, »+1 we obtain the desired expression for z,

A Olznfl
T = (:(L)') — Tnp+1 1 = Zyij % + Yn,n+1 %
-1 i#j
a
With the help of Lemma 3.3 we show that (3.1) is identical to Markov’s H and
to the first expression for 71 (S) from Example 2.5.
THEOREM 3.4 (§3.1, §4.3 in [67]). If S € R™*" is a stochastic matriz then

1 1 -
71(9) = 5113?XHST (e; — ej)Hl = 51&22}){2 |sik — Skl
k=1

Proof. Let m(S) = HSTle where 271 = 0 and ||z|; = 1. Applying Lemma
3.3 to xw gives x = 37, vij (e; —¢;) /2 where 37, y;; = [zl = 1. The triangle
inequality applied to ||STx||; yields

Yij 1
n(8) = 57l < 35187 e - e, < & max 87 e - ),
i#]
Hence 71(S) < 3 max;; |57 (e; — €;)]1.
To show the reverse inequality, set y = (e; — e;)/2 for some i # j. Then y71 =0,
[yl =1, and

n(8) = ma |572], > (STl = 5 157 (e~ el
2Tll=0

Since this inequality holds for any i and j, we must have 71(S) > 1 max;; | ST (e; — €)1

According to the definition of the one-norm, ||ST(e; —€;)[|1 = Y p_; |sik — Sjxl,
so that Tl(S) = %maxij ZZ:I |5ik — Sjk|. a

The second proof below for Theorem 3.4 is much simpler and does not require
Lemma 3.3.

Proof. (Simpler proof of Theorem 3.4)

Let y € R" be a vector with yZ1 = 0, |ly[1 = 1 and 71(S) = ||STy|/1. From
yT1 = 0 follows for any vector x € R"

17l = (5 32" o], = Ik (5 - 1)) < D 5 - 107 e

11



where the last expression follows from Hélder’s inequality and |ly|l; = 1. Since

(S — ]190T) er = Ser — xx1, the norm H(S — lle) ekHoo = maxi<i<n |Sik — Tk| is
minimized when xj, is the average of all elements in column Seg, i.e.
1 .
T =g (Sink T Sjp.k), where s;, k= MAX Sk, 8k = WD S
Then

1 1
Jnax. lsik — x| < §(Sik,k = Sjpk) = 5(% — ;)" Sey.

Since the xp were chosen to minimize || (S — lle) ekHoo, we obtain

D_NI(s =12y enll, < D Lok ST (en — e
k=1

k=1

n
< n}@}xz lei ST (ei — ;)| = max 15T (ei — €)1
k=1

Hence ||STyH1 S max;, HST(SZ — 6j)||1. O

We can view 71(S) as the norm of an (oblique) projection of S, with the projection
being onto range(1)*.

COROLLARY 3.5. If S € R™ " is q stochastic matriz then

71(5) = 1 max ||ST(I—ejﬂT)H1.

Proof. In the expression for 71(S) from Theorem 3.4 write

mi?x HST(ei — ej)Hl = mi?x HST(I — ejllT)eiHl = lIéljaSXn HST(I — ejllT)Hl .

Theorem 3.4, in turn, implies the second expression for 71 (S) from Example 2.5.

COROLLARY 3.6 (§3.1, §4.3 in [67], pp 1733-1734 in [33]). If S € R™™™ is a
stochastic matriz then 71(S) =1 — ming; Y ,_, min{s;x, sz }.

Proof. Let [ and m be indices that achieve the maximum in the second expression
from Theorem 3.4,

1 1<
() = 512?)(2 |sik — sjk| = 52 |$mk — Sik|.
k k=1

We remove the absolute values as in the proof of Theorem 2.6, and define the set P,,
of all indices k with s,,r > s;x and the set P; of all indices k with s;; > s,,x. Then

T1(S) = % Z (Smk — sik) + Z (Stk — Smk)

KEPm keP,
From S1 = 1 follows ZkePl s =1— Zkepm sy and Zkepm Sk =1 — ZkePl Smk»

so that
Tl(S) =1- Z Sik — Z Smk-

kEPm keP;
12



The elements in the sums are the smaller of the pair {smk,six}. That is, s =
min{ sk, Smk } for k € Py, and S, = min{sjk, smi} for k € P;. Thus the expression
for 71 (S) simplifies to 71(S) = 1 — >_)_; min {si, Smx}. The definition of I and m
implies

n n
71(S) =max |1 — E min {six, Sjx}| =1 — min E min {s;x, Sjk } -
ij ij
k k=1

Several authors choose instead 1 — 71 (S) = min;; Y ,_, min{s, s;z} as a coeffi-
cient ergodicity [19, 26, 33, 38, 52, 54].

3.3. Condition Number for the Stationary Distribution. We show that
71(S) is a bound for the normwise condition number of the stationary distribution of
S.

THEOREM 3. 7 (§2 in [70]). Let S and S + E be stochastic, irreducible matrices

with 778 = 71, 7T (S + E) = 77 and ||7|1 = |77 |1 = 1. If 1.(S) < 1, then
E
177’1 (S)

Proof. From 77 (I — S) =0 and 77 (I — S) = 7T E follows
F-m)"(U-S)=7"E. (3.2)
Because S is irreducible and 71(S) < 1, the dominant eigenvalue 1 is simple and we
can write S = 177 + @, where the eigenvalues of @) are less than 1 in magnitude.
Substituting this into expression (3.2) and using 771 = 771 = 1 gives

(F-m" (I1-Q) =7"E.

Because all eigenvalues of @ are less than 1 in magnitude, I — @ is nonsingular and
(I-Q)~'=>72,Q" [48, p 126]. Thus

F-m)' =FTEI-Q) ' =>_y"Q",  where y" =7"E.

Taking norms and applying the triangle inequality gives

17—l = || 7| = | Y@ < el. =] @)" s,
i=0 o =0 =0

From S1 = 1 and (S+E)1 = 1 follows E1 = 0, hence y” 1 = 0. The submultiplicative
property of the ergodicity coefficient from Theorem 3.2 implies

_iH(Qi)TyH Zn HyIMSZﬁ |y||1_1”97'1@).

Since yT1 = 0 implies y7Q = y7'S, 71(Q) = 11(S). Finally, use the fact that ||7]|; =1
to bound ||y, = [|[E¥Z[|, < [ Elle 7], = || E]le. O
13



Theorem 3.7 suggests that 1/(1 — 7(S)) is a bound on the condition number of
7 with regard to normwise absolute changes in the matrix S. From ||r]; = 1 and
[IS|lcc = 1 follows

=l o 1 Bl
Irlle — 1=7(8) ISl

so that 1/(1 — 71(5)) is also a bound on the condition number of 7= with regard
to normwise relative changes in S. Since Seneta’s derivation [70] appeared in 1988,
several tighter bounds for the condition number of 7 have been derived [15, §4]. Fur-
thermore, optimal condition numbers have been established for ergodicity coefficients
applied to the group inverse of I — S [41].

3.4. Scrambling matrices. The bound in Theorem 3.7 for the condition num-
ber of the stationary distribution of a stochastic matrix S applies only if 71 (5) < 1.
Similarly, when it comes to eigenvalue bounds, 71(S) is useful only if 7 (5) < 1.
Unfortunately it is not easy to determine when this will happen. Knowledge of the
eigenvalues of S does not seem to help.

We know from Theorem 3.2 that if S has more than one eigenvalue of magnitude
1, then 71(S) = 1. This would suggest that primitive matrices are good candidates
for which we could expect 71(S) < 1. However, this turns out to be not always true.
The primitive stochastic matrix

1/4 1/4 1/4 1/4
0 0 1 0
0 0 o0 1
1 0 0 0

S =

has eigenvalues 1, —0.6058, and —0.7021 + 0.6383:. Although S has only a single
eigenvalue of magnitude equal to one, we nevertheless have 71 (S) = 1. Thus it is not
clear how to predict the value of 71(S) from properties like irreducibility, primitivity,
or regularity. It is easier to just give a name to matrices for which 71(S) < 1.

DEFINITION 3.8 (§2 in [26], §3.2 in [65], p 82 in [67]). A stochastic matriz S is
scrambling if 71 (S) < 1.

What can we say about scrambling matrices? Scrambling matrices are a subset of
primitive stochastic matrices [26, 67]. Therefore matrices with a single element in each
column, such as permutation matrices, cannot be scrambling. However, stochastic
matrices are scrambling if no two rows are orthogonal [66, §4]; in other words any
two rows share some column in which they both have a positive element [26, §2]. An
extreme example is Markov matrices, which have at least one entirely positive column.

DEFINITION 3.9 (83.2 in [65]). A stochastic matriz S is a Markov matriz if
max; (min; s;;) > 0.

Thus all Markov matrices are scrambling matrices. The properties of being scram-
bling and Markov are preserved by multiplication.

THEOREM 3.10 (Lemma 2 in [26], §4 in [66]). If S and Q are stochastic matrices
and one of them is scrambling, then SQ and QS are also scrambling.

Proof. This follows from the submultiplicative property, 71 (SQ) < 71(5)71(Q) in
Theorem 3.2. O

COROLLARY 3.11 (§3.2 in [65]). If S and Q are stochastic matrices and one of
them is a Markov matriz, then SQ and QS are also Markov matrices.

14



4. Infinity-Norm Ergodicity Coefficients for Stochastic Matrices. We
present properties and explicit expressions for

Teo(S) = max HS’TzHOO (4.1)

llz]|o=1
zT1=0
where the maximum ranges over z € R™ [66, §2].

Uunlike 71(S) which ranges between 0 and 1, 75, (S5) has no fixed upper bound.
This means 7 (S) is a coefficient of ergodicity according to Definition 2.7, but not
Definition 2.2. Here is an example of a n x n stochastic matrix for which 7., (S) grows
proportional to n,

1 0 0 0

10 0 0 . o
S = 0 0 0o 1l WlthToo(S)—E.

o0 --- 01

Here n is even, and the leading n/2 rows of S are the same, as are the trailing n/2
rows. Other examples of stochastic matrices for which 7,,(S) > 1 include a 6 x 6
matrix in [76, p 861] and 62 x 62 matrix in [66, §3].

