MA 242 Test 4

Multivariate VVector Functions (R" — RM)

Last Name : First Name: Student ID: Seat Code:

1. [1.0 points] Write the precise statement of the following theorems:
@ Curve Parameterization

t2
Jfrdr=[ gdt
where
_f.d
AR
[t1,t2] is the domain for the parameter t.

@® Surface Parameterization

jsf-ds = ngdA
where
g="f.(ruxry), RHR
D is the domain for the parameters (u, V).
@® Fundamental theorem of curve (line) integral
Jfedr=1[g]}
where
Vg =1
{l’l, I’z} = OC.
@ Stoke’s theorem (curve integral — surface integral)

jcf-drzjsg-ds

where
g=Vxf
C =05 RHR.

@ Stoke’s theorem (surface integral — curve integral)

jsf-ds = jcg - dr
where
Vxg=f
C=0S, RHR.
@® Gauss’ theorem

jsf-ds = ngdV
where

g=V.f

S = oD, outward.



2. [1.0 points] Draw the following diagrams:

@® Roadmap
closed
Surface Curve
closed Uxf=0
RoRY  Stke gL
v =o
Gawss Pavom, Pavem. FTLL
2 t 2 ! ' t
R-R e | RoR =7c R R ST

@ Driving Instruction for Curve Integral
Cisopen andV xf = 0 : Param
Cisopen andVxf=0: FTLI

Cisclosedand V x f = 0 : Stoke (curve integral — surface integral)
CisclosedandVxf=0:0

@ Driving Instruction for Surface Integral
Sisopen andV .f = 0 : Param

Sisopen andV .f =0 : Stoke (surface integral — curve integral)

Sisclosedand V - f = 0 : Gauss

SisclosedandV:f=0: 0

R-HoR




For each of the following problems:
@® a. Sketch the curve C or the surface S.
State whether it is open or closed.

b. Compute Vxf or V.f.
State whether it is zero or not.

c. State the name of the theorem to be used.
d. Apply the theorem (show as much as shown in the class).

3. [15 points]jcf - dr where
f = (2xy?z%, 2yz% +2x?yz2, 22+ 2y%z+2x%y%z)
C-= {(x,y,z) C X2 +yi=4,1= O}, Oriented counter-clockwise (looking from the below)

a. C= ’T%
= Jd
X
Closed.
b. Vxf= (O, 0, O>=O.
c. 0

d. Nothing to do.



4. [1.5 points] ij - dr where

f = {xyz, xy, z)
C= {(x,y,z) CXP+yi=1,2= 0}, Oriented counter-clockwise (looking from the above)

a. C= Z

X
Closed.
b. Vxf= (0, xy,y—xz) 0.
c. Stoke’s theorem (curve — surface)
d. Answer = js<0, Xy, y —Xxz) - ds
where S = {(x,y,z) : x2+y? <1,z =0}, Oriented upward.

s

>x

Continue with parametrization.



5. [1.5 points] ij - dr where

f = (X xy, xyz)
C= {(x,y,z) (Y2 +22=9,x=0,y>0,z> 0}, Oriented clockwise (looking from the front)

a. C= 37\%

A
S

B
Open.
b. Vxf= (xz, —yz,y) #0.
c. Parametrization.
d. r=(y,z)= (0, 3cosh, 3sin0)
0, = %
0,=0
Answer = [ (0, 0, 0) « (0, —3sind, 3cosf do
2



6. [1.5 points] ij - dr where
f= (2xy?z%, 2yz%+2x?yz2, 22+ 2y%z+ 2x%y%z)
C= {(x,y,z) :x2+22=1,y=0,x>0,z> O}, Oriented counter-clockwise (looking from the right)

a. C= Z
|

X
Open.
b. Vxf= (0,0, 0)=0
c. Fundamental Theorem of Curve Integral.

d. ry =(0,0,1)
r, = (1,0,0)
0
- = 2xy%z? (1)
%g = 2yz% + 2x%yz? (2)
% = 27 + 2y?z + 2x%y?z (3)
Integrate (1) in x,
g = x?y?z%? + C(y,z) 4)

Plug (4) into (2),
2x2yz2 + % = 2yz2 + 2x%yz?

& =2y (5)
Integrate (5) inYy,
C(y) = y*z* + D(2) (6)
Plug (6) into (4),
g = x?y?z% +y?z2 + D(2) (7

Plug (7) into (3),
2x2y2z + 2y%7 + L = 27 + 2y%7 + 2x2y*1

2 -2 (8)
Integrate (8) in z,
D=z72+E (9)

Plug (9) into (7),
g = Xx°y?z2 +y?22 +7° +E

Answer =¢(1,0,0) - g(0,0,1) =0-1=-1



7. [1.5 points] jsf - ds where

f=(a -yzy)
S={(xy,z) : xX2+y?+122 =9}, The normal direction is away from the origin.

b4

Closed.
. V.f =0
0
. Nothing to do.

o O T



8. [1.5 points] jsf - ds where

f = (xyz, xy, z)
S={(xy,z) : xX2+y?+122 =9}, The normal direction is away from the origin.

a. S= £

L4
Closed.
b. Vef =yz+x+1+0
c. Gauss’ theorem
d. Answer = ID(yz +Xx+1)dV
where D = {(x,y,z) : x*+y?+22 <9}




9. [1.5 points] jsf - ds where
f={xz -vyzy)

S=<{(xyz): x2+y2+22 =4, z<0}, The normal direction is away from the origin.

a. S= 4z

Open.
b. V.f =0
c. Stoke’s theorem (surface — curve)
d. NotethatV x (X, xy, xyz) = {(xz, —yz, y) (From Problem 5).
Answer = jC<x, Xy, xyz) - dr
where C = { (x,y,z) : x2+y? =4, z =0}, Oriented clockwise from the above.

z

X

Continue with parametrization.



10. [1.5 points] jsf - ds where

f={xzy)
S={(xy,z): x2+y?+z2=16, x>0, y>0, z> 0}, The normal direction is toward the origin.

LZI(

Open.
b. V.f =1+0+0 =+ 0.
c. Surface Parametrization
d. r=(xy,z) = (4singcoso, 4singsing, 4cos¢)
Answer = ID (4singcoso, 4cos¢, 4singsing) -
( (~4sin¢sing, 4singcosh, 0) x (4cos¢coso, 4cosgsing, —4sing) ) dA
where D = {(0,¢) :0<0< Z,0<¢ < %}
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