Inductive Approach to Cartan’s

Moving Frame Method

Irina Kogan
Yale University

July, 2002



Generalized definition of a moving frame
M. Fels and P.J. Olver (1999)

A moving frame is an equivariant smooth map
o.M — G.

R _1
a—7 G

M M

T heorem.
A moving frame exists if the action is regular

and free.



A (local) moving frame < free action and
(local) cross-section K:

o codim/kC = dim Oy,
e /C is transversal to O, for Vz e U C M,
e ICN O, consists of at most one point.

Define p(z), by the condition p(z) -z € K

U
p(g-2)g-z2 = p(2)- 2
|} freeness
p(g-2) = p(z)g™*

Invariantization of functions f: M — R

W(f)(2) = f(p(2) - 2)

Zt = 1(2Y) D a complete set of functionally
independent invariants.



Euclidean Geometry on the plane.
The Frénet Frame.
SE(2) = SO(2) x R?

Infinitesimal arc-length ds = /1 + u2 dx
dr d
= (_SU, —u> , d—T — KJN
ds ds ds
Basic differential invariants: the Euclidean cur-

vature k and its derivatives ks = %, Kss, €tC.

Affine Geometry on the plane.
SA(2) = SL(2) x R?

Infinitesimal arc-length da = u;};f’ dx

dx d dT
(x “) N="" = |TxN|=1
do

da’ do
dN T
doe H
Basic differential invariants: affine curvature u

and its derivatives pqo = g—g, Uaco, €lcC.



Moving Frames on Homogeneous Spaces.

P.A. Griffiths (1974), M.L.Green (1978)

G
7
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Jet spaces:

Jk = Jk(M,p) are bundles over M.

The fiber over z € M consists of the equiva-
lence classes of p-dim. submanifolds with k-th
order contact at z.

Local coordinates on Jk:

{xl,...,xp,ul,...uq,u?}, where
J:<j17"'7jp) |J|:jl++]p§k7

Projections:
JO... gk gk gt L 9= M
x: gt — J* for t > k
Jets of submanifolds:
If N: u® = f%x) then

akfa
Oiigl . 9pgp

GEN) - u® = (%), uy =
Prolongation of the action:

g- " (N) = j%(g- N).

j; > 0.



Theorem. (Ovsyannikov, Olver)
The action of (G is loc. effective on open sub-
sets

Y

Jdn < dim G (the order of stabilization), s. t. the
prolonged action is loc. free on an open dense
v c Jn.

Y

3 moving frame p: V" — G

p can be lifted to J* for k > n:

p(zF)) = p (xf (21M))
J

e complete set of differential invariants,
e invariant differential forms,

e invariant differential operators.



Euclidean action on the plane:

x +— 1y = cos(op)r —sin(p)u+ a
u — v =5sin(¢)xr + cos(d)u+b

. _Sin(®) + cos(P)ux
e "1 cos() — sin(@)ug
Uy

Uy ++— V2 —

(cos(¢) —sin(¢)ug)3
_ (cos(¢) — sin(@)uz)ugze + 3sin(ed)u2,
> (cos(¢) — sin(¢)uz)5

Ugpxx +— U

cross-section on J!:
Kg={x=0,u=0, uzs =0}
2
moving frame is the solution of
y=0,v=0,v; =0:

é = —arctan(ug), a= _EF U Ue® U

Juz +1 u2 + 1

Substitute in vo and wvs:

o — Uzx
(1 +uz)3/?

(14 uz)3

5 =

I§ — Kg



dy = cos(¢)dx —sin(¢)du =
(cos(¢) — sin(¢)uz) dx —sin($)d = dgy + dyy,

where 60 = du — u, dx

dry = (cos(¢) — sin(@)uz) dv, dyy = — sin(¢)0

moving frame = ¢ = — arctan(ug)

dpy = ds = /1 + u2 dx



Modifications:

e Recursive algorithm (some conditions
on the group action)

— Construct differential invariants on Jk
order by order,
at each step normalizing more and more
of the group parameters
at the end obtaining a moving frame for

the group G.

J
The structure of invariant differential forms
on Jk.

e Inductive algorithm
G =AB s. t. AN B is discrete.

— invariants and moving frames for A and
B can be used to construct invariants
and a moving frame for G.

Y

Relations among the invariants of G and
its subgroups.



Inductive algorithm:

G = BA, BN A is discrete

Proposition 1.
dng and a local c.-s. K4 C J"e s. t.

e A acts loc. freely near K4,

e [C, is invariant under the action of B.

e Mm.f. py: J" — A defined by

(). () € iy

e for £k > ng the action of B is well defined
on:

Kk = {z(F) e Jk Wﬁa(z(k)) € Ka}.



Proposition 2.

e dn s. t. B acts loc. freely on

K =z e g7 an 20y e gy

e JcC.-s. K C K} for B-action.

J
m.f. pp: K’y — B defined by pp(2(™).2(M ¢

Proposition 3. K is a c.-s. for the G-action.

Y

pc: J*" — G is a m.f. for G.

pa(z0)) = pp(pa(z(™) - 200 p 4 (2(M)

pE(pa(2(0)) - 2(0))p 4 (2(02)) . (o0)

contains a complete set of G- invariants.



From the Euclidean to the affine action:

SA(2,R) = SL(2,R) x R? = B - SE(2,R)

#=1(5 1)}

where B is the isotropy group of

zél) = {z=0,u =0,u;y =0} = Kp.

dim SA(2,R) = 5 = lowest inv. on J%.

