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Abstract

In enterprise computing, customer requests often need
to be distinguished, with different request characteristics
and customer’s different service requirements. In this pa-
per, we consider a set of computer resources used by a ser-
vice provider to host enterprise applications for differenti-
ated customer services subject to a service level agreement.
We present an approach for resource optimization in such
an environment that minimizes the total cost of computer
resources used by a service provider for such an applica-
tion while satisfying the QoS metric that the response time
for executing differentiated service requests is statistically
bounded. That is, each Y% of the time the response time
is less than a pre-defined value for class r customers. This
QoS metric is more realistic than the mean response time
typically used in the literature. Numerical results show the
applicability of the approach and validate its accuracy.

1 Introduction

With the number of e-Business applications dramatically
increasing, computer resource management will play an im-
portant part in enterprise computing. In this paper, we con-
sider a collection of computer resources used by a service
provider to host enterprise applications for multiple class
business customers. An enterprise application running in
such a computing environment is associated with a service
level agreement (SLA). That is, the service provider is re-
quired to execute service requests from a customer within
negotiated QoS requirements for a given price. Figure 1 de-
picts a scenario for such an environment. A customer rep-
resents a business that generates service requests at a given
rate to be processed by the service provider’s resource sta-
tions according to QoS requirements and for a given fee. As
shown in Figure 1 a service request is transmitted to the ser-
vice provider over a network provider. After it is processed
at the various resource stations of the service provider the
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Figure 1. Execution of Service Requests

final result is sent back to the customer. For presentation
purposes, we assume that each resource station has only one
type of server associated with cost ¢;. If they have multiple
types of servers, we can decompose each resource station
into several individual stations so that each one only con-
tains one type of server with the same cost.

Let IN; be the number of servers at station j (j =
1,2, ---, m). Thus, the resource allocation is quantified
by solving for n; (n; = 1, 2, ---, N;) in the following op-
timization problem:

I=min (merttmnen) ()
subject to SLA constraints. Performance and price are the
two most important components for a variety of SLAs for
business applications, based on customer’s different service
requirements. Hence, in this paper, we consider the mini-
mization of the overall cost of the service provider’s com-
puting resources allocated to the business customer so that
’y(r)% of the time the response time, i.e., the time to execute
a service request, is less than a pre-defined value for class r
customers. Typically, in the literature the response time is
taken into account through its mean. However, this may not
be a meaningful quality of service as far as the customer
is concerned, who may be more interested in a statistical
bound of the response time.

In the real world customer requests often need to be dis-
tinguished, with different request characteristics and cus-



tomer’s different service requirements. Imposing a prior-
ity structure with preemption-resume is one way to im-
plement a service for satisfying multiple class customer
requests. A priority discipline does not depend on the
state of a queue at the arrival of a customer, but is deter-
mined by a classification of arriving customers according
to some criterion which is independent of the state of the
queue. Suppose arriving customers to a single queue are
classified into R different classes, where type r; customers
(r1 =1, 2,---, R—1) have always priority for service over
those of type ro (ro > r1; 11,70 = 1, 2, ---, R), while
customers of the same type are served in order of arrival
(or FIFO). Then, it is said that the single queue operates
according to a priority discipline with R classes.

In this paper, we consider a preemptive-resume prior-
ity discipline, that is, the service of a class ry customer
can be interrupted if a higher-priority customer of class
r1 (rg > rp) arrives during its service. The interrupted
customer resumes its service from where it stopped af-
ter the higher-priority customer, and any other customer
with priority higher than 75 that may arrive during its ser-
vice, complete their service. There are many other situa-
tions of practical interest-in the fields of modern computer
systems, communication networks, computer server main-
tenance, and computer security checking, for example-in
which the order of servicing is determined by preemptive-
resume.

In this paper, we present an approach for the resource
optimization that minimizes the total cost of computer re-
sources required while preserving a given percentile of the
response time for priority-class customers. We calculate the
number of servers in each resource station that minimize a
cost function that reflects operational costs. We first analyze
an open tandem queueing network, and then we extend our
work to an open tandem queueing network with feedback.
We note that the proposed approach can be also applied to
queueing networks consisting of nodes arbitrarily linked.

For notational simplicity, we only consider two priority
customers in this paper. High-priority class customers are
indexed 1 and low-priority class customers 2. The obtained
results in this paper can be easily extended to the case of
multiple priority customers by using an approach of class
aggregation. It will be discussed in another paper due to the
page limit.

The rest of the paper is organized as follows. Related
work is briefly reviewed in section 2. In section 3 we define
the SLA performance metric considered in this paper and
formulate the resource optimization problem for differential
customer services. In section 4, we first give the probabil-
ity distribution of the response time distribution for a single
priority queue with preemptive-resume. Then, we present
two typical real-life models and propose an approach for
solving the optimization problem for two priority-class cus-

tomers. In section 5, numerical simulations demonstrate the
applicability and validity of the proposed approach. Finally,
the conclusions are given in section 6.

