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n increasing numbers, policymakers are calling for algebra

for all. Many states and school districts have mandated it

either in specific grades or by graduation. Colleges and uni-
versities demand it for admission without remediation. Some
call it a civil right and base a part of the argument on econom-
ics. But what is it? What is “algebra,” and who is “all”?

Ql

For some time now, the National Coun-
cil of Teachers of Mathematics, the Math-
ematical Sciences Education Board, and
other organizations have been thinking
about the nature and role of algebra in
the K—14 curriculum. These groups have
struggled with the meaning of algebra
and that of all. What algebraic topics
are many universities demanding on their
placement tests? Does implementing “al-
gebra for all” dumb down the curriculum
for college-bound students, as some
claim? Is it really possible for all students,
even those who have been tracked out of a
college-intending curriculum, to learn al-
gebra? If so, what are the big ideas that all
should know? Are the topics being de-
manded relevant, or has technology made
some of the topics inherently irrelevant? Is
algebra itself an artificial cultural barrier
created in another era but totally unneces-

sary in today’s world for a large segment of
the population? Is algebra really a civil
right? What are problems of implementing
algebra in middle schools? Is the ground-
work necessary for algebra being laid in
early grades? And finally, what changes
should be made in teacher preparation if
algebra is to be taught in grades K-14?

This issue of Mathematics Education
Dialogues is devoted to beginning a wider
discussion about algebra, with an empha-
sis on practical concerns. Articles by
teachers at different levels and with differ-
ent expectations are presented. Algebra for
all is a multifaceted issue. Indeed, few
people have no opinion on what, how, or
why? What is your position?

by Johnny W. Lott, Editor
For the Editorial Panel



Algebra for All?

any secondary schools require all stu-
dents to pass courses—and sometimes,
standardized tests—in algebra. One ar-
gument for this requirement focuses
on equality of opportunity; another
argues that algebra is widely needed in the world of
work. Both arguments are questionable. My ob-
jections are here directed at the practice of re-
quiring the traditional algebra courses, not at
teaching specific topics selected wisely from
algebra.

The argument that focuses on equality
says, roughly, that all children should have
the educational opportunities once re-
served for a few. It's hard to oppose such
a generous gesture, but some points
should be raised in opposition. First,
the requirement begs fundamental
educational questions: Why is aca-
demic mathematics a requirement
for college entrance? Why is it not
possible for American students, as
it is for students in many other
parts of the world, to choose a hu-
manities track for college prepa-
ration? Second, can we claim to
be offering an opportunity through
coercion? Because of lack of adequate
preparation or lack of interest, many students will fail algebra;
and with the advent of high-stakes testing, many students who
could have earned a high school diploma will fail to get one.

In our zeal to give everyone a chance at college, we are tol-
erating—perhaps even encouraging—courses that bear little
resemblance to “real” algebra. Youngsters achieve a grade on
their transcripts and then find that they are utterly un-
prepared for college-level work. This practice borders on fraud
and scarcely represents “equal opportunity.”

In most parts of the United States, treatment of non-
college-bound students is shameful. Instead of providing care-
fully planned, interesting, and honestly advertised courses for
such students, we force everyone into courses suitable for
only some future career-option choices. Instead of showing
truly democratic respect for all honest work and for the stu-
dents who will someday do this work, we treat everyone as
college-bound. Students who take jobs without going to col-
lege do so by default because they are considered “not good
enough” for college.

Mly. by Nel Noddings

But maybe everyone needs more mathe-
matics today. Perhaps the requirement
has a genuine educational rationale. 1
doubt it. Although some relatively new
occupations surely use lots of mathe-
matics, many older ones use less than
they did fifty years ago. Mathematics
may underlie much of what is done in
such occupations, but the workers them-
selves need very little. Arguments for
the nonoccupational uses of mathe-
matics—citizenship, personal fi-
nance, and so on—are similarly
flawed. They might provide a ratio-
nale for overhauling the mathemat-
ics curriculum, but they cannot sup-
port requiring traditional courses in
algebra.
A genuinely useful course for
many students in high school
mathematics would include, in
addition to unquestionably use-
ful mathematical skills, some-
thing about the politics of
mathematics education: what it
means to live in a mathemati-
cized world, how mathematics
has been used as a gatekeeper,
the difference between knowing a subject and having a cre-
dential, how tests discriminate both fairly and unfairly, how
tests are constructed, how students contribute to their own
lower economic status by unreflective resistance to mathemat-
ics courses, and what intelligent resistance might look like.
Students should be able to choose either college or non-
college curricula proudly and with some confidence that their
choices will yield a genuine valued education. ¢

Nel Noddings, noddings@stanford.edu,
is Lee Jacks Professor of Child Educa-
tion, Emeritus, Stanford University,
Stanford, CA 94305, and Professor of
Philosophy and Education at Teachers
College, Columbia University, New
York.

The purpose of Mathematics Education Dialogues is to provide a forum through which NCTM members can be well informed about compelling, com-
plex, timely issues that transcend grade levels in mathematics education. The opinions expressed in this publication are those of the writers and do not
constitute an official position of the NCTM. Mathematics Education Dialogues is published as a supplement to the News Bulletin by the National Coun-
cil of Teachers of Mathematics, 1906 Association Drive, Reston, VA 20191-9988. Pages may be reproduced for classroom use without permission.
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FOR ALL:

ny discussion of the appropriate role
and importance of algebra in the
school mathematics curriculum
eventually boils down to answering
four basic questions:

If not algebra, then what?