4.1. Properties and Explicit Expressions. The coefficient 7., (.5) has many
properties in common with 71(S) from Section 3, because it is bounded, well-conditioned
in the absolute sense, submultiplicative, and proper.

THEOREM 4.1 ((7) and (8) in [76]). If S, S1 and Sy are stochastic matrices then

1.0< 7(8) < 5]

2. |TOO(51) — TOO(SQ)| S Too(Sl - Sg)

3. Too(S) = 0 if and only if rank(S) =1

4. |Al < 7o (S) for real eigenvalues X\ # 1 of S
5. TOO(S1S2) S 7'00(51) TOO(SQ)

Proof. The proofs are analogous to those of Theorems 3.1 and 3.2. O

Since Too(+) is a proper ergodicity coefficient, Theorem 2.3 implies for a doubly
stochastic matrix Sy that 7o, (+) is zero at the same time for Sy and Sg,

Too(S2) = Too (ST) = 0 <= rank(S,) = 1.

Below is an explicit expression for 7. (.5).
THEOREM 4.2 (§2 in [76]). If S € R™*™ is a stochastic matriz then

Too(S) = max ¢(Se;),

1<j<n

where the function ¢ is defined for s € R™ with elements labeled s1 > --- > s, and

n/2 n
Z Si — Z S; if n is even,
i=1 i=n/2+1
o(s) =
(n—1)/2 n
Z S; — Z si ifn is odd.
=1 i=(n+3)/2

15



Proof. Let s be a column of S and z a vector that together achieve the maximum
in 700 (9), i.e.

Too(S) = hax 57|, = Hzrﬁli)ilmjax‘e]rSTz‘ = |sTx|.
zTl=0 zTl=0

The idea is to incorporate the constraint 71 = 0 into the matrix vector product,
by writing #7's = 27 (s — 01) for any scalar §. The Holder inequality and ||z|/ = 1
imply

27| = |27 (s = 01)| < ||zl oclls — 0|1 = [|s — 011

Label the elements of s so that s; > ... > s,, and choose § = s; where [ = n/2 for n
even, and [ = (n + 1)/2 for n odd. This gives for even n and | = n/2,

n n/2 n
s =01y = lsi=snjol =D (si=snp2) + D (snj2—54)
i—1 i=1 i=n/2+1
n/2 n
:Zsi - Z Si :¢(S)a
=1 i:n/2+1

while for odd n and | = (n+ 1)/2 we obtain

n l n -1 n
s =01y => Isi—sil=> (si—s)+ > (si—si)=D si— > si=0(s).
=1 =1 i=l+1 =1 i=l+1

We have shown that 7., (S) = [27's] < ¢(s) < maxi<i<n ¢(Se;).
To show the reverse inequality, let s be a column of S so that maxi<;<, ¢(Se;) =
¢(s). Let P be a permutation matrix that orders the elements of Ps in decreasing

magnitude, i.e. Ps = (31 ... sn)T with s1 > ... > s,,. Define the vector

T
P (]15/2 —]15/2) if n even
Yy= - . T
P(1f, 1, 0 —1%,_,,) ifnodd

Then ¢(s) = |yT's|, yT1 = 0 and ||y|l = 1. Hence maxi<;<, #(Se;) = ¢(s) = [yTs| <
Too(S). O

Like 71(5) in Corollary 3.5, we can also view 7o (S) as the norm of an (oblique)
projection of S, with the projection being onto range(1)=.

COROLLARY 4.3. If S € R™*" js q stochastic matriz then for some 1 < k <mn,

Too () = HST(I— ekﬂT)HOO

Proof. The proof of Theorem 4.2 implies that 7o,(S) = maxi<,<, ||Se; — 01]|1,
where 6 is an element of Se;, that is, = el Se; for some 1 < k < n. Then Se; —
er Se;1l = (I —1el) Se; and

() = as || (1~ 16f) Se, |, = (1~ 1ef) 1], = |8 (1~ xa?)]|,

1<j<n
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Theorem 4.2 also implies lower and upper bounds for 7.,(S) in terms of the
coefficient a(S) = max; max; |s;; — si5| from Example 2.5.

THEOREM 4.4 (Proposition 4 in [76]). If S € R"*™ is a stochastic matriz then

CY(S) < TOO(S) < E_Oi(S) an even,
2= a(S) ifn odd.
Proof. We start with the lower bound. For every column j of S, let k; be an
index that achieves the maximum in

n n

EE DUERHED pTEl

i=1 i=1

Let column [ of S achieve the maximum in a(S) so that a(S) = |s;;1 — siyi|. Adding
and subtracting sy,; inside «(S) and applying the triangle inequality gives

n

a(S) = |8iy1 — Skt + Skt — Sist] < |Si1 — Skl + |Sinr — k| < Z [sit — Sk
i=1

n
< mJ?LXZ |sij — 8k;5] = Too(S),
i=1

where the last inequality follows from the proof of Theorem 4.2. There we showed
k
that 7. (S) = max; [[Se; — 01|, = max; Y., [si; — sk, jl-
As for the upper bound, let column j assume the maximum in 7., (S), and assume
that the rows of S have been permuted so that s;; > ... > s,;. Theorem 4.2 implies
for even n

n/2

n n
T (S) = Zl (8ij = $n/2+ig) < 5 Hﬁxbij = syl < 5 a(S),
and for odd n,
(n1)/2 n—1 n—1
Too(8) = D (8ij = Sni1)/24i5) < 5 max|sy —sy| < a(S).
i=1 ’

O
Theorem 4.4 implies the values below for the maximum of 7, (S) over all stochas-
tic matrices S. Rhodius [55] and Lesanovsky [44] attribute this result to Tan [76].
COROLLARY 4.5. If S, is the set of stochastic matrices in R™*™ then

S =
max Too (S)

5 if n even,
”Tfl if n odd.

Proof. Theorems 2.6 and 3.1 imply a(S) < 71(S) < 1. Together with Theorem
4.4 this gives maxges, Too(S) < n/2 for even n, and maxges, Too(S) < (n —1)/2 for
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odd n. To see that the bounds are tight, let S; be a n X n matrix where n is even,
and So a n X n where n is odd, and

- - 10 0 0

: : 10 0 0
si=g 0 0l sm=loo0 0

0 0 0 1

0 0 0 1 - -

Then 75 (S1) =n/2 and 75,(52) = (n —1)/2. O
Corollary 4.5 also follows from a more general result for p-norms in Theorem 5.8.

4.2. Relations between Infinity-Norm and One-Norm Coefficients. We
present relations between 71(S) and 7.,(S). For stochastic matrices of very small
dimension, the two coefficients are identical.

THEOREM 4.6 (§3.3 in [66]). If S is a 2 x 2 or 3 x 3 stochastic matriz then
71(8) = 700 ().

Proof. For n = 2 Theorem 3.4 implies 71 (5) = 1 HST (e — 62)’

4.2 implies 7oo (S) = ||S7 (e1 — eg)HOO. Since ST (e1 —e2) = (s —s)T for some scalar
s, we obtain 71(S) = 750(S) = |s].

For n = 3 Theorem 3.4 implies 71(S) = %maxlgmgg HST(ei — ej)‘ 1» while The-
orem 4.2 implies 7o (S) = maxi<; j<3 HST(ei —ej)Hoo. For ¢ # j we have v =

1» while Theorem

ST(e; — ej) = (’U1 vy —U] — ’U2) for some scalars v; and ve. If v; and vy have
the same sign, then ||v||; = 2(Jv1|+ |v2|) and ||v]|ec = |v1|+ |v2], hence 71 (S) = T (S).
If v; and v, have different signs, assume without loss of generality that |vi| > |vs], so
that |—v; —ve| = |v1|—]|v2|. Then ||v|j; = 2|v1| and ||[v||ec = |v1], hence 71 (S) = 7o (5).

For stochastic matrices of any order n, we can show the following relations.
THEOREM 4.7. If S € R"™™ s a stochastic matrix and n > 2 then

271(5) <ro(S) < 3_711(5) Z‘fn even,
222 11(S)  if n odd.
Proof. We start with the lower bound. In Theorem 3.4, let ¢ # j be indices
so that 271(S) = ||ST (e; — ej)Hl < n||ST (e; — €j) ||oo- From (e; —e;)T1 = 0 and
llei — ejlloo =1 follows [|ST (€; — €;) |loo < Too(S).

As for the upper bound, Theorem 4.4 implies 7..(5) < Fa(S) for even n and
Too(9) < 251 a(S) for odd n. Now combine this with the bound a(S) < 71(S) from
Theorem 2.6. O

The upper bound in Theorem 4.7 is tight; for the matrices S; and S in the proof

of Corollary 4.5 we have 75, (51) = 271(S1) and 700 (S2) = 2517 (S2).

Doubly Stochastic Matrices. Theorem 4.7 relates 71 (S) and 7 (.S) for stochas-
tic matrices S. In the special case of doubly stochastic matrices Sy, the transpose ST
is also stochastic, so that we can try to relate 71(S;) and 75 (S%). The motivation
is as follows. We know that ||S||; = [|S7 || in general. However, 71(-) and 7o (*)
are norms of matrices that restricted to subspaces orthogonal to the dominant right
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eigenvector 1. Since Sy and SdT have the same right dominant eigenvector 1, then is
there anything we can say about 71(Sy) and 7., (S7)?
THEOREM 4.8 (p 344 in [68]). If Sq € R™™ is a doubly stochastic matriz then

71(S4) =1 = 70 (Sg) =1.

Proof. The explicit expression 71(Sq) = 1 —min;; Y ,_, min {s;z, s;x} from Corol-
lary 3.6 implies: If 71 (Sq) = 1 then there exist indices ¢ and j so that s;; = 0 or sj; =0
for every k. First consider the case n even. Then one row of Sy contains at least n/2
zeros, implying that a column c of Sg contain at least n/2 zeros. If we label the
elements of ¢ so that ¢; > ... > ¢, then ¢; =0, n/2+1 < i < n. Theorem 4.2 implies
é(c) = Z:’/f Ci = Y ipjas G = 1 50 that 7o (S]) = 1.