2 Related Work

Resource optimization problems subject to performance
metrics such as response time, bandwidth, and link utiliza-
tion have been extensively studied. It was studied for multi-
ple packet networks in [3], different classes of flows at net-
work nodes in [5], IP networks in [11], wireless networks
in [1], and grid computing in [12]. The calculation of the
response time often becomes critical in solving the resource
optimization problem. Martin and Nilsson [11] measured
the average response time of a service request. In [14], Os-
ogami and Wierman analyzed an M/GI/k system with two
priority classes and a general phase-type distribution and
evaluated the optimal number of servers based on overall
mean response time. A framework for service management
in grid computing was defined in [12], but they did not pro-
vide a method for calculating the probability distribution of
the response time.

In order to compute a percentile of the response time
one has to first find the probability distribution function
(pdf) of the response time. This is not an easy task in
a complex computing environment involving many com-
puting nodes. The calculation of the pdf of the response
time is relatively simple for overtake-free paths in Jack-
son and Gordon-Newell networks. Walrand and Varaiya
[18] showed that in any open Jackson network, the re-
sponse times of a customer at the various nodes of overtake-
free path are all mutually independent. Daduna [7] further
proved that the same result is valid for overtake-free paths
in Gordon-Newell networks. The pdf of the response time
was derived for a closed queueing network in [13], and the
passing time distribution was calculated for large Markov
chains in [10].

3 The SLA Performance Metric and The Re-
source Optimization Problem

A SLA is a contract between a customer and a service
provider that defines all aspects of the service that is to be
provided. In this paper the SLA consists of service perfor-
mance and a fee. We consider the percentile of the response
time as the performance metric. This is the time it takes for
a service request to be executed on the service provider’s
multiple resource stations.

Assume that f7(t) is the probability distribution function
of aresponse time 7" of a certain priority class. For example,
in the case of two priority classes, for the high-priority class

T = TM and for the low-priority class T = T2, Tg) is



a desired target response time for priority class r (r = 1, 2)
that a customer requests and agrees upon with its service
provider based on a fee paid by the customer. The SLA
performance metric used in this paper can be expressed as
follow:

T
/ fre @) dt>~M%,  (r=1,2) )
0

That is, 'y(T)% of the time a customer will receive its service
in less than Tg) (r=1,2).

As an example let us consider an M/M/1 queue with an
arrival rate \(") and a service rate u(r) (r = 1, 2). The
service discipline is preemptive-resume. We want to de-
scribe the SLA performance metric (2) for the high-priority
class. As discussed in section 1, in this case, the steady-
state probability of the system as far the high-priority class

is concerned is pg = 1 — p®), and pp = (1 —
PPk, k> 0, where p1) = 2 (see [15]). The

response time 71 is exponentially distributed with the pa-
rameter 1) (1 — p(1)), i.e., the probability distribution of
the high-priority response time is given by

_ M1 ,M
Fron(®) = V(1 = p0)er @)
Using the definition given in (2), we have that

Ty
fT(l) (t) dt =1 — e—u,(1>(1_p(1))TD > 'y(l)% @)
0

- _~Dg . .
w + AM). This means that in order to

or utM >
guarantee a highi:r SLA service level, (1) increases when
Tg) decreases. Similarly, for any given arrival rate A(!)
and service rate u(l), we can use (4) to find the percentile
of (1),

Then, the computer resource optimization problem can
be formulated as the following optimization problem.

Resource Optimization Problem:

Find integers n; (1 < n; < N;j; 5 = 1,2,---,m) in
the n-dimensional integer optimization problem (1) under
the constraints of percentile response times for differential
customer services as expressed by (2), and the constraint:
I < Cp, where Cp is a fee negotiated and agreed upon
between a customer and the service provider.

4 Approaches for Resource Optimization

In this section, we propose an approach to solving the
resource optimization problem for two typical service mod-
els that depict the path that service requests have to fol-
low through the service provider’s resource stations. Be-
fore presenting the approach, we need to derive the Laplace-
Stieltjes transforms (LST) of the response time distributions
for priority-class customers.

4.1 The LSTs of Response Time Distrib-
utions for Two Priority Customers

Let us recall that high-priority class customers are in-
dexed 1 and low-priority class customers 2. In this section,
we assume that the arrival processes of the two classes are
independent of each other. Let B(")(t) be the service time
cumulative distribution of class » with mean 1/v(") and sec-

ond moment 1 /vér) (r = 1, 2). The total service time
distribution B(t) is given by B(t) = %B(l)(ﬂ +

A% B@) (t), and the arrival rate into the queue is

EEFSYE)

A = AU 4+ X@ | 1t follows that the total utilization p =

oM + p@) | where p(") = i‘((—:)), equals to the occupation
A A

time given by A fooo tdB(t) = 2@y + 5 = oD+ p@,
Assume that the stability condition of the queueing system
holds, i.e., p = pM) + p(@) < 1.