If not for all children, then for whom?
If not at all schools, then in which ones?
If not now, then when?

In our minds, answers to these questions are fundamentally re-
lated to issues of equity, expectations, and effectiveness.

Algebra, which Robert Moses (1994) and others consider
to be a civil right for all Americans, has always been a civil
right for a select few. Moses insists that the struggle for equal-
ity for minority people is directly linked to mathematics and
scientific literacy. We believe that the successful completion
of algebra will ensure that “all students are prepared for col-
lege level mathematics or mathematics related careers”
(Strong 1999, 3). We envision all schools being transformed
into places where all students successfully complete pre-
algebra by seventh grade, a full year of algebra by eighth
grade, and four years of high school mathematics.

For this vision to become a reality, students, parents,
teachers, and administrators—indeed, all members of soci-
ety—must believe and expect that all children can and must
learn algebra. They must aggressively pursue—both individu-
ally and collectively—their responsibilities to this vision. Only
when this commitment happens will all students learn algebra
and thereby break the illiteracy cycle in mathematics and sci-
ence that has reached epidemic proportions in some schools.

Mastery of algebra must also be a K~12 undertaking. That
is, the study and use of algebra must begin at the start of every
student’s formal schooling and must continue throughout
each student’s academic experience. In addition, truly effec-
tive algebra instruction must be both historically accurate
and culturally relevant. For example, students should learn
that “the word algebra is Arabic in origin and that Europe re-
ceived algebra as a gift from Africa and Asia” (Chicago Public
Schools 1990, 48).

Teacher preparation and subsequent professional develop-
ment raise equity and expectation issues. To minimize the im-
pact of students’ mathematical deficiencies and to enable dis-
advantaged students to compete on the same level playing

by Dorothy S. Strong
and Nell B. Cobb

field as advantaged students, teachers must be prepared to re-
mediate students’ deficiencies while helping them learn new
concepts and procedures. To accomplish this challenging
task, technological support is critically important. Also, we
have found that teachers should be prepared to teach by fol-
lowing an approach that consolidates selected principles of
both standards-based and traditional mathematics instruc-
tion. This approach to instruction, called BiMathematics, is
similar to bilingual instruction in that it produces students
who are proficient in the two languages—skills-based and
standards-based—of mathematics.

To sum up, we firmly believe that all children, at all
schools, can have algebra competence now. With nothing cast
in stone, we must assess the validity of everything that is done
in the name of mathematics education and create school
mathematics programs that embrace equity, expectations, and
effectiveness.
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by Sydney Schwartz and David Whitin

s we ponder the wisdom and impli-
cations of algebra with delayed
symbolism in the elementary
school, we face the question of
what we do instead. The idea of
delaying the use of symbols assumes that chil-
dren will develop the necessary level of abstract
thinking without direct instruction. Do we suffi-
ciently understand how symbolic thinking in al-
gebra develops so that we can recognize and
support the process? If so, how do we prepare
primary teachers to do this?

In the February 1997 focus issue of Teaching Children
Mathematics, contributors discussed both observed and pre-
sumed ways that young children develop algebraic thinking.
With an emphasis essentially on algebraic reasoning, articles
illustrated strategies for engaging children in explaining ideas
in graphic forms, primarily pictorial symbols. Our compre-
hension of the process by which a child structures under-
standings of this content is essential to selecting teaching
strategies that foster progress from a single representation of
a relationship to a generalization.

When we asked 25 teachers with master’s degrees to define
algebra, the preponderance of answers focused on figuring
out a value of x or a missing number. To support children’s
translation of thinking into symbolic representations about
numerical relationships, patterns, and generalizations, a more
comprehensive understanding of algebra is needed. This lim-
ited view of algebra is not sufficient if we are to modify our in-
structional approach to follow the children’s lead rather than
to lead them. The current educational emphasis on the child’s
construction of knowledge, illustrated in the focus issue,
highlights the importance of the teacher’s knowledge base to
successfully engage children in using their emerging algebraic
reasoning and illustrating it graphically or symbolically.

For example, when one kindergarten child was observed
constructing trains of blocks using pairs of colors in single al-
ternation, further “kid watching” revealed that the child was
developing an understanding of the abab relationship. She
commented that her two trains were the same because “they
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kept moving back and forth.”
Multiple experiences creating
visual, tactile, auditory, and mo-
toric ab patterns provide
the context for the idea to
grow on the path to becoming a
generalization.

If we are to consider a devel-
opmental approach to teaching
algebra with the timely inclu-
sion of symbols, then we need
to prepare teachers not only to
recognize algebraic thinking as
it emerges but also to structure
authentic situations that encourage
children to use symbols to repre-
sent patterns and relationships. A
consideration of delayed use of
symbolism in teaching algebra re-
quires knowing how to foster chil-
dren’s emerging symbolism. We
need to go beyond the explorations
that children spontaneously pursue
in such areas as functional relation-
ships in geometry, common ratios

across nonstandard units in measure-

ment, transformations of computational problems into conve-
nient numbers, and numerical equalities and inequalities; we
need to create everyday situations that engage children in al-
gebraic reasoning and representations. To these authors, the
operant word is not wait but rather scaffold, that is, stimulate
the building of bridges from the concrete to the abstract.