If n is odd, an analogous argument implies that one row of S; contains at least
(n+1)/2 zeros and ¢(c) = S0 2 e = S g pei =10

The converse of Theorem 4.8 is not true [68, p 344]. The symmetric matrix

1/3 0 0 2/3
0 5/6 0 1/6
0 0 5/6 1/6

2/3 1/6 1/6 0

Sa =

has 7o (S7) =1 but 71(Sq) =5/6 < 1.

We can make a stronger statement for a particular class of doubly stochastic
matrices, where all rows contain the same elements, but not necessarily in the same
order. Such matrices have been studied in [53].

THEOREM 4.9 (p 345 in [68]). If Sq € R™ ™ is a doubly stochastic matriz in
which all rows contain the same elements, then 11(Sq) < Too (SdT).

Proof. First consider the case when n is even. Since all rows of S; contain the
same elements, s; > ... > s,, and 2?21 s; = 1, Theorem 4.2 implies

n/2

TooSd ZSZ i si=1-—2 i

i=n/2+1 i=n/2+1

From 7, min {si, sju} > 2375, 54, si and Corollary 3.6 follows

(S)—1—mmZm1n{szk,s]k}<1—2 Z i = Too(ST).

i=n/2+1
If n is odd, an analogous argument implies
(n—1)/2 n n
Too(ST) = Z Si — Z si=1-2 Z 85 = S(n+1)/25
i=1 i=(n+3)/2 i=(n+3)/2

and

71(Sq4) =1— H}ianin {sik, s} <1—-2 Z 8i = S(n41)/2 = TOO(SdT).
7 k=1 i=(n+3)/2
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COROLLARY 4.10 (p 3451in [68]). If Sq € R™*"™ is a symmetric stochastic matric
in which all rows contain the same elements then 11 (Sq) < Too(S4).

For the special class of symmetric matrices in Corollary 4.10, one can show that
equality holds, i.e. 71 (Sq) = To(Sq), for n = 2, 3,4 [68, p 345-346].

5. p-Norm Ergodicity Coefficients for Stochastic Matrices. For any in-
teger p > 1, the p-norm ergodicity coefficient of a stochastic matrix S is [66, §2]

() = ngﬁffl}
zT]lzo

|57 2], (5.1)

where the maximum ranges over z € R™. We present basic properties of 7,(5), and
derive the maximal value of 7p(S) over all stochastic matrices S.
The coefficient 7,(S) has the same basic properties as 7 (S) in Theorem 4.1; it
is bounded, well-conditioned in the absolute sense, proper, and submultiplicative.
THEOREM 5.1 (81 in [77], [55]). If S, S1 and Sy are stochastic matrices then
1.0<7(8) < |57,
2. |mp (S1) — 7p (52)| < (51 — 52)
3. 1(S) =0 if and only if rank(S) =1
4. |A < 71p(8S) for real eigenvalues A # 1 of S
5. Tp (5152) S Tp (51) Tp (SQ)
Proof. The proofs are analogous to those of Theorems 3.1 and 3.2. O
For 2 x 2 stochastic matrices, all coefficients 7,(S) are the same and identical to
the magnitude of the subdominant eigenvalue of S.
THEOREM 5.2 (p 585 in [66]). If S is a 2 x 2 stochastic matriz with eigenvalues
1 and A, then 7,(S) = |A| for all integers p > 1.
Proof. Let S = (2 1:2) with 0 < 51,850 < 1. Then A = s1 —s5. If A =1
then S = I, and 7,(S) = 1 for all p. If A < 1 then vectors z with 271 = 0 and
|lzll, = 1 satisfy STz = Az. Hence 7,(S) = || for all p. O

5.1. The Maximal Value Over All Stochastic Matrices. In 1988 Rhodius
[55] determined, for any p-norm, the maximal values of 7,(S) over all stochastic
matrices S. To this end he showed that maxg 7,(5) is achieved by an extreme point,
which is a stochastic matrix @ that has a single one in each row. Then he exploited
the particular structure of Q7 z to determine max, ||Q7 2|1 as a function of p and the
matrix dimension n. We illustrate this development.

To start with, we present two compactness results, for which detailed proofs can
be found in [64, §2.5.4]

LEMMA 5.3. The set S, of n x n stochastic matrices is convex and compact. The
set of extreme points Extr(S,,) consists of stochastic matrices that have a single one
in each row.

LEMMA 5.4. The set H, = {z : € R", 271 =0 and ||z|, = 1} is compact.

First we show that for the maximum over all stochastic matrices it suffices to look
at the extreme points of the set of stochastic matrices.

THEOREM 5.5 (Theorem 1(a) in [55]). For integers p > 1

a S) = ma a T .
énesf””( ) max Qeéﬁﬁsn)”Q 2|l
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Proof. Since S,, and H,, are compact sets, see Lemmas 5.3 and 5.4, and since the
p-norm is a continuous real-valued function, we can switch the two maxima below,

max 7,(9) = max max ||S?z||, = max max ||STz||,.
SeSn, S€S, 2z€EH, 2€H, SES,
Fix z € H,. Then the convex function f(S) = ||STz||, on the convex compact set

S,, attains its maximum at an extreme point [31, p 535]. Thus maxges, f(S) =

mMaxQecExtr(Sy) f(Q) O

For matrices @ € Extr(S,,) one can write vectors Q7 z in terms of sets that record
the position of ones in each column of Q.

Remark 5.1 (p 142 in [55]). If Q € Extr(S,) and z € R™ then

ZiEDl i
Q"= : :
EiEDn Zi
where the set D; contains the indices of all rows that have a 1 in position j, that is,
xS Dj qul_] =1.
We illustrate this for the case n = 3. Let

100 Z1
o=1[10 0], 2=z
0 0 1 z3
The stochastic matriz @ is in Extr(Ss), and
. 21+ 22 Yiep, %
Q z= 0 = | Xiep, %
23 ZiEDg Zi

From q11 = q21 = 1 follows Dy = {1,2}. Since qi2 = 0 for all i we have Dy = (), while
gs3 = 1 implies D3 = {3}.

Now we show that maxg 7,(S) can be obtained by summing particular elements
in a vector that achieves the maximum.

COROLLARY 5.6 (p 144 in [55]). For integers p > 1

max 7,(S) = max  max 2P (2 4+ z),
Ses, 1<I<n—1 z€HANA;

where A ={z € R": z1,...,21>0, 2141,...,2, < 0}.
Proof. We only give a sketch of the main argument. Remark 5.1 implies

ZiGDl i

max 7,(5) = max max
SeS, z€Hn Di,...,Dy,

ZiEDn Zi

where the maximum ranges over all sets D, that satisfy D; U...UD,, = {1,...,n},
and D; N D; =0 for i # j. Rhodius [55] does not give a proof that this expression is
equal to the desired expression maxj<j<,—1 MaX,cH, NA, 21/p(zl + -+ z). However,
an inequality is easy to see.

p
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A vector z € H,, N A; satisfies
0=z"1 =21+ 21,1 = [|z1alls = [[z01m 1

Hence ||zi41:nll1 = ||z12]l1- Let the maximum of the desired expression be achieved
by an index k and a vector x € H,, N A, i.e.

max max (214 ---+2z) =21+ + k= |20k
1<i<n—1z€H,NA,
Then
Yien, “i
. Ty,
max _max : >
z€Hy D1,...,Dy, : Thy1 + -+ Tn »
ZieDn Zi/
1
= (lzll} + lznrnlD)? = 227 1.
ad

Next we characterize vectors z that achieve the maximum in Corollary 5.6 and
show that their elements z1,..., z; can be chosen to be all the same.
THEOREM 5.7 (Theorem 2 in [55]). For integers p > 1, the function

fz,)=2YP (21 + -4 z)

achieves its mazimum over H, N A; at vectors z with z1 = -+ =z and 2141 = -+ - =
Zn-

Proof. Let x € H, N A; be a vector where f(z,l) achieves the maximum, i.e.
f(z,l) = maxyen,na, f(2,1). We construct a vector y of the desired form by setting

1
—1

1
p=c=p=E gt g = =y = (Tip1 + -+ ).
Then y™1 =0, y € A, and f(y,1) = f(x,1). We will show that f(y/||ylp 1) = f(x,1).
Since z achieves the maximum of f(z,1), we must have f (y/||yllp,!) < f(z,1). Suppose
we can show that ||y|, < 1. Combined with f(z,!) = f(y,!) this implies

LQL o Lo N
) = gy 00 = g 0 = Fed

Therefore £ (y/|lyllp 1) = £(2,1).

We still need to show that ||y||, < 1. Since the leading | elements of y are the
same, and so are the trailing n —1 elements, we get [|y||} = I|y1[? + (n—1)|yi+1[?. Write
Y1 = :I:L]ll/l, where z1., = (:L'l . xl). The Holder inequality with 1/p+1/¢ =1
gives

1 1 _
il < Flloralpltille = Jlwrallp =177 212l

Similarly, |y14| < (nfl)_l/szleHp, where z;41., = (:I:l+1 :cn) Substituting
the bounds for |y;| and |y;41] into the above expression for ||y||b implies ||y|, < ||z, =
1.0

At last, the characterization of the vectors in Theorem 5.7 makes it possible to
determine explicit values for the maximum in Corollary 5.6.
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THEOREM 5.8 (Theorem 3 in [55]). For integers p > 1

(
B m(S) = (

1-1 e
) /P if n is even,

_ .
)’ W((nﬂ)lwi(nﬂ)lw) " ifn s odd.