The LST of the service time distribution of class 7 is

g"(s) = / e tdBM1), r=1,2 (5
0

and the LST of the residual service time distribution for
class r, (r=1, 2) is:

o —_ g (r)
9 (s) = / et B ) ar = LZITOIVT )
9]

S

The busy period time is the time between an interruption
moment at which the server becomes busy due to an arriving
customer and the first moment at which the server becomes
available again. The LST of the busy time distribution of
the high priority class, denoted by §(1)(s), is the smallest
root of the Kendall functional equation (Cohen [6])

00(s) =g s+ 20 -0 (D

where ¢! is defined by (5).

Let ¢ be the completion time of a customer, that is, the
time elapsed from the moment when the service of the cus-
tomer begins to the moment where the customer is com-
pletely served. As derived in (3.51) of [6], the LST, L.(s),
of the complete time c for both preemptive-resume and non-
preemptive resume, is:

Lc(s) = 9(2)(2(5)) (3)

where
z(s) =s+ )\(1)(1 — (5(1)(5)) 9)

For the preemptive-resume discipline, class 2 does not
exist as far as class 1 is concerned. Thus in this case the
waiting time distribution of the high-priority class is the
same as in the FIFO queue without priorities. The prob-
ability distribution of the high-priority class was given in
(3). Hence, in the following discussion of this section we



only need to find the LSTs of the waiting time distribution
of the low-priority class.

Denote W (%) the cumulative distribution of the steady-
state waiting time of the low-priority customers. According
to (3.63) and (3.67) in [6], the LST of the low-priority wait-
ing time W () (¢) is given by

__l=»r
Ly (s) = = /() 5s>0 (10)
where
(1) (2)
1) = Eon(s) + P ) an
_ 5
h(s) = L0 (e) (12)

s+ pM (L —50(s))

Note that g% (2(s)) and 6)(s) are determined by (5) and
(7) respectively.

Therefore, the low-priority response time denoted by
T2 equals to the sum of the low-priority waiting time and
the low-priority completion time whose LST is given by (8).
The low-priority response time distribution is a convolution
of the distributions of the low-priority waiting time and the
low-priority completion time. Thus the LST of the low-
priority response time distribution denoted by L) (s) is:
L) (S) = Ly (S) X LC(S). That is,

(1—p) x g@(2(s))
L—pf(s)

The distributions of the low-priority response time can be
obtained by numerically inverting the LST of (13) respec-
tively. This procedure can usually be done via the software
package provided in [9].

For presentation purposes, we only consider an M/M/1
queue in this paper since the distributions of the low-priority
response time given by (13) can be specified and simplified,
as discussed in the following subsection.

Ly (S) = >0 (13)

4.1.1 The LST of The Low-priority Response Time
Distribution In An M/M/1 Queue

In an M/M/1 priority queue, assume that the service rates
are u(’“) (r = 1, 2). This means that o) = u(’"). In this
case, from (5) and (6) we have that for r = 1, 2,

(r)
(M(g) = H "
(r)
(M(g) = M~
ge (S) - S +M(r) (15)
Therefore, from (7) and (14) we derive the relation:
1—06M
oM = (16)

s+ p0(1—60)

and by solving for §(!) we obtain

s 1= V0?2 =420 p®

221

a7
where 7 is determined by
n=s+AD 4 ,WM (18)

Furthermore, it follows from (11), (12) and (16) that
hél)(s) =0, and

D) - /2 —AND D H@ @

F(s) = pn n peLr
p 220 p z(s)+p®

(19)

where z(s) is given by (9).
Moreover, from (7), (9) and (14) we have that

or  2(s) = pM[(EV) " ~ 1]

(20)
Thus due to (20), the LST of the low-priority waiting time
distribution given in (10) reduces to

1—p
L (s) = £
w® @
1—p(1) 51 — p(2) B _
r P e+ ®

M) 1] ®) ’
= O =@, 50 M (5(0) =g (2D

where £ is given by

¢ = pVpW+p®) + (W —p®) (1 - p®)
pMp+ (= p®) (1 - p@) (22)

Hence, from (17) and (21) we have the LST of the low-
priority waiting distribution for an M/M/1 queue

(U =p)(E A+ S/ = 42D ) — (u) — u2))

Ly (s) = @ @
(= gmn =&+ i VP~ A w0
(23)
Consequently, replacing (23) in (13) gives the LST of the
low-priority response time distribution

Ly (s) = u® (1= p)[F + 5v/n? — 42D pD)

(D = pO{((s) + 1) x [(1 = £y

where z(s), n and £ are given by (9), (18) and (22) respec-
tively.