Sydney Schwartz, sydney_schwartz@qc.edu, and David
Whitin, david_Whitin@qc.edu, are faculty members in the
Department of Elementary and Early Childhood Education
at Queens College of the City University of New York.
Schwartz, an early childhood educator, has served as the edi-
tor of the “Early Childhood Corner” of Teaching Children
Mathematics, and Whitin, a mathematics educator, was edi-
tor of the “Reviewing and Viewing: New Books” section of
that journal.
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achel, a fourth grader, noticed that
her brother always ate more pizza
than she did. When Rachel wasn’t
very hungry, she only ate one slice,
and Daniel ate three. When Rachel
was very hungry, she ate three slices, but Daniel
ate five. And when she was very, very hungry, she
ate four slices, and Daniel ate six. Rachel noted,
“He always eats two more slices than I do. If I
eat six slices, I bet he’ll eat eight slices.” When
asked to give a number sentence to describe
these circumstances, Rachel wrote the following:

Number of slices Rachel eats + 2 = number of slices Daniel eats

Rachel was engaging in algebraic thinking.

Algebra is all about identifying patterns and expressing
these patterns in some fashion. It has been described as math-
ematics that deals with general statements of relations, using
letters and other symbols to represent specific sets of num-
bers, and so on. To do algebra, students must learn to collect
data and organize those data, to recognize patterns in the
data, and to express the patterns that they have observed. If
students can reason in this manner, we have helped them
think mathematically and have bridged the gap from arith-
metic to algebra.

Young children are not only capable of noticing patterns
but often use this skill naturally to make sense of their world.
They achieve remarkable results on their own when the situa-
tion is open-ended. For example, when a teacher in one class-
room asked students to create rectangles with an even num-
ber of colored tiles, they began with two tiles and created a
two-by-one rectangular object. They continued to create rec-
tangles with four tiles, constructing both two-by-two and four-
by-one objects; with six tiles, they created two-by-three and
six-by-one objects; and so on. They noticed that when they
used an even number of tiles, one dimension could always be
two. They concluded that every even number could be written
as two times some other number—a small step away from an
even number being 2x. They examined an odd number to see

what would happen if one dimension was two. Because there
was always an extra tile, they decided that an odd number is
an even number plus one—very close to writing an odd num-
ber as 2x + 1.

As technology plays a more significant role in curricula, the
emphasis in algebra is shifting. No longer is algebra solely fo-
cused on such rote learning of symbol manipulation as solving
equations and simplifying expressions. Calculators can now
factor expressions and solve equations. So why does algebra
remain an integral ingredient of the mathematics curriculum?

Algebra is essential because it is a way of thinking, a way of
interpreting and understanding situations in daily life. The
world is full of regularities that students can identify. The
money that they make on their paper routes increases as the
number of papers delivered increases; the number of cookies
needed for a class celebration depends on the number of stu-
dents in the class. But the money that they make and the
cookies that they need are variables related to other variables:
number of delivered newspapers and number of classmates,
respectively. Interpreting these relationships, modeling them,
and predicting future events become foci of algebra.

Algebraic thinking is the vehicle for exploring the world
and its regularities. A young child may investigate the table of
basic addition facts and note symmetry across a diagonal, thus
recognizing the commutative property. An older child may
note that the sum of the first # odd natural numbers seems to
generate square numbers. Another child may use spread-
sheets to investigate exponential growth. As we study patterns
in our world, we develop an awareness of regularities and find
ways to represent them. The representations of these relation-
ships may change according to the maturity of the students,
but we must encourage algebraic thinking at every level. ()

Barbara Moses, bmoses@bgnet.bgsu.edu,
is a mathematics educator and re-
searcher at Bowling Green State Uni-
versity in Ohio. She was editor of the
Teaching Children Mathematics fo-
cus issue on algebraic thinking.
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MIDDLE Grades

A|7elw& in the Middle Sclool?
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by Angela F. Allen

am a proponent of algebra in the middle

school. If appropriately taught, algebra

helps students reason, see patterns and re-

lationships, and make predictions and gen-

eralizations. That is, it engages students in
active learning that is at the heart of what math-
ematics is all about. The key is to teach algebra
appropriately!

If algebra is presented to students as a collection of algo-
rithms and procedures to memorize without any connections
to underlying meaning, then algebra is not

I then asked the students to translate their methods into al-
gebraic language to describe their procedures. I suggested
that they start by changing the words in their descriptions to
letters or variables, explaining that the unknown values would
change for different squares.

After some confusion and consternation, students trans-
lated their counting methods into algebraic language. For
example, students who used the previously described
method substituted the letters B and S for the number of
squares on the border and on the side, respectively, and
wrote S x 4 — 4 = B. This task clearly does not require high-
level cognitive demands or mastery of basic facts, yet it
helped the students see how algebra is a natural extension of

arithmetic.

appropriate for middle school students. But

This task, as well as others used with my

if it is taught in a way that involves students
in searching for patterns and relationships
and in making generalizations that are based
on sound reasoning, it can be an intellectu-
ally stimulating and productive opportunity.