= o3

Proof. Corollary 5.6 and Theorem 5.7 imply

max 7,(S) = max max f(z,1) =27 max max Ilz.
SES, 1<i<n—1zeH,NA; 1<i<n—1z€H,NA;

We need to determine lz; so that maxges, 7,(S) does not depend on [ or z. From
271 = 0 follows lz; + (n — [)z;41 = 0, hence 211 = —lz1/(n —1). Substituting this

into [|z]|5 = 1 gives lzy = (I + (n — l)l_p)_l/p. Hence

2 1/p
2P max  max lz = )
1<I<n—1 z€HnNA; =7+ (n—10)-»

This expression is maximized if [ = n/2 for even n, and { = (n+1)/2 for odd n. O
In the special case p = oo, Theorem 5.8 reduces to Corollary 4.5.

6. Ergodicity Coefficients Based on the Stationary Distribution. In 1983
Tan [77] defined the ergodicity coefficient

7p (m,5) = max |57z
llz]l,=1 P
2Tn=0

where 7 # 0 is the stationary distribution of the stochastic matrix S, i.e. 778 = 77,

and the maximum ranges over z € R™. We present properties of these coefficients,
and explicit expression for the coefficients in the one-, infinity- and two-norms.

Like the previous coefficients based on the vector 1, see Theorem 5.1, the coeffi-
cient 7, (7, S) is bounded and proper. However, because different stochastic matrices
have different stationary distributions, 7, (7, .S) is submultiplicative only with regard
to powers of the same matrix. Continuity is not clear either because m depends on S.

THEOREM 6.1 (p 279 in [77]). If S is a stochastic matriz, 1S = nT and 7 # 0,
then

1. 0< 75 (m,S) < HSTHP.

2. 1 (m,5) =0 if and only if rank(S) = 0.

3. |A| <7 (7w, ) for real eigenvalues A\ # 1.

4. T (ﬂ',SH_k) <7 (7r, Sl) Tp (TF,Sk) for integers I,k > 1.

Proof. The proofs are analogous to those of Theorems 3.1 and 3.2. O

With regard to explicit expressions for the one-norm and infinity-norm coeffi-
cients, the idea is to view 7 as a diagonal scaling of 1, i.e. 7 = D1 where D = diag(w).

For the one-norm coefficient 71 (7,.5) = max.|,—1 .77—0 ||STZH1 we start with
the easier case when all elements of 7w are non zero. For example, if the stochastic
matrix S is irreducible, then all elements of its stationary distribution are positive.

THEOREM 6.2 (Remark p 284 in [77]). If S is an irreducible stochastic matriz,
778 = 7T where ™ > 0, then

_ ST e =€)y
T1 (W;S)_I?%X ||D,1 (eifej)Hl 5
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where D = diag(n).
Proof. This follows from a more general result for real matrices in Theorem 7.8.

a
COROLLARY 6.3. If S € R™*" js a stochastic matriz then
1 T T
71(S) = 5 [ax |ST(I —e;1 )H1

If the stochastic matrix S is reducible, then there exists a permutation matrix P
so that

PSPT = (g Jg) (6.1)

where the [ x [ matrix A is irreducible, B is square, and each row of C has a positive
entry [7, p 223]. As a consequence, the stationary distribution 7 can be permuted to
Pr = (Wil O)T, where 71.; is a [ X 1 vector with 7m1,; > 0. In this case the ergodicity
coefficient of S can be expressed in terms of the ergodicity coefficient of the irreducible
submatrix A.

THEOREM 6.4 (Theorem 3 in [77]). Let S be a stochastic reducible matriz of the

form (6.1) with stationary distribution Pm = (ﬁfl O)T where ., > 0. Then

71 (m,S) = max {m (71.1, A), || Blloo } -

Proof. This follows from a more general result for real matrices in Theorem 7.9.
O

The explicit expression below for 7o (7,.5) = max,|_—1,.7=—0 HSTZHOO holds for
reducible as well as irreducible matrices.

THEOREM 6.5 (Theorem 1 in [77]). Let S € R™*™ be a stochastic reducible matriz
of the form (6.1) with stationary distribution Pm = (ﬂ'{k O)T where L, > 0. Then
oo (7, 8) = yuax 6(Se.),
where the function ¢ is defined for s € R™ with elements labeled s1/m > ... > si /7,

l is the smallest integer such that 23:1 T > L

5, and

-1 k -1 k n
¢(S)=Zsi+ Zﬂj—Zm %—Zsﬁ-Zsi.
i=1 j=1

j=l+1 i=1+1 i=k+1

Proof. This follows from a more general result for real matrices in Theorem 7.10.
d

We can view 7o (m,S) as the norm of an (oblique) projection of S, with the
projection being onto range(m)*.

COROLLARY 6.6. Let the assumptions of Theorem 6.5 hold. Then for some
1<k<n

Too(m,S) = ||ST (I- DilekﬂT)Hoo .

where D = PT diag (diag(m1.1), In_#) P.
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Proof. The proof is analogous to that of Corollary 4.3. O

With regard to an explicit expression for the two-norm coefficient 75 (7,5) =
Max||;||,=1,:Tr=0 ||STzH2, the idea is to incorporate the constraint z77 = 0 into the
matrix. Then the constrained maximization problem of order n can be reduced to an
unconstrained problem of order n — 1.

Let S € R™ ™ be a stochastic matrix of the form (6.1) and distinguish the leading
row of the permuted matrix

In the expression for 75(7, S) below we replace the n x n matrix S by an x (n — 1)
matrix.
THEOREM 6.7 (Theorem 2 in [77]). Let S € R™*"™ be a stochastic matriz of the

form (6.1) with stationary distribution Pm = (7rT O)T where 71.m > 0. Then

1:m
o (r, ) = [|RL],

where R = So., — s17%. /71 and LTL = I,,_1 + mo.,ml, /73.

Proof. Because the two-norm corresponds to a quadratic form, we can use the
constraint z7m = 0 to eliminate an element from z and reduce the dimension of the
maximization problem 7(m, S) = max,r.—q .21 57 z[2-

Let 2 € R be a vector with 277 = 0 and ||z]2 = 1, and partition Pz =

(zl zQTn)T From 0 = 277 = (P2)T(Pr) = 2171 + 22,72, and 7; > 0 follows

T
21 = —Z29., T2 [T1.

Substituting this expression for z; into S7z gives PSTz = s121 + So.nzo.m = R2owm,
hence ||STz||2 = ||Rz2.n||2- Furthermore, substituting the expression for z; into the
other constraint 1 = ||2]|2 = (P2)T(Pz) gives 2J,Qz2., = 1 where Q = I,,_1 +
To.nma, /72, The matrix @Q is real symmetric positive definite, and has a Cholesky
factorization Q = LT L, so that || Lzo.,||2 = 1.

Thus the problem of maximizing ||S” 2|y for z € R™ subject to z"m = 0 and
||lz]l2 = 1 is equivalent to maximizing ||Rz||s for z € R"~! subject to ||Lz|2 = 1. At
last, since L is nonsingular we can set y = Lz, so that the maximization problem
becomes

o(m, ) = max [|[RL™ yl2 = [RL™"2.
llyll2=1
O
One can further simplify the expression in Theorem 6.7, and show that 72 (7, S)
is simply the norm of an orthogonal projection of S onto range(w)*. The resulting
expression below is a special case of Theorems 7.15 and 8.6.
COROLLARY 6.8. If S € R"*™ is a stochastic matriz with 77 S = 77 and m # 0

then
T
To(m, S) = H(I— i) S

I3

2
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Proof. Theorem 6.7 implies |RL™Y|3 = HR(I—I—TI‘g;nﬂ'gn/ﬂ'%)_l RTH . From
2
-1

(I—i—ﬂ'g:nﬂ'gn/ﬂ'f) =TI —my,nd /7|3 follows
T 2
il -l L0 B
(EdlERIP 7113 [alF: 5

where the last equality follows from the fact that I — 7n”/||«||% is Hermitian and
idempotent. O

7. Ergodicity Coefficients For Real Matrices. In 1984 Seneta [69, (1)] ex-
tended the coefficient of ergodicity from stochastic matrices to rectangular matrices
A € R™*"™ and arbitrary vectors w € R™,

Tp(w, A) = max [|[ATz H
llz]lp=1
2T w=0
where the maximum ranges over z € R™.
We present properties and explicit expressions, as well as applications to eigen-
value bounds for nonnegative matrices.

7.1. Properties and Bounds Common to All p-Norm Coefficients. We
present properties of 7,(w, A) for rectangular matrices A. The coefficients 7,(w, A)
are bounded, well-conditioned in the second argument, and only very weakly submul-
tiplicative because w is generally not an eigenvector of A.

THEOREM 7.1. If A, A1, Ay € R™*™ gnd w € R™ then

1. 0< 7w, 4) < A7,
2. |1p (w, A1) — Tp(w, A2)| < 7 (w, A1 — Aa)
3. 1p(w, AB) < || BT, 7 (w, ) for B € R"<k,

Proof.
1. This follows from maX” || -1 HA zH < max| |, =1 HATzH = HATH
2. Let 7p(w, Aq) > Tp(w Ag) and mp(w, A1) = || AT y||p for some vector y € R™

with [|y||, = 1 and yTw = 0. Then

0 <y A1) = A2) = ATy, — ma [14F2], < 4T, ~ |43l

2T w=0

The triangle inequality implies

|ATyll, = ATyl < |41 - 42)"y|| < max ||(41 - 42)"
p llzllp=1 p
2T w=0
- Tp(waAl - AQ)

3. Let y € R™ be a vector with 7, (

) yTw=0and ||y[, =

1. The submultiplicative property of the p-norms implies

p(w, BA) = [ A" BTy, < | AT, B"yll,

< ATl Hﬁax 1B 2|, = [ ATl 7 (w, B).

2T w=0
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d
If w happens to be a real eigenvector of A then a submultiplicative property holds
for powers of A, similar to the one for stochastic matrices in Theorem 6.1.
THEOREM 7.2. Let A € R™™™ and w € R™ be a right eigenvector of A. Then for
I,m>1

Tp (w, AHm) <7 (w, Al) Tp (w, A™) .