Additionally, when the service rates of the two priority
classes are the same, i.e., u(l) = u(z), (19) reduces to the
following expression:

o o, 0
5 4 &
p p z(s)+p
o o, 0
5 4 @
p pz(s)+p

fls) =

=5
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Figure 2. A Tandem-station Service Model

due to (20). Hence, equation (10) becomes Ly ) (s) =
%. Thus, the LST of the low-priority response time
distribution is

(1—p)o

5 (25)

Ly (s) =

based on (13), (20) and u(l) = u(z). It should point out
that when the utilization p is fixed, the LST of low-priority
response time distribution does not depend on the arrival
rate \(?) of the low-priority class.

4.2 Algorithms for The Resource Opti-
mization Problem

In this subsection, we study two queueing network mod-
els that depict the path that service requests have to follow
through the service provider’s resource stations. These two
models are shown in Figures 2 and 3. We refer to these two
queueing models as service models since they depict the re-
sources used to provide a service to a customer.

The first service model consists of a single infinite server
and m stations numbered sequentially from 1 to m as shown
in Figure 2. Each station j is modeled as a priority queue
served by n; identical servers, each providing a service at

the rate ugr), where r = 1, 2. Let A(") be the external
arrival rate to the infinite server, and let \(") and /\;T) be
the effective arrival rates to the infinite server and station 7,
j=1,2,---,m. We assume that all service times are expo-
nentially distributed and the external arrival to the infinite
server occurs in a Poisson fashion.

The infinite server represents the total propagation de-
lay from the user to the service provider and back, and also
from station 1 to m. Each station carries out a particular
function. For instance, it could be a database server, a file
server, a web server, a group of CPUs and local disks, etc.
We consider two priority classes of customers in this pa-
per. In the following discussion each station is modeled as

a single M/M/1 priority queue with arrival rate )\ér) and

service rate (") (nj)u;r), where (") (n;) is a known func-

tion of n; (r = 1, 2), and depends on the configuration
of servers and the type of customers at each station. It is
non-decreasing and can be inverted, i.e., (1/)(”)*1 exists
(r =1, 2). For instance, suppose that a station represents a
group of CPUs. Then, 1)(") (n) can be seen as a CPU scal-
ing factor for the number of CPUs from 1 to n. According
to [4], ¥ (n) = (£ where £() is a basic scaling

factor from 1 CPU to 2, and it ranges from 1 to 2 (r = 1, 2).
So, (M) ~1(n) = (¢£))~ e Additionally, each station
that is modeled as a single M/M/1 priority queue with ser-

vice rate (") (nj)uy)
low priority customers at one time. Hence, ¢(*) (n;) ugl) is
(2)
i

can only serve either high-priority or

considered as the same as ¢(? (n;)u

Since the queueing network is overtake-free, the waiting
time of a customer at a station is independent of its wait-
ing times at other stations (see [7] and [18]). Let X be
the service time at the infinite server and X jm be the time
elapsed from the moment a customer arriving at station j to
the moment it departs from the station (r = 1, 2). Then, the
total response time is 7(") = X () 4 XY) + XQ(T) +-+
Xy(,f ), and hence the LST (Laplace-Stieltjes transform) of
the response time 7' is

LT(T) (S) = LX(T) (S)LXY.) (S) ce LX,(,:) (S) (26)

where Ly (s) is the LST of the service time X (") given
by
A

LX(T)(S) = 75 n )\(T) (27)

and L () (s) is the LST of the response time X](r) at the
j-th statjion, where r = 1, 2.

Due to the preemptive-resume priority, the high-priority
response time is that same as in the single class FIFO
M/M/1 whose probability distribution can be expressed as

(3) in section 3. Thus LXJ(_l) (s) is determined by

¥ ()5 (1= pSM)
s+ (n)us (1= D)

and L X (s) is the LST of the low-priority response time

ij_l)(s): (G=1,2-,m) (28

given by

1
(1 - pj)as"

L (2) (8) =
X; 1— pj 5§1)

) (]:1a277m) (29)

. SRS, AL R
= 0 g’ PT T O mg)m %
ni—\/m3 =4 ()AL p Y
\/§w<1><nJ>A§1>‘ —, and 7; =
s+ )\g-l) + w(l)(nj)ugl) forj=1,2,---, m.
From (26), (27), (28) and (29) we have that

due to (25), where pér)

is given by 5§1) =

A\ W (s (1 — oV
Ly (s) = — H?:l (0 (1 7k ( Pj ()1)
s+ s+ (ng)p;(1 - p; )
and
L) = 2 (1= pi)o"
T@\8) = 2) =1 1
s+ A2 1—p; 5§, )



We observe that fra (t) and Frpey (t) (r = 1, 2) are usu-
ally nonlinear functions of ¢ and n;. Hence, the resource
optimization problem is an n-dimensional linear optimiza-
tion problem subject to nonlinear constraints. In general, it
is not easy to solve this problem. However, the complex-
ity of the problem can be significantly reduced by requiring
that the service rates of the queues in the service model in
Figure 2 are all equal. That is, we find the optimum value of
n1, -+, Ny such that Y (ny)p{” = - = O (ny) )
(r = 1, 2), called balanced utilization. (We note that in
production lines, it is commonly assumed that the service
stations are balanced.)