All students in my school took a full year of
algebra in eighth grade. In reflecting on my
experience teaching those students,
I typically selected tasks having three impor-

students, changed the way that they viewed
mathematics. They saw that algebra in mid-
dle school was not a muddle but was a way
to think about and do mathematics that in-
volved finding patterns and making general-
izations. More significantly, they were ex-
cited to learn that mathematics was more
than the same arithmetic that they had
done in sixth and seventh grades. Through

tant characteristics: legitimacy for the stu-
dents, alignment with students’ mathemati-

the use of good tasks and a supportive class-
room environment, my students gained

cal thinking, and inclusion of important
mathematical concepts or processes. For example, traditionally
at the start of a course, I used the border problem from A Col-
lection of Math Lessons from Grades 6 through 8, by Marilyn
Burns and Cathy McLaughlin (New York: The Math Solutions
Publications, 1990). This problem requires students to find the
number of 1 x 1 squares on the border of a 10 x 10 grid. In a
classroom environment where students felt free to express
their ideas and methods, they assumed ownership of the task
as they created and shared their methods for finding the un-
known—the number of squares contained in the border.
Students used several methods for counting the squares on
the border. For example, some students found the number of
squares on one side of the border (10 squares); multiplied by 4;
and then subtracted 4, recognizing that the corners were
counted twice, to arrive at 36 squares. They tested the general-
izations of the methods on grids of other sizes. After they ar-
rived at a correct generalization, I asked them to predict and to
test to their generalizations on a 100 x 100 grid. Some students
complained about the time needed to count that many squares.

G MatHemaTics Epucation Diatogues / Aerit 2000

mathematical confidence and saw how alge-
bra connects to their previous learning experiences, how it of-
fers a new way to approach and solve problems, and how it es-
tablishes the foundation for higher-level mathematics. ¢

Angela F. Allen, afallen@indiana.edu, 4
taught eighth-grade algebra in Atlanta
Public Schools and participated in the
QUASAR Project, funded by the Ford
Foundation. Currently a doctoral
student in mathematics education at
Indiana University, she has supervised
preservice teachers in mathematics
field experiences, interned in mathemat-
ics methods classes, and given mathematics workshops for teach-
ers in the Indianapolis Public Schools’ Best Practices Program.




by Tami Matsumoto

Demanding More from
Middle-Level Mathematics?

ecretary of Education Richard Riley

(Riley 1998) implied that all students

should complete algebra and geome-

try by the end of the ninth grade. For

that effort to be successful, our typi-
cal approach to those courses needs rethinking.
Middle-level students are not ready for algebra
and geometry courses as they are traditionally
taught in high school. In this issue of Dialogues,
Sid Rachlin cites evidence that these traditional
courses may not be working even at the high
school level. Merely dropping the same courses
to lower grade levels would be similar to drop-
ping a brick wall in front of most eighth and
ninth graders.

Eighth and ninth graders are capable of solving complex
problems and doing rigorous mathematics with high-level
thinking—but we must be careful how we approach teaching
abstract concepts. We need to provide bridges from students’
concrete experiences, as suggested in the Curriculum and
Evaluation Standards for School Mathematics (NCTM 1989).

Success in formal high school algebra and geometry
courses requires more than arithmetic skill and hard work: it
requires an ability to reason abstractly. That ability is some-
thing that only a small percentage of eighth graders have
developed (Jensen 1998). Most 12-to-15-year-olds have not
yet developed the capacity for abstraction at the levels re-
quired by these courses as they are typically configured.

Our most capable mathematics students usually take alge-
bra and geometry courses in the eighth and ninth grades.
These students have proven arithmetic skills, an interest in
mathematics, and a willingness to work at it. Some of them
struggle, some struggle and fail, and some eventually quit tak-
ing mathematics, even though they are still highly capable
mathematically.

Those students who take these courses ahead of the typical
schedule are not the only ones who encounter difficulties.
Large numbers of ninth- and tenth-grade students also fail
formal algebra and geometry courses. I do not believe that all
who fail are simply not working hard enough or that they are
incapable of understanding the concepts. Rather, they are not
ready for the kinds of thinking required of them in the course-
work in its present form.

Both groups of students are victims of a system that is not
tailored for their mental growth and learning needs. Teaching
the current formal courses in middle grades is not a good pro-

posal. We can and should demand more of middle-level stu-
dents, but our approach must be different.

First, we can work in the earlier grades to better equip
students for later formal algebra and geometry studies.
Classrooms in elementary and middle schools that furnish
the curriculum, instruction, and assessment envisioned in the
Standards will help prepare students to understand concepts
of algebra and geometry. Students who encounter algebraic
and geometric ideas in concrete forms and real-world contexts
in early years and whose learning is conceptually based will
better make connections from prior experiences to more ab-
stract ideas. They should be more prepared to understand al-
gebraic ideas than their traditionally trained counterparts who
see those ideas for the first time in the abstract in a formal
high school course.

Equipping students better is only part of the solution. We
must rethink the system at the high school level. Instead of
courses designed for abstract thinkers, which many of our stu-
dents are not, let’s redesign the coursework to consider what
we have learned about cognitive development and learning
styles. We can offer instruction in algebra and geometry that
bridges the concrete and the abstract and that builds on stu-
dents’ elementary and middle-level algebraic and geometric
experiences.

We can meet our goal of mathematical power for all stu-
dents without pushing high school courses into the middle
level. We cannot and should not expect all students to succeed
at the pace and abstraction levels of the traditional courses.
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B HIGH School

Making High School
Algebra Accessible to All

he mandate arrives from administration: passing al-

gebra is now a graduation requirement. The re-

quirement is well-intentioned. By allowing only

certain students access to algebra, schools perpet-

uate an inequitable setting that runs counter to

the schools’ purpose. But teachers gasp, “What

about those who aren’t going to college? What

about those with learning disabilities?” Merely placing all

students in traditional algebra classes will not mend the rift

of inequity. The typical algebra course was never designed
to meet the needs of “all” students.