Proof. Let y € R™ be a vector with 7, (w, A™"™) = H (AT)Hmy‘

,yTw =0 and
P

lyllp = 1. Since Aw = Aw for some real number A, we have
[(AT)my]T w =yl A™w = \"yTw = 0.
Hence the vector z = (A7) y/ [ (A7) yH satisfies ||z||, = 1 and 27w = 0, so that

T (w,AHm) _ H(AT)l+my (AT)my
P

s

<7 (w, Al) Tp (w, A™) .
P

P
a

Bounds. We present two upper bounds for 7,(w, A) that could possibly improve
the bound in Theorem 7.1. They also furnish eigenvalue bounds for irreducible non-
negative matrices in §7.5.

The first bound expresses the constraint 27w = 0 in terms of a rank-one downdate
of the matrix.

THEOREM 7.3 (Theorem 5.5 in [60]). If A € R™*™ and w € R™ with w # 0 then
for all vectors x € R™

Tp(w, A) < H (A- w:I:T)T

p

In particular for p = 2

ma(w, 4) < |4 - we', < |4 - wa'|,

where min, ||A — w2l ||F = H( ”w” )AH
Proof. Let z € R™ be a vector with 27w = 0 and ||z||, = 1. Then

(A — wa)Tz =ATz —zwTz= A"z

implies
ol A) = max 472, = max | (4 - wa™) "] < (4 - wa)]
2T w=0 2T w=0

where the last inequality follows from Theorem 7.1.
From [|AT ||z = ||A|2 and || A]|2 < ||A|| for any matrix A follows

| (4=waT)"|| = |4 - wa|, < A - waT]| .
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To find a vector x that minimizes HA — waH » write the Frobenius norm as a sum
of two-norms,

HA—w:cTHF ZHA wxT eZH2 ZHAe%—w:czH2

Thus min, |4 — waHi consists of n independent minimization problems | Ae; —
w2;||2. Each minimization problem |wz; — Ae;||2 is a least squares problem with
m x 1 coefficient matrix w of full column rank and right hand side Ae;. The unique

solution is x; = (wTw)f1 wl Ae; = el ATw/||w||3. Thus z = ATw/||w|%, and

T T
14ﬂwT:A_%Lé:(I_%i>A

lwll3 lwlf3

d

The second bound relates coefficients based on different vectors. We will use it
to show continuity of 7,(w, A) with regard to w.

THEOREM 7.4 (Lemma 4.1 in [24]). Let B € R™*™ and f € R™. Then for every
pair of vectors v,w € R™ with fTv= fTw=1

7p(w, A) < (v, A) + 2 [|AT[| 1 fllpllv — wllq,

where 1/p+1/q = 1.
Proof. If 7,(w, A) = 0 the inequality holds trivially. Now assume that y € R™ is
a vector such that yTw = 0, ||y||, = 1, and 7,(w, A) = HATpr > 0. We will bound

(v, A) from below in terms of a projection of y, namely the vector (I, — foT)y =
y—oly f.

If y —vTy f =0, then y = vTyf. This, together with w? f = 1 implies w’y =
vy w? f = vTy. Hence 0 = wly = vTy. From vTy = 0 and ||y||, = 1 follows

Tp(v, A) = ”nﬁax ||ATZH > HATpr =7(w, A),

2Tv=0

so that the desired inequality holds.
If y —vTy f # 0 we can define the vector

y—vlyf _ y-(@-wlyf
ly=vTy fll,  lly— (@ —w)Ty fll,’

z =

which satisfies ||z]|, = 1 and z7v = 0, so that

Hﬂyfwfwfyﬂvm

Tp(v, A) > ||ATZ||p =

Hy —(v—w)"

The triangle and Holder inequalities imply

147y, — llo = wll, lsll, [|47], 11

1Yl + o = wllg [1Yllpll £l
28
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From 7,(w, A) = HATpr and ||y||, = 1 follows

p(w, A) — [Jv —wll [AT|1I£1],
Lt flo —wlg 11

Tp(v, A) >
Rearranging gives
mo(w, 4) < (v, 4) [L+ o = wl, 171 + 1o = wll, AT, 171,

The desired inequality now follows from 7,(v, A) < HATHP in Theorem 7.1. O

Theorem 7.4 implies that 7,(w, A) is a continuous function of the first argument
on the set {:c eR": 2Tf = 1}.

COROLLARY 7.5 (Corollary 4.2 in [24]). Let A € R™*™ and f € R™. Then for
every pair of vectors v,w € R™ with fTv = fTw=1

7o (w, A) = (v, A)| < 2[[AT[| ) [ flpllo = wllg,

where 1/p+1/q = 1.

7.2. Explicit Expressions for One-Norm Coefficients. We derive an ex-
plicit expression for 71 (w, A) for real rectangular matrices A.

We start with an easy case, that of square matrices with constant row sum and
w = 1, since this scenario is similar to that of stochastic matrices.

THEOREM 7.6 ([1, 54], p 584 in [66], pp 189 - 191 in [71]). If A € R™*™ with
All = all then

71(1, A) —maXZ|azk @il fafmmme{azk,ajk}

Proof. This is an extension of the explicit expression for 71(S) for stochastic
matrices S in Theorem 3.4 and Corollary 3.6, and a special case of Theorem 7.8
below. O

For general, real matrices A, we begin with the case where all elements of w are
nonzero, i.e. |w| > 0. We view w as a diagonal scaling of the vector 1, and derive an
expression for vectors z that satisfy 27w = 0. This is done in the extension below of
Lemma 3.3.

LEMMA 7.7 (p 192 in [69]). If z,w € R™ with x # 0, |w| > 0 and 27w = 0, then

Zyw D I ), where yi; >0, E Yij = [z,
I — €5 H1 —
i#j i#£]

and D = diag(w).

Proof. The proof proceeds by induction over the dimension n of x.

If n = 2 assume wiz; > 0. Then, 0 = 27w = 27 (D1) = (Dx)T 1. As in
Lemma 3.3 this implies Dx = wix (1 —l)T. Hence x = wiz1 D™1(e; — e2). From
D7 ey —ez) = (1/wy 1/w2)T and ||[D(e1 — e2)||, = [1/w1| + |1/wy| follows

D_l(el — 62)

T = Y12 MTr-~—1/_ N1
[D=1(e1 —ea)ll

1 1
where Y12 = W11 <m + m) > 0.
1 2
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Finally |wi21] = |waxs| implies

w11

W2T2
Y12 =
w1

= [l

‘wlzl

—|1|+]

Now assume the lemma holds for n > 2 and we will show it holds for n + 1. Let
x # 0 be a vector of dimension n + 1 with 27w = 0. Assume Dz has been permuted
so that w,z, > 0, Wypt1Zp+1 < 0 and wyz, = maxi<;<n+1 |wiz;|. Then

(Dl')lznfl (D:C)lznfl Olznfl
Dx = WnTp = | WnTn + Wnt1Tnt1 | — Wn41Tn+1 1
Wn41Tn41 0 -1

Multiplying by D! gives

T1:n—1
o Wn41Tn41 -1
T =|Tn+ =5 | — Wap1Zpg1 D (en — ent1).
0
N T Wyt 1Tnt1\ L . . . .
Define the vector & = (:clzn% Ty + T) of dimension n, which satisfies
n

2Twi = zTw = 0. If # = 0 then the conclusion follows as in the case n = 2.

If & #£ 0 then we apply the induction hypothesis to £ and obtain

—e; .
Zyz] ) ; where  y;; >0, Zyij = |2,
i HD ej)”l i#j
and Dj., is the leading principal submatrix of order n of D.
Applying the definition of # and setting yn nt1 = —Wn+1Zn+1 || D7 (en — ent1)|l1

gives

> i + Y1 = 2l — wos12ag1 D7 (en — ent)n

i#]
1 1
— Wn1Tn+1 | 7 + .
|wnl (w1l

From w,x, = maxi<i<n+1 |wiz;| > 0 and wy412,41 < 0 follows

1

|wy|

Wn+1Tn+1

= ||1'1:n71||1 + |xn +

n

Wn+1Tn+1

Tn + (WnTpn + Wnt1Tn41) -

Wn

Hence

Wn, T w xZ
D Yis + Ynnrr = lera—al + T o

i#j [on]

From w,z, > 0 and wy 412,41 < 0 follows

|wn+1|

WnILp . Wn4+1Tn+1 _ |wn-rn| |wn+1$n+1|
|wy| |wn41] |wy,| |w 1]

= |zn| + |Zp4al-
Therefore Zi# Yij+Yn,nt+1 = ||z][1. At last, the definition of y,, ,,+1 yields the desired
expression for z,

T

xTr = <0> — Wp4+1Tn+1 Dil(en - enJrl)

ez*e;) D~ (en — ent1)
=2 i Thiie — eI

+ Yn,n+1 — .
- RO R 7 rereen T
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When w = 1, then D = I and |[D7!(e; — ¢;)|l1 = 2, so that Lemma 7.7 reduces
to Lemma 3.3.

As in Theorem 3.4, we make use of Lemma 7.7 to determine an explicit expression
for 7y (w, A) for real matrices A and real vectors w. We distinguish the two cases when
all elements of w are nonzero, and when some elements of w can be zero.

The expression below, for w with all elements nonzero, extends Theorems 3.4 and
6.2 from stochastic to real matrices.

THEOREM 7.8 (p 193 in [69]). If A € R™*"™ w € R™ and |w| > 0, then

||ATD71(€Z' — ej)H
T1(w, A) = max “——— :
a o |[D7M e —e5)lly
Proof. Let 11 (w, A) = ||ATx||; where 27w = 0 and ||z||; = 1. Applying Lemma
TTtowgivesz =3, Yij D=t (e; — ej)/HD_1 (e; — ej)’ 1 where 37, yi; = [|z]l1 =
1 and D = diag(w). The triangle inequality applied to ||ATz||; yields

ATD e )y ATD e — el
A - AT < i || ¢ J < ‘ J .
i &) = 4% 0 < 2w Tpe ol < o e o,

To show the reverse inequality, set y = D~ 1(e; — ej)/HD_l(ei - ei)”1 for some 7 # j.
Then yTw = y"D1 =0, ||y||; = 1, and
[ATD™ (es — ey,

D= (ei — el

mi(w, A) = max [[ATz]; > [[ATy]: =
llzll»=0
2T w=0

Since this inequality holds for any ¢ and j,

T -1
1 (w, A) > max A 13 (ei — )|l
i [D7 M e —ej)ll;

d

If A is a stochastic matrix and w = 1, then Theorem 7.8 reduces to Theorem 3.4.
If A is also irreducible with stationary distribution 7 and if w = m, then Theorem 7.8
reduces to Theorem 6.2.