From the traffic equations: (") = )\gr) = A" (G =

1,2,---,m), we have that the utilization of each station
(r)
(r) _ Aj _ A
p; wm(n W T T el Thus we have that for

the high-priority queue, a; = ¥ (n;)u ()(1 pil)) =

P (nj)p 4(1 - p; ) = a; 2 4 that implies n;, =
(M)~ ( ) (4,5 = 1,2,---,m). Hence, from (26)
we have fT<1>() = 1{SJ’:;1()1) . ‘?+(l)7”} and subse-
quently obtain that
)\(1) am
Fro (t -t : 30
o)=L sy Gram) G0

Moreover, for the low-priority queue, we have that p;,

é ~

A . .
pi, = p, and (5](.11) = 53(;) oW, for ji, jo

>

1,2, m, due to ¢ (ny ) = - = O ()l
b. Thus Ly (s) reduces to
/\(2) 1— 5(1) m
Lo (s) = Ll Vil s G

s+ XD (1= pswym

which is a function of only one variable b, since p and 6
are considered as funtions of only one variable b. Con-
sequently, Z;n 1 njc; reduces to a function of variable a
a+)\

[(w“ e
= (™)

tomer. Thus the resource optlmlzatlon problem can be de-
composed into the two one-dimensional resource optimiza-
tion problems for both high-priority and low-priority cus-
tomers respectively. We have the following algorithm for
the resource optimization problem.

Algorithm 1:

due to n )] for a high-priority cus-

J

tomer and n ( e )] for a low-priority cus-

1. The minimization problem for high-priority cus-
tomers: Find a in the one dimensional optimization
problem:

min

a — argmin Fpq) (t)|f:T(1)
a D

A Infinite Infinit ( 1 ( N Y«
Server 1 s Station | f———=—----~ Station m

Figure 3. A Service Model With Feedback

subject to the constraint Fp) (t)|f_T(1) > ~(D% at
. D
i = @™, where Fyo) (t) is given by (30).

2. The minimization problem for low-priority customers:
Find b in the one-dimensional optimization problem:

b™"  argmin Fpe) ®,_re
a D

subject to the constraint Frpe) (t)],_p2 > 7% at
- "D
b = b™", where Fp« (t) is given by (31).

3. Compute integers ngl) and n;Q) by us-
. 1 _ am,in
ng n§) = [(p™) 1(mﬂ and
n§-2) = ((1/)(2))*1(%;"(;? )] Then, calculate

G =12, m.

4. Checkif1 <n; <N, (j=1,2,---,m)and [ < CP
are satisfied. If yes, the obtained n; is the number of
servers required at each station. Otherwise, print “the
problem cannot be solved.”

_ (€0)
n;j = max{n;’,

Note that when the balanced utilization as above is satisfied,
the suboptimal solution obtained by Algorithm 1 is optimal
for the resource optimization problem. This statement is
also true for Algorithm 2 that will be given later.

In order to allow for a more complex execution path of
a service request, we extended the above model to a ser-
vice model with feedback, as shown in Figure 3. Infinite
server | represents the total propagation delay within a net-
work provider and infinite server 2 represents the propaga-
tion delay within the service provider, i.e. among stations
1 to m. In this figure, a customer upon completion of its
service at the m-th station, exits the system with probabil-
ity «, or returns to the beginning of the system with prob-
ability 1 — . We note that the model shown in Figure 3
can be easily extended to a network of queues arbitrarily
connected. We reuse the notation in the first model shown
in Figure 2: A(") as the external arrival rate, )\g), A" and

)\(»r) as the effective arrival rates to the second infinite server

and station 7, and u( ") as the service rate at station 7, where
j=12. mandr:1,2.

The main difficulty of this resource optimization prob-
lem is to find fr (t), the probability distribution function
of T(") (r = 1, 2). We obtain this probability distribution



function assuming that the waiting time of a customer at a
station is independent of its waiting time at other stations,
and each visit at the same station j is independent of the oth-
ers. (We note that this assumption of independence does not
hold in queueing networks with feedback. However, as will
be discussed in the validation section the solution obtained
has a good accuracy.) We first have the traffic equations:
AP = AO A = AD 4 (1-a)AT and AV = A0 that
implies )\(.r) =\ = A( " . and the utilization of each sta-
W_ N A0

ton is 9 = Fetoyiy, = aptityy U = 12000, m).