When trying to design an algebra course for all students,

my colleagues and I began by

by Kelly Hodges

Integrating technology into daily instruction makes deeper
concepts accessible. In addition, it helps provide equitable ac-
cess to students with computational learning disabilities as
well as those with visual or physical disabilities that impair
their ability to write or draw. For our students, functions be-
come mathematics that they see in the world around them;
functions are powerful ways of modeling situations that
change. Although the function orientation of the course has
provided a perspective that allows us to address the goals of al-
gebra for all, the pedagogy that has developed along with the
curriculum has been just as important.

We have found that ideas should first be rooted in real-
world contexts to allow an ab-

clarifying the goals of such a
course. It should expand a stu-
dent’s mathematical frame for
viewing the world. Arithmetic
works well for describing static
pictures of the world, but
mathematics can do more -
than that. The course should
leave students prepared to
continue their mathematical
studies. But topics cannot be
included solely to prepare for

stract idea to have a metaphor
in a student’s experience. In-
struction should then grow
from student questions to en-
sure that topics connect to one
another in the minds of the
students. We have learned to
design activities that both elicit
student questions and support
generalization, so that the
skills gleaned from one context
are shaped and restated in a

the next class. Finally, the

widely applicable form. We as-

structure of such a course
should help students learn how to ask and answer their own
mathematical questions.

We have had some success in meeting these goals with a
course that we designed around the concept of function. In
this introductory course, a variable represents a changing
quantity rather than an unknown number, and a function is
a relationship between two variables. Students study multi-
ple representations of functions, especially linear functions,
and focus on their relative strengths and weaknesses in solv-
ing different types of problems. Solving equations is a focus,
but it comes late in the course, and symbol manipulation is
only one of many possible strategies considered. The feeling
of a multitude of disconnected facts and procedures com-
mon to other algebra courses is eliminated. The function
perspective for the course allows for a shift from static to dy-
namic in a way that a “generalized arithmetic” perspective
on algebra does not. Our new course has served students
well in their future classes, but it has also been accessible
and engaging to students who would never have passed a tra-
ditional algebra course.
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sess students on their abilities
to apply new skills and generalizations in different contexts
than those from which they arose. In watching students bring
concepts to new and unfamiliar situations, we see what they
have learned.

As a society, we are obligated by the ideals of democracy to
offer to all students an algebra course that is rigorous, impor-
tant, and accessible. Traditional algebra classes have been un-
successful in this regard. Our functions-based approach has
led to the development of the described course that meets
these demands. ¢

Kelly Hodges, khodges@holt.k12.mi.us,
has been a high school mathematics
teacher at Holt High School in Holt,
Michigan, since 1992. She also teaches
mathematics courses at Lansing
Community College and courses in
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University.




H HIGH School

by Shirley T. Bagwell

ne does not need to know how to build a car

to drive one, nor does one need to be able to

program a computer to use one. Much soft-

ware is being developed that helps people

manage their lives and solve problems. Any-

one who uses a calculator, a spreadsheet,

measuring devices, or other technology can

solve real-life problems without knowing algebra.

Some algebra seeps into our lives in the form of formulas. If

this occurs naturally, even the most reluctant student will ac-

cept and use the formulas. However, to expect all students to

have an interest in, or aptitude for, algebra is to create an at-
mosphere of failure and frustration for some students.

Many students cannot grasp the abstract nature of algebra
topics. They quickly become frustrated and tune out all at-
tempts to help them. Some students become discipline prob-
lems. They are not academically ready to make the step from
concrete to abstract. Special education students are encour-
aged to take courses in the mainstream curriculum. For ex-
ample, after making slow progress in arithmetic, Sue began to
understand the meaning of numbers in junior high school.
She learned to solve concrete problems using a calculator.
When placed in an algebra-based course in high school,
she gave up. Even with help from the teacher and a tutor,
she could not grasp equations. If students like Sue are placed
in an algebra class, they quickly feel inadequate and
quit trying. If they are taught to use technology to solve prob-
lems that they encounter daily, they grow in understanding
mathematics.

Algebra is not for everyone, just as college is not for every-
one. We do not require all students to take chemistry, physics,
or a foreign language to graduate from high school. If stu-
dents who have not mastered prealgebra skills are required to
take algebra, many will fail. Failure does nothing for the
slower student but lower self-esteem and reaffirm a belief in
inability to learn. To expect all students to master algebra ob-
jectives is unreasonable and will cause more students to drop
out of high school. For example, Jack, an average student in
most classes, can do arithmetic using a calculator, but he
needs extra help with problems that require two or more
steps. He repeated algebra in his junior year because it was a
graduation requirement. He never developed the skill to
“translate” from English to algebra, and he never understood
equations. He became discouraged and escaped class by
sleeping through it. No amount of encouragement could keep
him awake.

Everyone needs arithmetic to solve problems and should
acquire the mathematical skills to understand, organize, and
solve the problems that they encounter daily. Many students
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are pushed into an algebra
course when they do not
know how to use measuring
devices and units of mea-
sure, balance a checkbook,
apply for a loan, or count
change after making a pur-
chase. These students need to
learn how to use technology to
solve problems in a concrete way
that applies directly to their lives.