Now we consider the more general situation when w can have zero elements. We
choose a permutation matrix P to isolate the nonzero elements in w, and permute
the rows of A correspondingly,

_ [ Wik _ Ak
Pw< ! > PA(Am_k),

where wy.; is a k x 1 vector with |wy.x| > 0, and Ay has k rows. The following
expression extends Theorem 6.4 from stochastic to real matrices.

THEOREM 7.9 (p 194 in [69]). Let A € R™*", w € R™, and P a permutation
matriz so that |wy.kx| > 0. Then

T1(w, A) = max {7 (wi.k, Ak), [|Am—rll}-
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Proof. Let x € R™ be a vector with 71 (w, A) = || ATz||1, ||z]; =1, and 27w = 0.
Partitioning Pz = (ch x%_k)T with xx being k x 1 gives

ATy = ATPTPx = Al + AL 2.

We distinguish the cases x; = 0 and xj # 0.

If 2 = 0, then ||ATz||, < HAzz—kH1 |zm—rll; and ||€m—k|l1 = ||z||1 = 1. Hence
m1(w, A) = |ATz|y < ||AL _,||; = [[Am—#llco. To show the reverse inequality, choose
o such that Pz = epy; for some 1 <i <m—kand |[AL _, |1 = |AL _,eills = [|ATz]|;.
Since the trailing m — k elements of Pw are zero, 27w = 0. This, together with
llz][1 = 1 implies ||AL _, |1 = |ATz|; < 71 (w, A).

If 2, # 0 then 0 = 27w = 27 PT Pw = 2] w1, and we can apply Lemma 7.7 to
obtain

Dy '(ei—e))
Jo— i eI where y;; >0, yii = el
2 T R

and Dy, = diag(wy.). Substituting this into the above expression for || ATz, gives

[4% Dy (ei — e,
1D (e = e,

[A 2|, < llexll max + 1 An k]l lzm—kllx

[ATD; (e — ey ,r
< (||=Tk||1 + me*kHl) max {Inf;“x ||D];1(€Z . ej)Hl ) HAmfchI :

Now Theorem 7.8 and ||zk|1 + [|[Tm—k|l1 = ||z]|1 = 1 imply
mi(w, A) < max {1y (Wi, Ak), [[Am—rlloo}-

The reverse inequality follows, as in the proof of Theorem 7.8, by picking a vector y
whose leading k elements are PT D, ' (e; — ej)/HDk_l(ei - ej)H1 for some 1 < 14,5 < k,
and whose trailing n — k elements are zero. O

If A is a stochastic reducible matrix with stationary distribution 7 then Theorem
7.9 with w = 7 reduces to Theorem 6.4.

7.3. Explicit Expressions for Infinity-Norm Coefficients. We extend The-
orems 4.2 and 6.5 from stochastic matrices to real matrices.
THEOREM 7.10 (83 in [69]). If A € R™*"™ and w € R™, and P a permutation

matriz so that Pw = (w?,C O)T with |wy.k| > 0, then

Too(w, A) = max ¢(Ae;),

1<i<n

where the function ¢ is defined for a € R™ with elements labeled a1 /w1 > ... > ay/wy,
l is the smallest integer such that 23:1 [w;| > Zle_ﬂ |w;|, and

-1 ] k -1 " k ]
. . .
dla) =) et | Y fwil =) lwil) = > et D ail
i— Wi =1 [wi] i1 v ;

j=l+1
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Proof. We start as in the proof of Theorem 4.2. Let a be a column of A and z a
vector that together achieve the maximum in 7, (w, A), i.e.

Too(w, A) = max ATz = max max|eTATz| = |aTac|.
’ o0 : J
llz]lo=1 llzlloo=1 J
2T w=0 2Tw=0

The idea is to incorporate the constraint 27w = 0 into the matrix vector product, by
writing 27a = 27 (a — fw) for any scalar 6. If P is a permutation matrix then the
Holder inequality and ||z]|co = 1 imply

lzTa| = |(Px)T (Pa — 0Pw)| < ||Pz|«||Pa — 0Pw||; = ||Pa — 0Pw||;.

Choose a permutation matrix P so that Pw = (w{k O)T with |wi.k| > 0, and
Pa = (a1 an)T with aq/wy > ... > ap/wg. Then
k @ n
HPaaHM1§:mﬂ‘E§4+l§:|mL
i=1 i=k+1

Set 6 = a;/wy, split the sum and remove absolute values,

! a; a k a a; -
:Z|wi| <EEIZ> + Z |w;] (ja) + Z |a;| = ¢(a).

ap

HPa — — Pw
w

! R i=l+1 =kt 1

We have shown that 7o (w, A) = |[z7a] < ¢(a) < maxi<;<n ¢(Ae;).
To show the reverse inequality, let a be a column of A so that maxy<;<n ¢(Ae;) =
¢(a). Define the vector y with elements

sl 1<i<i—1
1 El—l ) k ) =

yi = W, i—1 |wil = Zi:lJrl lwi|) =

;=
L] I+1<i<k
sign(a;) kE+1<i<n.

Then ¢(s) = |yT's| and yT1 = 0. Clearly, |y;| = 1 for i # [. Since [ is the smallest
integer such that Zé’:l lw;| > ZleH |w;]|, this implies Zé;ll lwj| < Zle |w;|. From
these two inequalities follows |y;| < 1. Thus ||y|lc = 1 so that maxi<;<, ¢(Ae;) =
P(a) = |yTS| < Too(w, A4). O

If A is a stochastic matrix and w = 1, then Theorem 7.10 reduces to Theorem
4.2. If A has stationary m and w = 7 then Theorem 7.10 reduces to Theorem 6.5.

We can view Too(w, A) as the norm of an (oblique) projection of A, with the
projection being onto range(w)*. This is an extension of Corollaries 4.3 and 6.6 from
stochastic matrices to real matrices.

COROLLARY 7.11. Let the assumptions of Theorem 7.10 hold. Then for some
1<k<n

Too(w, A) = ||AT (I- DilekwT)Hoo .

where D = PT diag (diag(wi.), In_1) P.
Proof. The proof is analogous to that of Corollary 4.3. O
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7.4. Explicit Expressions for Two-Norm Coefficients. We derive four dif-
ferent expressions for 72 (w, A) and extend results in [66, 74, 77] for stochastic matrices
to real rectangular matrices.

In the first expression we represent 75(w, A) as the norm of a matrix with one row
less. The expression is similar in spirit to the one for stochastic matrices in Theorem
6.7.

THEOREM 7.12 (First Expression). Let A € R™*", and w € R™ with w # 0. Let
Q € R™*™ be an orthogonal matriz with leading column Qer = w/||wl|2, and partition
ATQ = (a AL _)), where A,y has m — 1 rows. Then Ta(w, A) = ||Apm_1||2.

Proof. Let z € R™ be a vector with [|z||2 = 1 and 27w = 0. Because the first
column of @ is a multiple of w, QTz = (O éT)T, where Z has m — 1 elements,
2]l =1, and

ATz =ATQQ"z = (a A%—l) (g) = Agmqé-

To obtain the expression for 75(w, A), we take the maximum,

ra(w, A) = max [|[AT2]s = max A7 12l = [An_1ll2 = [Am-1]2-
IIZT||2:1 l12ll2=1
z7w=0

d

With the help of Theorem 7.12 we represent a vector y that achieves the maximum
for 7o(w, A) as the solution of a linear system with right-hand side w.

THEOREM 7.13 (Second Expression). In addition to the conditions of Theorem
7.12, let T = 1o(w, A) = || ATy||2 where |yl =1 and yTw = 0. Then

TAAT
(AAT — 721y = yw, where = v oLy

Proof. We represent the singular value problem || A,,_1]|2 from the proof of The-
orem 7.12 as an eigenvalue problem,
T aT AT

T AAT ) — aa m—1 _ T
QTAATQ = (Am1a B ) , where B=A,_14,,_;.

Since QT AATQ is real symmetric positive semi-definite, so is its leading principal
submatrix B. Thus, 72 = ||A,,_1]|2 = || B||3 is a dominant eigenvalue of B, and

7=y AATy =T QQTANTQQTy = 7B, where @7y = (7).

This means that the (m — 1) X 1 vector § is a unit-norm eigenvector of B for the
dominant eigenvalue 72, i.e. (B — 72I)§ = 0. Therefore
aTa—72 aTAT

(a7 - 21y = lQranre -1 Qmy=q ("~ A (1)

_ aAL,_19 _ a AL, 19 _ T .
_Q((BT2I)ﬁ _Q 0 =a Am—lerl-
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It remains to express the last quantity in terms of A, y, and w. From ATQ =

(a AL _1), QTy= (2), and Qe; = w/||w||2 follows

at AT g = (aTa oAl _)) (2) =a’ (a AL_)) (2)

= el QTAATQQ Ty = el QTAATy = w" AATy/||w].
Hence

wl AATy

aTAgmqu Qe = ||wH2
2

w.
O

Theorem 7.13 in turn leads to a third characterization which was introduced by
Seneta and Tan [74, Proposition 1]. We replace the Lagrange multiplier based proof
by one that is matrix based. The characterization involves the adjugate, which is
defined by A adj[A] = det(A)I for square matrices A.