Then, the high-priority and low-priority response times
of the k-th pass at the infinite station and the j-th station are
considered as the sum of 742 random variables 7 (") (k) =
D) 4 x () 4 Xfr) +---+ X7 where we assume that the
high-priority (or low-priority) waiting time of a customer at
a station is independent of its high-priority (or low-priority)
waiting times in other visits to the same station. D(") and
X (") are the service times of class r at the first and second
infinite servers respectively, and X j(-r) is the time elapsed
from the moment a class r customer arrives at station j
to the moment it departs from it. Then, the total response
timeis 7" = >°7°  p(k)T ) (k), where p(k) is the steady
state probability that a request will circulate & times at the
infinite station and the j-th station through the comput-
ing system. p(k) is determined by p(k) = a(l — a)¥ 1.
Thus the LST of the response time T is Ly (s) =
Lp(5) S PRV (5) L4, (5) -+ LA (), which can
be re-written as follows: '

alpo ($)Lx () =1L () (5)

bro® = e L D

where L (s) is the LST of the service time D) given
(r .
by Lpi (s) = sjr\A(v) , and replacing Lx (s) and LX(T)( s)

(g =12,---,m) by (27), (28) and (29) in (32), we have
that

Lroy(s) =
(AN a;
(A [(s+AM)IT | (s+a;)—(1—a) XD, a;]

=W (n;)p
Lyey(s) = (AT [(1 - py)d;”](s + A~
x{(s + AT, (1 — py 85V

—(1 = AP [(1 - py)ai ]} (34

(33)

where a §1)( p§1)), and

To find the response time distribution fr(t), we are re-
quired to invert the LST given by (33) using partial frac-
tion decomposition of a rational function. However, the
partial fraction decomposition of the rational function re-
quires searching for roots of a high-order polynomial. It is

usually not an easy task when the order of the polynomial
is more than 5. Instead, in this paper the LST given by (33)
is inverted numerically, as (34).

Similarly, we want to find nq, - - -, n,,, such that the best
utilization of these stations is achieved, which implies that
each station has the same maximal service capacity. That

is, az—aj—api—pj—pandé (5() 6

(2,5 = 1,---,m). Then, from equations (33) and (34), and

Froy(t) = L™Y Lo (s)/s} (r =1, 2) we have

_ -1 (AM)2gm

FT(I) (t) =L {S(S+A )[(er)\(l))(era) _ (1 — a))\(l)dm]}
(35)

and

Frat) = L7H{A@P[(1 - p)30)"s™ (s + A2

x{(s+ X)(1 = ps)ym
~(L= a1 =IO G

Thus we have the following algorithm for the resource
optimization problem in the model shown in Figure 3.

Algorithm 2:

Steps 1-4 are the same as Steps 1-4 in Algorithm 1 except
Fre) (t) and Fre) (t) given by (35) and (36) respectively.

Note that if we cannot get a solution for the resource
optimization problem using Algorithm 1 (or 2), then the
service provider cannot execute the service request for the
service model 1 (or 2) due to at least one of the follow-
ing reasons: (i) the service provider has an insufficient re-
source (i.e., IV; is too small), (ii) a pre-specific fee is too
low (i.e., I > Cp), and (iii) a network connection is either
too slow or has a problem so that (2) cannot be satisfied.
Using these information, we may detect and debug either a
network problem or a service provider’s capacity problem,
or the SLA needs to be re-negotiated.

5 Numerical Validations

In this section we demonstrate the accuracy and applica-
bility of our proposed approximation method.

Two types of errors are introduced in our proposed ap-
proximation method. The first, hereafter referred to as Class
I error, comes from numerically inverting the Laplace trans-
form. The other, hereafter referred to as Class II error, is
due to the assumptions that the waiting time of a customer
at each station is independent of the waiting times at the
other stations, and it is also independent of its waiting times
in other visits to the same station.

The relative error % is used to measure the accuracy of
the approximate results compared to model simulation re-
sults, and it is defined as follows

Approximate Result — Simulation Result
Relative error % = - - x 100
Simulation Result




As is seen, our proposed approximation method heavily
depends on the computation of the inverse Laplace trans-
form

1 c+too R
O =5m [ e

2mi c—100

where f (s) is the image function of the inverse Laplace
function f(t) defined by f(t) = fooo e St f(t) dt, where
() is called the original function of f(s) and it is a real or
complex-valued function defined on the positive part R .

The numerical inversion of the Laplace transform has
been widely studied and several efficient methods have been
proposed in the past a few decades (see Graf [9]). How-
ever, as is described in [9], the numerical computation of
an inverse Laplace transform is an ill-posed problem. The
inverse Laplace transform is determined by the singularities
of the image function f(s). This means that the behavior
of the image function near the singularities determines the
inverse Laplace transform. Hence, we need to consider the
singularities of the image function in our numerical valida-
tions. Additionally, whereas some numerical methods work
for certain image functions well, they may provide poor re-
sults for other image functions. No single method works for
any image functions. Thus, in our numerical validations we
employed several different numerical methods for a given
image function. If two or more methods can reach about
the same results, then we are confident that the derived nu-
merical inverse Laplace transform is correct. These numer-
ical methods include the inversion methods using Laguerre
functions and Fourier functions (see Graf [9]), Gaussian
quadrature formulas (see Piessens [16]), and the method by
Gaver [8] and Stehfest [17].

We study the accuracy of our proposed approximation
method using several examples below.