Requiring all students to take
algebra forces those classes to be
taught at a more basic level.
While the weaker, disinterested
students struggle and become
discouraged, the stronger, inter-
ested students are bored and
restless. Even the most innova-
tive teaching strategies can-
not bridge so wide a gap in
student performance and
interest. Some students
who are not interested
in mathematics live their lives without seeing a need for alge-
bra. Others find applications in many areas. Mathematics stu-
dents who memorized and bluffed their way through required
algebra courses with barely a passing grade will avoid mathe-
matics forever and remember the subject as a nightmare. If
they are encouraged to use technology to explore problems
that interest them, they may later want to study algebra.

To think that all students are ready to study algebra in high
school is naive and certainly contrasts with the reality of our
society, in which students have varied interests and ability lev-
els. We must consider a student’s strengths and interests
when developing a course of study for that student. Although
everyone needs the skills to solve problems, not everyone
needs to use algebra to solve them. ¢

Shirley T. Bagwell, bagwell@vallnet.com,
teaches high school mathematics
in Lincoln County, Tennessee. She
has conducted graphing-calculator
workshops and enjoys using technology
to teach algebra and Advanced Place-
ment calculus.
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H HIGH School and Beyond
RIsing to tne CAS
Cnallenge

he advent of inexpensive handheld calculators equipped

with robust computer-algebra systems (CAS)—such as

the T1-89, HP49G, and Casio FX 2.0 confronts every

mathematics educator with choices. Because more
students are coming into classrooms toting machines that per-
form many of the ritualized tasks that are in every algebra
course, we must ponder what algebra is all about and what we
should be spending our time emphasizing. These new calcu-
lators, for example, will isolate a variable in an equation
whenever it is possible and will factor every polynomial that
a student may see in school mathematics. When graphing
calculators came into mathematics classrooms, we had a
chance to step back and reassess what we teach and why.
Many teachers felt invigorated by that opportunity. The stakes
seem higher when symbolic-manipulation skills are on the
table. But the very same opportunity awaits us. How shall we
respond?

Opponents of using CAS
as a tool to teach algebra sug-
gest that its use undermines \
students’ paper-and-pencil i
skills. Significant evidence i
indicates that this need not i
be the case. M. Kathleen Heid i
showed that after a CAS-in- i
tensive algebra course, where |
a much shorter time is spent |
on paper-and-pencil skills, stu- ‘
dents’ skills meet or exceed !

those of their counterparts

who pass through a traditional
course (Heid and Zbiek 1999). O’Callaghan (1998) showed
that students who participated in a CAS-intensive course
emerged with a stronger understanding of function and of the
connections among their graphic, numeric, and symbolic rep-
resentations than students from a more traditional course that
did not incorporate technology.

A typical algebra example is to transform the equation
y = 2x* — 12x + 13 into a form that is easily graphed and find
its vertex and axis of symmetry. Examining such content, we
should consider the algorithms that we teach to sort out the
relevant mathematics. Here, is it in knowing how to manipu-
late y = 2x* — 12x + 13 intoy = 2(x* — 6x) + 13, then complete
the square by writingy =2(x* —6x + 9) + 13— 18 =2(x — 3)*- 5,
and read off the vertex as (3, —5) and the line of symmetry as
x = 3? Or is the relevant mathematics the fact that the origi-
nal equation is equivalent to the final one and the reason that
the vertex and line of symmetry can be read from the trans-
formed equation?
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Students who have experienced
technology-enriched mathematics
courses may be frustrated if technology
is banned altogether or used minimally
in college courses. Some Advanced ¥
Placement calculus teachers, whose
students use graphing calculators or CAS, coun-
sel their students to avoid frustration by avoiding colleges and
universities that do not include technology as an integral part
of the mathematics program. Technology offers an observation
tower from which connections among graphic, numeric, and
symbolic representations of concepts can be seen. The follow-
ing are some questions to think about and to seek answers to:

¢ How much paper-and-pencil symbolic ability is enough?

¢ What happens to students who pass through a course se-
quence that uses CAS or other technology in subsequent
courses that prohibit such use? What about the students
who do not use CAS in lower courses but are confronted
with later courses that require technological literacy?

e Which symbolic algebra skills can we cast aside, and which
do we clutch to our hearts?

® How does CAS help us teach mathematics effectively in
tandem with numeric and graphic viewers?

e How do we evaluate symbolic algorithms to condense im-
portant mathematics that they contain?

The answers are found in using CAS with students and in
finding out what others are doing with CAS.
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by Andy Begg

igh school mathematics in the United States is typically taught as algebra and
geometry in different years. In many other countries, it is structured differ-
ently. In New Zealand, high school mathematics used to be arithmetic, algebra,
and geometry, with trigonometry and calculus in the later years. The topics
were taught on different days. Students had to bring the right textbook, exer-
cise book, and homework to class. This system slowly changed as authors
repackaged chapters into “general mathematics” textbooks.

When new math was introduced, the
alternating-topics approach in the text-
books continued. Curriculum developers
who saw mathematics in an integrated
way had an influence, as did economics;
one textbook each year was cheaper than
three. At this stage, some “fudging” of
boundaries began to emerge with such
topics as sets, vectors, and matrices,
which were relevant in algebra, geome-
try, and arithmetic.

Now the curriculum has changed
again. For elementary and high schools,
there are six topic strands: number, mea-
surement (including calculus), geometry
(including trigonometry), algebra, and
statistics; and one integrated “mathe-
matical processes” strand of problem
solving, reasoning, and communication.
The topics are usually taught in units of
one to four weeks’ duration and often in-
volve more than one strand.