THEOREM 7.14 (Third Expression). Let A € R™*" and w € R™ with w # 0.
Then (r2(w, A))? is the largest root of the polynomial wTadj|[AAT — M]w of degree
m—11in A\

Proof. As in Theorem 7.13, let 7 = 7o(w, A) = ||ATy|2 where |ly/l2 = 1 and

yTw = 0. We distinguish two cases, depending on whether 72 is an eigenvalue of

AAT or not.
e If 72 is not an eigenvalue of AAT then AAT — 721 is nonsingular. From
Theorem 7.13, and the relation between inverse and adjugate follows

B v o adi[AAT — 2w
v = (A=) =Y G (AT — 2y

Multiplying by w” yields 0 = w’y = wTadj[AAT — 72I]w. Hence 72 is a root
of wTadjlAAT — 721 |w.

o If 72 is an eigenvalue of AA”T then one can choose y to be an eigenvector
associated with 72. Let AAT = VQVT be an eigenvalue decomposition, where
V is real orthogonal, and ) is diagonal. For any scalar A, adj|[AAT — \I] =
Vadj[Q — MVT, because adj(XY) = adj(Y)adj(X) for square matrices X
and Y, and adj(V) = det(V)V7T for a real orthogonal matrix V. Thus

wladj[AAT — Mw = wT Vadj[Q — M|V w.

Assume that the diagonal elements w1, .. .,wy, of Q are ordered so that w; =
72 and y = Ve;. From 0 = yTw = eI VTw follows that the leading element
of VTw is zero, ie. VIw = (0 wy ... wm)T. The matrix Q2 — M\ is a

diagonal matrix, and so is its adjugate,
Hj;él (wj —A)
adj[Q — ] =
Hj;ém (Wm —A)

Substituting the expressions for VTw and adj[Q — AI] into w?adj[AAT — M]w
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gives

m

wladj[AAT = Mw = Jwi> [ (w;j—X
1=2

j=1,j#i

m

wil* w1 =N ] (@ = N.

j=2,j#i

.

s
||
N

Therefore 72 = wy is a root of wTadj[AAT — Mw.
Since each product (w1 — A) [T}1,y ;4 (wj — A) in wTadj[AAT — AI|w consists of
m — 1 factors, the quantity w”adj[AAT — M]w is a polynomial of degree m — 1 in \.
We still need to argue that w; = 72 is the largest root of this polynomial. Applying
the partitioning in Theorem 7.12 to the adjugate gives

afa— X\ aTAT

From Qe; = w/||w||2 follows

T, __ T AT
TadlAd” At = ulfel (%4272 ) | e = it -,

Since 72 is the largest root of det(B — M), it must also be the largest root of
wladj[AAT — Mw. O

The expression below extends Corollary 6.8 from stochastic matrices to real rect-
angular matrices and arbitrary vectors. It suggests that 7o(w, A) is the norm of an
orthogonal projection of A projected onto the subspace range(w)=*. In this sense, the
expression below resembles the one in Theorem 7.12.

THEOREM 7.15 (Fourth Expression). Let A € R™*"™ and w € R™ with w # 0.
Then

wen=|(o-25)

lwlf3

2

Proof. The proof is similar to the proofs of Theorem 6.7 and Corollary 6.8. The
constraint 27w = 0 is incorporated into A7z and into 27z = 1. Also, a more general
result is proved Theorem 8.6. O

Note that the two-norm expression for 7o(w, A) in Theorem 7.15 represents an
equality, while the Frobenius norm expression in Theorem 7.3 is only a bound.

In the special case when w is a dominant singular vector of A the expression in
Theorem 7.15 reduces to the second largest singular value of A.

COROLLARY 7.16. Let A € R™*"™ have singular values o1(A) > 02(A) > ... and
dominant singular vectors v and u so that Av = 01(A) u and ||ull2 = |jv]|2 = 1. Then

To(u, A) = 12(v, AT) = 09(A).

Proof. From u” A = o1(A)vT and Theorem 7.15 follows

Ta(u, A) = ||(1 - uu™) AH2 = ||A = o1 (A)uvT 2.
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Let A =UXVT be a singular value decomposition where ¥1; = o1(A), and U and V
are real orthogonal. Then Ue; = u, Ve; = v and

A = g1 (A)uv”||s = || = g1 (A)ere] |2 = 02(A).

Hence 72(u, A) = 02(A). The proof for 72 (v, AT) is analogous. O
Corollary 7.16 is an extension of the expression

TQ(]l, SD) = T3 (]I,Sg) = O'Q(SD)

for doubly stochastic matrices Sp in [74, p 3].

7.5. Eigenvalue Bounds for Nonnegative Matrices. We present bounds on
inclusion regions for subdominant eigenvalues of nonnegative irreducible matrices.

Let A € R™™ be a nonnegative irreducible matrix with eigenvalues A; and Perron
vector u > 0 so that

Au = \u, where A1 > A2 > - > A (7.1)

Ergodicity coefficients 7,(u, A) that are based on the Perron vector u bound the
modulus of all subdominant eigenvalues, real as well as complex. The bound below
extends the one-norm bound for stochastic matrices in Theorem 3.2 to p-norm bounds
for nonnegative matrices.

THEOREM 7.17 (Theorem 3.1 in [60]). If A € R™*™ is a nonnegative irreducible
matriz as in (7.1) then

[Ai] < 7p(u, A), 2<i<n.
Proof. The proof consists of constructing a norm || - || on C™ whose restriction
to R™ is || - ||, and so that 7,(u, A) = max ;.1 HATZHC. O

2T u=0, zeC"

An alternative option for eigenvalue bounds iseto convert the matrix into one with
constant row sums.

LEMMA 7.18 (p 293 in [5]). If A € R™*™ is a nonnegative irreducible matriz as
in (7.1) and D,, = diag(u) then (D;*AD,) 1 = M\ 1.

Since similarity transformations preserve the eigenvalues, one can bound the
eigenvalues of A in terms of an ergodicity coefficient based on D;;* AD,, and its Perron
vector 1.

THEOREM 7.19 (p 63 in [60]). If A € R™ " is a nonnegative irreducible matriz
as in (7.1) and D, = diag(u) then

|\il <7, (2,D,'AD,,), 2 <i<n.
Remark 7.1 (p 346 in [68]). The bound in Theorem 7.19, when applied to stochas-

tic matrices can be tighter than the bound in Theorem 7.17.
Consider the stochastic matriz S with stationary distribution w, where

1/2 5/16 3/32 3/32 5/13
|12 5/16 3/32 3/32 [ 5/13
S=10 58 3/16 3/16 and = 306

0 5/8 3/16 3/16 3/26
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With D, = diag(w) we obtain

/2 12 0 0
5/16 5/16 3/16 3/16
5/16 5/16 3/16 3/16
5/16 5/16 3/16 3/16

D;'SD, =

The eigenvalues of S are 1, 3/16 and 0, while the ergodicity coefficients are

1 13 5
TI(S):ga 1 (ST):Ev TOO(S):la Too (ST):g,
and
7 (D;'SDy) = 3 Too (D 'SDy) = 3.
m u 8’ oo m u 16

Thus 1 (D;lSDu) and Teo (D;lSDu) are the tightest upper bounds on the subdom-
inant eigenvalues.

Below we bound 7,(u, A) by the norm of A deflated by its dominant spectral
projector.

COROLLARY 7.20. If A € R™*™ is a nonnegative irreducible matriz as in (7.1)
and vT A = \vT then

il < 7w, A) < (A= Mweh) T, 2<i<n,

Proof. This follows from Theorem 7.17, and from Theorem 7.3 with x = A\jv. O
In particular, Corollary 7.20 implies an inclusion interval for 7,(u, A) in terms of
A deflated by its dominant spectral projector,

p (A — /\1uvT) < 7p(u, A) < (A - AluvT)THp,

where p(A) = maxj<i<n |Ail-

8. Complex Matrices and General Subspaces. The most general form of
ergodicity coefficient [60, §7], [29, §3], is defined for complex matrices A € C™*™ and
the maximization takes place over subspaces of arbitrary dimension,

(W, A) = max A2 .
ll2ll,=1
z*W=0
where the maximum ranges over z € C™.

We discuss properties of these coefficients and their application to inclusion re-
gions for subdominant eigenvalues. Then we focus on the two-norm coefficient, for
which derive explicit expressions and establish its relation to singular values. For
normal matrices, we show that the two-norm coefficient is a Lehmann bound.

8.1. Properties Common to All p-Norm Coefficients. Like for real matri-
ces, the coefficients 7,(W, A) are bounded, well-conditioned in the second argument,
and weakly submultiplicative in the second argument.

THEOREM 8.1. If A, Ay, Ay € C"™*™ and W € C™*F then

1.0 < 7p(W, A) < || A7,
2. |mp (W, A1) = 7p(W, Ag)| < 7 (W, A1 — A3)
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5. 7,(W. BA) < | A%, 7,(W, B).
Proof. The proof is analogous to that for real matrices in Theorem 7.1. O
As in the case of real matrices in Theorem 7.3,
the upper bound on 7,(W, A) can possibly be improved by representing 7, (W, A)
as the norm of a downdated matrix.
THEOREM 8.2. If A € C"™ " and W € C™** then for all X € CF*

(W, A) < [|A" — XW7|,,.

Proof. Let z € C" be a vector with z*W = 0 and ||2]|, = 1. Then
(A—WX*) 2=A"2 - XW*2 = A"z
implies

(W, A) = |\g\la):<1 H(A - WX*)* sz =7, (W, A-WX") < H(A — WX*)*HP ,
2*W=0

where the last inequality follows from Theorem 8.1. O

Invariant Subspaces. If the columns of W happen to span an invariant sub-
space of A, then a submultiplicative property holds for powers of A. We also show
that the ergodicity coefficients can determine eigenvalue inclusion regions.

THEOREM 8.3. Let A € C"™™ and W € C"¥F with AW = WC for some
C € CF*k. Then for l,m > 1

Tp (VV, Al+m) <7, (VV, Al) T (W, A™) .