Contrary to the distribution of the high-priority response
time whereby it is the single class FIFO M/M/1 case, as
given in section 3, the distribution of the low-priority re-
sponse time in an M/M/1 queue does not have a closed-
form solution. The distribution whose Laplace transform is
given by (25) have to be evaluated numerically by using one
of the numerical methods for inverting a Laplace transform
(e.g., [9]). Hence, we first verify the accuracy of the ap-
proximate method for the single queue given by (25). Let
p = p? =190 — 11111 and A" is varied (r = 1, 2).

We simulated the queueing network using Arena (see
[2]) and the analytical method was implemented in Math-
ematica using the package of the inverse Laplace transform
in Graf [9]. The simulation results are considered as “exact”
since the simulation model is an exact representation of the
queueing network under study.

Tables 1 and 2 show the simulated and approximate cu-
mulative distributions of the low-priority response times
for the two different cases: (i) AV = A3 = 50; (ii)

Table 1. The Cumulative Distribution of The
Low-priority Response Time for \(1) = \(2) =

50
Response Time Simul | Approx R-Err %
0.1 0.5183 0.4821 | -6.9844
0.3 0.8691 0.8318 | -4.2918
0.5 0.9691 0.9447 | -2.5178
0.7 0.9911 0.9818 | -0.9384
0.9 0.9997 | 0.9940 | -0.5702
1.1 1.0000 | 0.9980 | -0.2000
1.3 1.0000 | 0.9994 | -0.0600
1.5 1.0000 | 0.9998 | -0.0200
1.7 1.0000 | 0.9999 | -0.0100
1.9 1.0000 1.0000 | 0.0000

Table 2. The Cumulative Distribution of The
Low-priority Response Time for \(!) = 75 and

A® =25
Response Time Simul | Approx R-Err %
0.1 0.4175 0.3837 | -8.0958
0.3 0.7115 0.6783 | -4.6662
0.5 0.8617 | 0.8225 | -4.5491
0.7 0.9338 | 0.9003 | -3.5875
0.9 0.9669 | 0.9435 | -2.4201
1.1 0.9835 0.9679 | -1.5862
1.3 0.9922 | 0.9817 | -1.0583
1.5 0.9970 | 0.9895 | -0.7523
1.7 0.9982 | 0.9940 | -0.4208
1.9 0.9996 | 0.9966 | -0.3001
2.1 1.0000 | 0.9980 | -0.2000
2.3 1.0000 | 0.9999 | -0.0100
2.5 1.0000 1.0000 | 0.0000

A = 75 and A® = 25. In these two tables, the col-
umn labeled “Simul” gives the simulation result, the col-
umn labeled “Approx” gives the approximate result, and the
column labeled “R-Err %” gives their relative errors. The
same abbreviations are also used in other tables in the rest
of this section. It appears that using the package of the in-
verse Laplace transform in Graf [9] we can get a good accu-
racy for the numerical inversion of the low-priority response
time distribution given by (25) respectively.

Then, we verify the accuracy of our approach for the first
service model shown in Figure 2. Let m = 8, A(Y) = 100,
AW =50, Y = 48, pM =18, uV = 85, uV = 32,
us? = 49, " = 24, Y = 28, ) = 38, p? = 42,
w$? =15, 1l =60, u? = 25, ul? = 41, pu{? = 18,
ug) = 26, and ug) = 35. We also choose NV; = 100,
c; =1, W (n;) = 1.5%8"5 @ (n;) = 1.55!°¢" and
Cp=300@(=1,---,8).

Tables 3 and 4 show the simulated and approximate cu-
mulative distributions of the high-priority and low-priority



Table 3. The Cumulative Distribution of The
High-priority Response Time

Response Time Simul | Approx | R-Err %
0.02 0.0002 | 0.0002 | 0.0000
0.04 0.0214 | 0.0214 | 0.0000
0.06 0.1542 | 0.1528 | -0.9079
0.08 0.4085 | 0.4075 | -0.2448
0.10 0.6691 0.6672 | -0.2840
0.12 0.8459 | 0.8450 | -0.1064
0.14 0.9385 | 0.9379 | -0.0639
0.16 0.9781 0.9780 | -0.0102
0.18 0.9931 0.9929 | -0.0201
0.20 0.9980 | 0.9979 | -0.0100
0.22 0.9995 | 0.9994 | -0.0100
0.24 0.9998 | 0.9998 0.0000
0.26 0.9999 1.0000 | 0.0100
0.28 1.0000 1.0000 | 0.0000

Table 4. The Cumulative Distribution of The
Low-priority Response Time

Response Time Simul | Approx R-Err %
0.2 0.1767 | 0.1473 | -16.6384
0.3 0.4538 | 0.4396 -3.1291
0.4 0.6982 | 0.7082 1.4323
0.5 0.8541 0.8719 2.0841
0.6 0.9389 | 0.9503 1.2142
0.7 0.9774 | 0.9824 0.5116
0.8 0.9925 | 0.9942 0.1713
0.9 0.9978 | 0.9982 0.0401