Multistrand approaches abound.
With algebra, an approach that general-

izes from number might also involve pat-

terns from measurement and geometry. Transformational
geometry uses functions and matrices to link with algebra.
Coordinate geometry can be used to link graphs, algebra, and
calculus. Area measurement can be used to link formulas,
solving equations, and ratios of areas of shapes when different
units of measure are involved. Alternatively, the emphasis
could be geometric, involving breaking complex shapes into
simpler ones; or trigonometric, if different information was
given about the shapes. Area is also viewed algebraically as a
function that maps shapes onto numbers. Statistics about

area data of houses, building lots, farms,
cities, and so on, combine at least two
areas of mathematics.

I see four advantages of integrated
mathematics:

e All students from age five learn alge-
bra along with mathematics from the
other strands; students do not have a
year in which they forget what they
have learned.

e Integrated courses facilitate making
connections, and algebra becomes in-
volved in a range of contexts.

e The integrated curriculum provides
variety, which is important because
students enjoy parts of mathematics
but lack confidence with others.

e An integrated philosophy enables
changes to be made at each level so
that such new topics as statistics can
be introduced easily. ¢

Andy Begg, a.begg@waikato.ac.nz,
teaches mathematics education at the
University of Waikato in New Zealand.
He was previously a high school mathe-
matics teacher, a school principal, a
coauthor of high school textbooks, and
a government curriculum officer.
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Algebra

Remedial Mathematics
College

by Sid Rachlin

ne of the first experiences that a new student encounters
upon entering a university is taking a placement test for
mathematics. These tests furnish one measure of the algebra
that students have to know from kindergarten through
twelfth grade if they are to begin postsecondary education.

On the basis of the results of these tests,
many high school graduates seem to lack
necessary algebraic skills and to require re-
mediation. Any dialogue on the nature of
K-12 algebra would be incomplete if it did
not consider the algebraic skills that univer-
sities expect students to bring with them for
postsecondary work.

During 1998-1999, the University of
North Carolina (UNC) system spent more
than two million dollars on remediation for
6369 students. Of these students, 74 per-
cent were specifically enrolled in remedial
mathematics courses. In an effort to make
high school students more aware of the al-
gebraic skills that colleges expect and to
provide the students a reality check of their
current skills, the general administration of
the UNC system sponsors the North Car-
olina Early Mathematics Placement Test-
ing (EMPT) program. EMPT provides
interested high schools with a version of

the Mathematical Association of Amer-
ica’s Algebra Placement Test. Last
year, 27 030 students completed the
32-item multiple-choice test. Of these
students, 69 percent were completing
second-year algebra and the remainder
were completing a course beyond it. Af-
ter graduating from high school, in one
or two vyears, 83 percent of
the students planned to enter a four-year
college and 13 percent planned to attend a
two-year college.
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The following test items offer a sample of
the types of questions asked. (Calculator
use was optional.) As shown in the item
analysis in table 1, these two items were an-
swered correctly by 39 percent and 36 per-
cent of the students, respectively.

o Iffix) = 2* +x% then f(-1) =

@A) A

®)'2 (©'2 (D)-1 (E)
® An equation of a line passing through
(=3, 6) with slope ~4% is

(A)4x +5y=-18 (B) 4x +5y=18
(C)4x +5y=42 (D) 4x—5y=—42
(E) 4x — 5y = 42

Table 1 lists the algebraic skills tested on
the 1998-1999 EMPT version of the Math-
ematical Association of America’s Algebra
Placement Test and the percent of students
answering the items correctly.

The students were classified in one of
four levels, on the basis of their total scores,
with a suggestion of how their scores would
be treated if they had received them on a
college-placement test. This analysis was
used to advise students on the mathematics
courses that they should take in eleventh
and twelfth grades. The analysis showed
that 18 percent were not ready for college-
level courses and should take remedial
mathematics; 25 percent had to take reme-



dial mathematics for some majors; 39 percent were ready for
a beginning-level college mathematics course but borderline
for mathematics, science, and engineering majors; and 18
percent had a solid precollege mathematics preparation.

Table 1 shows a minimal expectation of algebraic skills for
entering freshmen in colleges in one state. How students
come to acquire and retain these skills, as well as the addi-
tional algebra skills that others consider to be basic for post-
secondary studies, are not addressed. The development of
these skills must be considered as a necessary component in
any K-12 algebra program. ¢

Table 1 — Item Analysis by Decreasing Percent Answering Correctly

Simplify with 88% Simplify using

integral exponents rational exponents

Simplify using order 83% Evaluate formula

of operations

Solve linear 83% Solve quadratic

operation equation

Simplify radical 81% Solve system of linear
equations

Simplify using 78% Find y-intercept

distributive property

Solve linear 70% Solve fractional

inequality equation

Square binomial 69% Solve absolute-value
equation

Rationalize 68% Solve coin problem

denominator

Simplify rational 65% Solve perimeter

expression problem

Factor trinomial 63% Evaluate with negative
integral exponents

Multiply rational 62% Solve logarithmic

expressions equations

Sid Rachlin, rachlins@mail.ecu.edu, |

teaches mathematics education courses
at East Carolina University, where he
directs the Middle Math Project. He
works with preservice and practicing
teachers in middle-grades and sec-
ondary mathematics education and
previously directed the University of
Hawaii's Algebra Learning Project.

