Inverse by Cofactors

Theorem We have

Ci1 C12 Ci3
-1 Co1 C22 Co23
di1 di2 ais
C31 C32 Csz3
dp1 d22 a3 =
a a a
Az Az, A 11 A2 ais
dp1 dz2 4azs
d31 dsz2 4ass
Proof Let
t
Ci11 Ci2 Ci3
Co1 C22 Co23
di1 ae dis
C31 C32 Ca3
Q= dp1 d22 a3

diz adpe ai

3 d31 dz2 ds3
dp1 dz2 azs
d31 dz2 as3

It is sufficient to show that

100
Q=] 010
001
We will show it in the following. By carrying out the transposition, we have

Ci1 Ca1 Caz

Ci2 Cx2 Ca2

di1 adx dais
C13 C23 Csz3

Q= dp1 dz2 a3
di1 ade ais

d31 dz2 ass
dp1 dz2 a3

dz1 dz2 ass
By multiplying the two matrices, we have
a11C11 +a21C21 +a31C31 a@12C11 +a22C21 +a32C31 a13C11 + @23C21 + A33Ca1
a11C12 +a21C22 +a31C32 A12C12 + A22C22 +a32C32 A13C12 + A23C22 + A33C32

d11C13 +ad21C23 +aA31C33 aA12C13 + d22C23 + a32C33 A13C13 + A23C23 + A33C33

dix di 4ais
dp1 Az d23
ds31 daz2 ds3



By Laplace’s theorem, we have

11C11 + @21Co1 + A31Can = arg(-1)* A2 8z + a1 (-1)%" iz A +as1(-1)
asz ass ds2 ass
di1 a2 ais
= | d2z1 dz2 a2
ds; dsz2 as3
a12C11 + 822C21 + A32C31 = ap(—1)" Az 8z +axp(-1)*" iz A +as(-1)
dzy da3z d32 ass3
diz diz ais
= | dz2 dz2 dz3
dz; dz2 ass
and so on.....
Hence we have
di1 Az ais diz diz ais di3 diz aiz
dz1 Az Az dz2 Az Az dzz dz ax
dz1 dz2 ass dz; dz2 ass dsz dz2 Aasz
di1 A1 ais diz diz ais diz a1z aiz
dz1 dAz1 Az dz1 Az Az dz1 dz3 ax
dz1 dsz1 ass ds1 dz2 ass ds1 dzz Aass
di1 a2 aun diz a2 a2 di;z a4z ais
dz1 Az Az dz1 Az Az dz1 dz ax
dz1 dz2 asi dz1 dz2 ase ds1 Az Aass
Q N —
diz a2 ais
dz1 dz ax
ds1 Az Aass
By antisymmetry, we have
100
Q= 010
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Cramer

Theorem LetA € B3 andb e R®. LetAx = b. Thenx = =

Proof Note that

From the previous theorem, we have

X =A"b
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By carrying out the transposition, we have
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By multiplying the matrix with the vector, we have
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From Laplace’s theorem, we have

b1C11 + b2C21 + bsCa

b1C12 + b2C22 + b3Cao

bi1C13 + D2C23 + b3Ca3
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