1 0.9993 | 0.9995 0.0200
1.1 0.9998 | 0.9999 0.0100
1.2 1.0000 1.0000 0.0000

response times respectively. It appears that the results ob-
tained by Algorithm 1 are very accurate. It is shown in Table
5 that the optimal number of servers is required for 97.5% of
the high-priority response time to be less than Tg) =0.16
and for 97.5% of the low-priority response time to be less
than Tg) = 0.7. Moreover, the optimal number of servers
is required for satisfying both the high-priority and the low-
priority response times is shown in Table 5. The exact opti-
mal number of servers, obtained by exhaustive search using
the simulation model, and assuming that each station has
balanced utilization, is consistent with the ones shown in
Table 5. So, I = 214 < C'p. We point out that the relative
errors shown in Tables 3 and 4 are only due to the Class I
error since the Class II error is not present for this model.

Let us now consider an example of the service model 2
shown in Figure 3. We choose m = 8§, A =55 A@) =
42, 8D =12, S = 46, uY = 95, pf =25, Y = 35,
uél) = 20, u(71) = 10, and uél) = 98, M(IQ) = 15, uéQ) =
42, p? = 90, ) =18, puf? = 28, P =15, u?) =5,

Table 5. The Optimal Number of Servers

Station 1 2 3 4 5 6 7 8
High-priority Customer 12 | 62 | 5| 23 12 | 38 | 29 18
Low-priority Customer 12 | 6l 7| 27 13 | 46 | 26 16

All the Customers 12 | 62 | 7| 27 13 | 46 | 29 18

and /iz(f) = 82, and o = 0.67. Let us also select N; = 250,
¢; = 1, 9pW(n;) = 158", ¢ (n;) = 1.55!°¢", and
Cp =800 (j = 1,---,8). Thus it follows from equation:
A = % (r =1, 2) that \() = 82.09 and A? = 62.69.

We obtained the cumulative distribution of the response
time by solving (35) and (36) using the package of the in-
verse Laplace transforms in Graf [9]. Table 6 shows the
number of servers in the eight stations necessary to ensure
the 95% SLA guarantee for Tg) = 0.3 and Tg) =1.0
respectively, and the number of servers in the eight sta-
tions necessary to ensure all the customers. We also sim-

Table 6. The Optimal Number of Servers

Station 1 2 3 4 5 6 7 8
High-priority Customer 123 131 4] 35 20 | 52 168 | 4
Low-priority Customer 61 12 | 4 | 46 | 23 | 61 342 | 5

All the Customers 123 | 13 | 4 | 46 | 23 | 61 | 342 | 5

ulated the tandem queueing network and validated using
the brute-force approach that these numbers of servers ob-
tained by our approximate method are in fact optimal, pro-
vided that each station has balanced utilization. The opti-
mal number of servers is given in Table 6. It derives that
I =617 < Cp, i.e., Step 4 in Algorithm 2 is met. Tables 7
and 8 gives the cumulative distributions of the high-priority
and low-priority response times obtained using the approx-
imate method and the simulation method, and their relative
error %. The relative error comes from both Classes I and
II error. We note that our approximate method has a very
good accuracy when percentiles are high. Extensive numer-
ical results (not reported here due to lack of space) point to
the fact that the independence assumption has little impact
on the accuracy of the results when the number of nodes
is large. A contributing factor is that typically we are inter-
ested in values of the cumulative distribution of the response
time that correspond to very high percentiles for which the
approximate results seem to have a very good accuracy.

6 Conclusions

We proposed an approach for resource optimization in
a service provider’s computing environment, whereby we
minimize the total cost of computer resources allocated to a
priority-class customer so that satisfies a given percentile of



Table 7. The Cumulative Distribution of The
High-priority Response Time

Response Time Simul | Approx | R-Err %
0.1 0.3879 | 0.3850 | -0.7476
0.2 0.8343 | 0.8332 | -0.1318
0.3 0.9528 | 0.9547 0.1994
0.4 0.9867 | 0.9877 0.1013
0.5 0.9961 0.9966 | 0.0502
0.6 0.9989 | 0.9991 0.0200
0.7 0.9997 | 0.9998 0.0100
0.8 0.9999 | 0.9999 0.0000
0.9 1.0000 1.0000 | 0.0000

the response time for each class customer. We have formu-
lated the resource optimization problem as an optimization
subject to SLA constraints for a service model with or with-
out feedback. We have derived the LSTs of a customer’s
high-priority and low-priority response times. We further
developed an efficient and accurate numerical solution for
inverting the LSTs of a high-priority and low-priority cus-
tomer’s response time numerically. In the resource opti-
mization problem we are typically interested in values of
the cumulative distribution of the response time that cor-
respond to very high percentiles. Validation testes showed
that our approach has a very good accuracy in this case.
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