62%

60%

60%

60%

59%

56%

55%

54%

52%

48%

46%

Solve absolute-value
inequalities

Graph line giving
standard form

Subtract rational
expressions

Use logarithms to
solve for x

Solve quadratic
inequality

Evaluate function

Find equation
of a line

Identify graphs—
systems of equations

Simplify complex
fraction

Evaluate function

45%

44%

42%

42%

40%

39%

36%

31%

27%

25%
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May/June 1998 07985D High Stakes Testing—Does It Help or Does It Hurt?
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by Cynthia Ballheim, For the Editorial Panel
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rends emerged in reader responses to questions about basics from the October 1999 issue of Dia-
logues. Almost all responses listed problem solving as the most important of the basics. Eighty-two
of the more than 140 respondents thought that basic proficiency in arithmetic was necessary by the
end of the elementary grades. Prealgebra skills were necessary by the end of middle school. Calcu-
lus was a basic end result for college-intending students; and consumer mathematics, or “survival
skills,” was the goal for non-college-intending students. Thirteen percent considered all of mathe-
matics basic and unaffected by the use of technology, whereas that same percent believed that loga-

rithms and long division were obsolete. The following representative lists of readers’ views indicate

overlap between what is basic and what is not.

Basics in the Elementary Grades

Arithmetic: Multiplication tables; proficiency at funda-
mental operations of arithmetic by hand, including deci-
mals and fractions; number sense; estimation; and percents
Algebra: Set theory, prealgebra with an introduction to ab-
stract variables, and solving basic equations

Geometry, including shapes, relations, and measurement
Statistics

Other topics listed as basic: An emerging problem-solving
framework; the courage to go forward in mathematics;
thinking puzzles; writing conclusions in sentences and
paragraphs; and “tools of the trade,” including calculators
and shortcuts

Basics at the End of Middle School

Arithmetic: Operations on whole numbers, fractions, dec-
imals, and percents; also estimation

Prealgebra and algebra skills, including formula manipu-
lation and equations

Geometry, with spatial sense and measurement of two-
and three-dimensional figures

Probability

Consumer mathematics

Critical-thinking skills, proportional reasoning, and
problem solving

Basics for College-Intending High School Graduates

First- and second-year algebra, with word problems,
graphing calculators, and matrices

Geometry

Precalculus and calculus

Iterative and statistical reasoning

Trigonometry
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Decimals

Life skills

Basics for Non-College-Intending Students

Arithmetic: Basic arithmetic; number sense; estimation;
consumer mathematics, including finance; applied mathe-
matics; and sense of mathematical proportion

Algebra, including matrices

Geometry and logical reasoning

Programming

Statistical reasoning

Discrete mathematics

Probability

Trigonometry

Topics No Longer Considered Basic
All math is basic; no nonbasic topics exist.

Arithmetic: Multiplying and dividing fractions, and possi-
bly all work with fractions; operations on whole numbers of
three digits or more; division by a decimal, and possibly all
long division; square roots; prime-factor trees; and paper-
and-pencil algorithms in general

Algebra: Logarithms, interpolation, roots of polynomials,
simplifying radicals, matrices, graphing by hand, factoring,
systems of equations, completing the square, and inverses;
some felt that algebra was no longer basic.

Geometry: Tessellations and geometric proof; some felt
that geometry was no longer basic.

Statistics: Regression, statistical analysis, pie charts, and
bar graphs

Higher mathematics: Trigonometry, precalculus, and
calculus




Responses included the following:

Students should have definite life skills concerning writing

checks, loans, interest rates on credit cards, budgets, etc. . . .
Technology should be used to reinforce skills, not to teach.

Catherine Fernandez

Grades 5-8 Teacher, Illinois

By the end of the sixth grade, I'd love it if they know
arithmetic facts “inside and out.”. . . Technology is only a
tool. A tool is only as good as its operator. The oper-
ator must have knowledge of basic facts to
know whether “he” has operated the tool
correctly.

Rosalind R. Hill

Grades 11-12 Teacher, Idaho

Understanding is more impor-
tant than content. . . . We must sup-
port visual and tactile learners. Most mind-
less mathematics like computation should be left for
technology, leaving meaningful mathematics for
students.
Barry M. Hammond
Retired University Teacher, Manitoba

What is really basic for young children is naming quantity, not
counting.

Joan A. Cotter

Curriculum Developer, Minnesota
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In response to “An Attempt in Sweden at Consensus ”:

“On page 15, item 23 [of the May/June issue] . . ., the area of
triangle should be (1/2)absinC.”

Rosalie Triozzi

Grade 8 Teacher, New Jersey

In response to “What's Basic in Math Education: A View from
Mathematically Correct”:
Martha Schwartz obviously cares that students
learn “basics,” but her notion that proficiency
in computing sums and products of mixed
o numbers belongs in the same category
x as starting cars with a hand crank.
... I would appreciate an ex-
planation of how not knowing
the algorithms for mixed-num-
ber operations is an indicator that
a student will not be good at algebra.
Paul Tisdel
Mathematics Educator, Texas

In response to “Are there topics in mathematics that you are
asked to teach that you believe are obsolete?”:
As we have sped forward [with the use of technology], I can-
not help but ask, “What is being left behind?” I believe that it
is a question that we all should investigate; not to bring back
the laborious paper-and-pencil calculations and drill, but to
not lose the richness behind the processes.
Elizabeth A. Barrett
High School Teacher, New York
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