Step 1: Prolong the action of B to J%:

r — T+ A\u,
1

Uy —  —u,
T
Uy

(1 4+ Aug)’

Ugx

(T + Aug)3’
(T + Aug)Ugze — 3XU2

(7' + AU:C)S ’
(7 4 Att) 2the — 10(7 + Ati) Mot + 152203,

(7 + Aug)’

,u/$ —

Uy —

Urzx >

Urzre >



Step 2 Restrict these transformations to

K = ZORE") =)
{2(4)|:c = 0,u = 0,u; = 0} :

” . Uz
rxr Y
+3
Urzx ? 5 )
T
Urxxx — 7 .
T

Step 3 Choose a cross-section for B action
J

M. f. pg: K% — B:

Uxxx

3(um;)5/3'

U

invariant for B action on K%, :

UrxUxxxxr — %(Ua:a:a:)Q
(um)8/3

13 =



Step 4 Substitute Euclidean invariants:

_ o 1515 —30U5)

In terms of k :

I5 = kK, I§ = Ks, Iﬁ=m33—|—3m3

Y

. m(/{33+3m3)—%/{§
H = 8/3 ’

Differentiation with respect to the affine

arc length:
do = /11/3d3
J




Affine invariant differential operator:

xr—y=71r+ N =dyy = (7 + \ug) dx

B-moving frame:

L 1/3 . Ugxx
7= (ugg)/® and A= ()57
J
1/3 UgxrxrUx
(u:c:c + 3<u$$)5/3> dx.

Invariantization with respect to the Euclidean
action.
Note that on K%:

Ux:O,qugj:IS:K/,u$$$:I§:/{3,d$:dS

J

do = /4,1/3613
J

d 1 d

doo  k1/3ds



From the affine to the projective action:
PSL(3,R) acts on R? :

I\a:v—l—ﬁu—l—’y_ I\)\:c—l—yu—I—T
w'/(Sa:—I—eu—I—C' v dx + eu 4+ ¢

PSL(3,R) = B- SA(2,R)

1 ab O

B = O a O
b ¢ 1

a

IS the isotropy group of
Kgq= zé?’) = {xr=0,u=0,u1 =0,up = 1,uz = 0}
k) = {zDf (D) = 2y

e restrict the prolonged B-action to IC174.

e Cchoose cross-section for B-action to IC174:
= {2(7) € KY|ug = 0,u5 = 1, ug = 0}

e normalize parameters a, b and c and substi-
tute affine invariants:



Projective curvature in terms of affine

invariants:

_ —Tude + 6patiaca — 3ppua

= 8/3
6/La/

Invariant differential operator for the

projective action in terms of the

affine:
da 1 d
i 1/3
do ,UJo/ do



The moving frame for the projective group is

the product of the matrices:

1 (676
[ 1 3t 0
1/3
0 ne! 0 | x
1 pea 1 paa—3puc 1
\ 3 2/3 18 2/3 3/3)
1/3 1 ke 0 1 Uy  uugz+x
X §Klf>/3 Vv 14u2 \/1i|—u£ V14u2
O O _ U TUxr—U
e Vit Vitd Vit
0 o 1 0 0 1



Affine and Euclidean action for curves in

R3

SA(3,R) = B-SE(3,R) and BN SA(3,R) = I,

where

a b c
B=Of£1J
OOW

IS the isotropy group of

’CE: {2(2)|$:O,U:O,U:O,U;C:O,U;U:O,U;Ux:()}

U,a
15

v,a __
15

_ 1 —a4_-7/2
—36K, T

(36/1272(711535 — KssTs + 4K°Ths — KT2Ts — 36375 + 273K+
6072k (k2T — 3Thssk) — 6K*T(T2ks — 3KTssTs)+

160373 — 25373,

2% k83 +-7/3 (36/4327'2(52 + 72) — 20Kk272 — 8KTHKsTs

— 35k%72 4+ 12k7(Thss + 2/{7'58)) .

da = (k27)1/6 ds




Recursive algorithm:

G acts on M reqgularly but not freely

)

3 a cross-section Kg.

po: M — G: po(z) -z € Kp.

is defined up to the isotropy groups on .

Coordinates of pg(z) - z D a complete set of
O-th order invariants.



Example:
G = SO(3,R) acting on R3.

Ko is the upper half z-axis

0-th order invariant: r = \/332 4 y2 + 22

Each point on g has the same isotropy group
H ~ SO(2,R)

lpo]l : M — H\G



Definition: Isotypic slice is a c.-s. with the
same isotropy group at each point.

3 isotypic slice
= all orbits are of the same type
< 4 proper action (e.g. G is compact).

Algorithm

(0) dKg C M with isotropy group Hg C G

U
[po] : M — Hp\G is G-equivariant.

Hg acts on K} = {z(D| 73 (D)) € Ko}

(1) 3K1 C K} with isotropy group Hy C Hg
Y
[T1] : K§ — H1\Hg is Hg-equivariant.
[Pz = [71(p0 (=) - 2P po (D))
J1 — H{\G is G-equivariant.

Coordinates of p1(2(1)z(1) 5 a complete
set of 1-st order invariants.



([onl], tn)

J’n
M1
12 ([p2], 12)
2
1
1 ([p1],e1)
1
0
M Mool o)

(Hn\G) x Kn,

i

(0_1,

(H2\G) x K2

(67, 71)

(H1\G) x K1

(655 75)

(Ho\G) x Ko

n
n—1

H;_1 D H;, and 7T/]§_1(’Ck) = Kr_1q

)



e (G-equivariant maps:
— 7f_, — jet projections JFT1 — Jk,
— PL - Jk — Hk\G,

— 68 1 (lglk) = lglk—1: HK\G — Hp_1\G.
where [g]. is the image of g under

e (G-invariant map:

Lk(z(k)) = pk(z(k)) LK) gk Kp..