Proof. The proof is analogous to that for real matrices in Theorem 7.2. O

If W spans a right invariant subspace associated with dominant eigenvalues, then
an eigenvalue bound holds that is similar to the one for stochastic matrices in Theorem
3.2 and for irreducible nonnegative matrices in Theorem 7.17.

THEOREM 8.4. Let A € C"*™ have eigenvalues A;, labeled |Ai| > ... > |A,].
If \e # Apg1 for some 1 < k < n, and if the columns of W € C"™* span a right
imwvariant subspace of A associated with My, ..., A\ then

N < (W, 4),  k+1<i<n.

Proof. Let v € C™ be a left eigenvector of A for an eigenvalue \;, k+1 < i <mn,
so that v*A = \;v* and ||v||, = 1. Since the columns of W represent a right invariant
subspace associated with eigenvalues different from \;, we have v*W = 0. Hence

Al = [Aiv| = |40, < Thax A 2], = (W, A), kE+1<i<n.
z||p=1
z*VIZ}:O
d

If the columns of W are actually Jordan vectors, then we can say something about

the tightness of 72(W, A) as an eigenvalue bound. Let A = XAX ™! where

A _ Y
A:(l A2)a X:(Xl X?); Xl:(}/})a
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and
A1: ) A2:

THEOREM 8.5. Let A € C"*™ have eigenvalues \;, labeled |A\i| > ... > |\,|. If
Ak # A1 for some 1 < k <mn, then

Aera| < 7p(X1, A) < (A [ [ X3, (Y57, -

Proof. The lower bound follows from Theorem 8.4.
With regard to the upper bound, let y be a vector with 7,(W,A) = [|A*y|[,,
y*W =0 and ||y||, = 1. Then A*y = Y2A5XS y and

(W, A) = Ayl < [ X31], [1A3]], (Y2l -

Since Aj is a diagonal matrix, ||Azl|, = [Ag+1]- O

Theorem 8.5 suggests that the tightness of 7o(W, A) as an eigenvalue bound for
the subdominant eigenvalues depends on their Jordan vectors. An analogous bound
based on the Schur decomposition will be presented in Theorem 8.11.

In the remaining sections we concentrate on two-norm coefficients.

8.2. Explicit Expressions for Two-Norm Coefficients. The four explicit
expressions for two-norm coefficients of real matrices in Section 7.4 also hold for com-
plex matrices. In particular, we extend Theorems 7.12 and 7.15 to complex matrices
and general subspaces. The following two bounds demonstrate that (W, A) is the
norm of an orthogonally projected matrix, where the projection is onto range(W),.

THEOREM 8.6. Let A € C"™*", and let W € C™** have orthonormal columns.
Let Q € C™*™ be a unitary matriz with @ = (W Qg), and partition A*Q =
(Ak Am_k), where A,,—1 has m — k columns. Then

(W, A) = [[Am—k |2

Proof. The proof is analogous to that of Theorem 7.12 for real matrices. O
In contrast to the matrix A,,_x in Theorem 8.6, which has fewer rows than A,

the projected matrix below has the same dimension as A.
THEOREM 8.7. Let A € C™*" and W € C™** with rank(W) = k. Then

(W, A) = ||(I - WW*W)~'W*) 4, .
Proof. Let z be a vector with z*TW = 0 and ||z||2 = 1; and let P be permutation

matrix so that
o Wk - Zk
PW — (Wm_k) o pae <2m_k> ,

where the k x k matrix Wy is nonsingular and z; has k elements. Then z*W = 0
implies 2z}, = —z;, . X, where X = Wy, W~ ! We can incorporate the constraint

Z*W = 0 into z by writing
_X*
Pz = (Imk) Zm—k-
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As a consequence,

A*z = A*P* (IX ) , 1=z2=2) _ (Lm-t + XX )2pm_k.
m—k

The matrix I,,,_;+X X* is Hermitian positive definite, hence has a Hermitian positive-

definite square root (I,_x + XX*)V/2. Setting y = (Ln_p + XX*)/22,, 1 gives

y*y =1 and

—X*

A*z = A*By, where B = P* (I
m—Fk

) (Im—r + X X*)7V2,
Therefore, maximizing ||A*z|2 over z € C™ subject to z*W = 0 and ||z||2 = 1 is
equivalent to maximizing || A*By||2 over y € C™~* subject to ||yl = 1. This means
ra(W, A) = maxyy,—1 [ 4°Byll2 = [ 4° Bl

The m x (m — k) matrix B has orthonormal columns, thus ||A*B||s = || B*4||2 =
||BB*Al|2, and BB* is the orthogonal projector onto the space

) = anes (1 (757)) o (1 ()

* Ik _ p* Wk -1 __ —1
() = (5 Yo -

we obtain range(B) = range(W)L. The uniqueness of orthogonal projectors implies
BB* =1 - W(W*W)~'w*. O

Since

8.3. Two-Norm Coefficients and Singular Values. We show that two-norm
ergodicity coefficients are closely related to singular values.

The result below It implies that two-norm ergodicity coefficients based on domi-
nant singular vectors can reproduce any singular value. This is in contrast to eigen-
values, where ergodicity coefficients yield only bounds, see Theorem 8.5. The result
below extends Corollary 7.16 from real matrices to complex matrices and arbitrary
subspaces.

COROLLARY 8.8. Let A € C"™*™ have singular values o1 > g9 > ..., and let the
columns of U; and V; consist of the respective left and right singular vectors associated
with o1,...,0;. If 1 <k <min{m,n} then

TQ(Uk,A) = TQ(Vk,A*) = Ok+1-

Proof. This follows from Theorem 8.7, and the proof is analogous to that of
Corollary 7.16. O

More generally, for all matrices W with k£ columns, singular values o1 and o;
represent the extreme values for 7o(W, A).

THEOREM 8.9. Let A € C™*" have singular values o1 > o9 > .... If 1 <k <
min{m,n} then

Wg}clgxk To(W, A) = 011, Wrggka T2(W, A) = o1.
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Proof. The variational characterization of singular values [31, Theorem 7.3.10]
implies

Ok41 = mMmin max  ||A*z|l2 € max |[A*z]ls = (W, A).
XeCnxk zeC™,||z|l2=1 [Iz]l2=1
2*X=0 2" W=0

Corollary 8.8 shows that the minimum is attained if the columns of W are the k left
singular vectors associated with the k largest singular values o;, 1 < j < k.
The upper bound follows from Theorem 8.1. The maximum is attained if the

columns of W are k left singular vectors associated with singular values o; for j > 1.
O

8.4. Two-Norm Coeflicients and Eigenvalues. For a normal matrix, The-
orems 8.5 and 8.9 readily imply that the two-norm ergodicity coefficients based on
dominant eigenvectors can reproduce the magnitude of any eigenvalue.

THEOREM 8.10. Let A € C™*™ be a normal matriz with eigenvalues A, labelled
so that |A\1| > ... > |\u|, and Mg # Aps1. If W € C™** has orthonormal columns that
span an invariant subspace associated with A1, ..., A\ then

[Akp1] = 2(W, A).

Proof. Since A is normal, it has singular values |);|, and Theorem 8.9 implies
[Ait1] < 72(W, A). The Jordan matrices X are unitary, so that the Jordan vectors
X2 and Y3 in Theorem 8.5 have orthonormal columns and || X3||2 = ||Y2||2 = 1. From
Theorem 8.5 follows 7o(W, A) < |Agy1|. O

More generally, one can try to use 72 (W, A) as an inclusion region for subdominant
eigenvalues of nonnormal matrices A. In Theorem 8.5 this was done by choosing
dominant Jordan vectors for W. Below we derive an analogous bound when W
consists of dominant Schur vectors.

Let A = Q(A+ N)Q* be a Schurdecomposition, where @ is unitary, A is diagonal,
and N is strictly upper triangular.

THEOREM 8.11. Let A € C™*" have eigenvalues \j, ordered so that |\ > ... >
Ak and A\ # Aiy1. Let W € C™*F have orthonormal columns that span an invariant
subspace associated with \1,..., . Then

Aet1| < (W, A) < [Aga| + [|V]]2

Proof. The matrix W can be chosen as the leading k columns of @, see [23,
Lemma 7.1.2]. The remaining proof is similar to the proofs Theorem 8.5 and 8.10. O

Theorem 8.11 implies that mo(W, A) based on dominant Schur vectors provides
good inclusion regions for subdominant eigenvalues if A is close to normal, that is, if
the departure of A from normality, || V|2, is small.

Connection to Lehmann Bounds. We illustrate that two-norm ergodicity
coefficients for normal matrices are special cases of Lehmann bounds.

So-called " Lehmann bounds” are a particular type of eigenvalue inclusion regions.
They are expressed in terms of singular values of the matrix restricted to a subspace,
see [49, §10.5] for Hermitian matrices and [6] for general matrices. Theorem 8.12
below presents Lehmann bounds for normal matrices. We use o;(B) to denote the ith
largest singular value of the matrix B.
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THEOREM 8.12 (Corollary 2.3 in [6]). Let A € C**™ be a normal matriz, X €
C™ "™ have orthonormal columns, and v be a complex scalar. Then each disk

A A=9 <o (A—~D)X)}, 1<i<m

contains at least m — i + 1 eigenvalues of A.

It turns out that for any full column rank matrix W, the ergodicity coefficient
T2 (W, A) is a Lehmann bound for a normal matrix A.

THEOREM 8.13. Let A € C™ ™ be a normal matriz, let W € C™** have linearly
independent columns, and let v be a complex scalar. Then the disk

A A= < (W, A—~I)}

contains at least n—k eigenvalues of A. That is, 7o (W, (A — 1)) is a Lehman bound.
Proof. Let X € C"*(»=%) have orthonormal columns with range(X) = range(W)=.
Then

o1 ((A=~ID)" X) = max ||(A771)*XyH2: max H(A—'y[)*Xy||2

Ivll2=1 I Xylla=1
= max [[(A =D 2], = m (W, A —~1).
z2*W=0

Now apply Theorem 8.12 with m =n—k and i =1.0
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