MA 242 Test 2

Multivariate Scalar Functions (r" — RrY): Differentiation

. [1 point] Let z = xIn(x + 2y) where x = sintand y = cost. Find %

-Gz _ oz dx ooz Ay
Theorem: - = ot T oy

g - (In(x+2y) + X+ )cost+ (x oy 2)(—sint).

. [1 point] Let z = x?y where x = standy = s2 +t2. Find -Z.

co _ e x
Theorem: d = ocat o

L= (2xy)(s) + (x*)(2).
. [1 point] Let y(x) the function define by sinx + cosy — sinxcosy = 0. Find %

d
Theorem: - = —£

dx Fy
dy _ cosx-—cosxcosy
dx ~—  —siny+sinxsiny

. [1.5 point] Let f(x,y) = x3y*. Find the maximum slope of f at (1,—1). Find the direction.
i

Theorem:the maximum slope = |_V)f| and the direction = W
Vf = (3x2y4, 4x3y3)
Vi(1,-1) = (3,-4)

The maximum slope = /3% +(-4)* =5

The direction = <3'5’4> g

5' 5
. [1.5 point] Let f(x,y) = xy? + x2y3. Find the directional derivative of f at (1,—1) in the direction of the
vector (5,12).

Theorem:Dyf = Ve T
V= (y2 + 2xy3, 2xy + 3x2y?)
Vi(1,-1) = (-1,1)
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Daf(1,-1) = (-1,1) ¢ &2 = L



6. [2 point] Let f(x,y) = eXy?. Find an approximate value of f(—-0.1,1.1) via the linear approximation
method.

Theorem: Af ~ %Ax + %Ay
Af = (Xy?)AX + (28Xy)Ay
We choose x = 0,y = 1.
Ax =-0.1, Ay =0.1
Af ~ (8912)(=0.1) + (26°1)(0.1) = 0.1
f(-0.1,1.1) ~ f(0,1) + Af = e%12+0.1 = 1.1
7. [2 points] Let f(x,y) = 2x3 + xy? + 5x2 + y2. It is known that it has the following critical points:

(=1,2),(~1,-2),(0,0), (—%,o).

Classify them into local maximum, local minimum or saddle.
Theorem: Let D = fifyy — f3,. Then

(@) If D > 0and fyx > 0 then local min
(b) If D > 0 and fx < 0 then local max

cfD<0 then saddle

(d) Otherwise then don’t know.
fx = 12x+ 10

fyy = 2x+2

fy = 2y

D = (12x + 10)(2x + 2) — (2y)?
X Y | 1;yy ny D | type

112 -2| 0 | 4 |-16|saddle
-1|/-2 -2 | 0 |-4|-16|saddle
0| 0|10 2 20 | local min

5 4 40
-3 0|-10/-5 ] 0| = local max




8. [4 points] Find the maximum and the minimum of the function f(x,y) = 2x? + 3y2 — 4x + 5 subject to
g(x,y) = x> +2y?> -4 <0.
Subproblem: Find the critical points of f under g = 0.
Theorem: Vf = ﬁg andg=0

e

Ix — 4 = A2X
< 6y = My
2 2_ N —
L X +2y°-4=0
-
4x -4 -A2x =0
< 6y—-2Ady =0
2 2_ N —
L X +2y°-4=0
~
4x -4 -A2x =0
< y6-44)=0
2 2_ N —
L X +2y°-4=0
e e
Ak —4-22x =0 4x—4-22x =0
< y=0 or < A=2%

2 2_N _ 2 2 —
\x+2y 4=0 kx+2y—4—0
e e

Ak —4-22x =0 4xk—4-3x =0
5 y=0 or < A=2%

2 _ /N — 2 2 —
X 4=0 \x+2y—4—0
e e

4k —4 - A2x =0 X=4
< y=0 or < A=2%

— - 2 2 —
\(x 2)(x+2)=0 \x+2y -4=0
-~ r e

4x -4 -22x =0 4 —4-A2x =0 X=4
< y=0 or < y=0 or < A=2%

— I 2 —
\x—2 X= 2 k2y +12=0
e e

A= A=3
< y= o < y=0 None
~ ~




Subproblem: Find the critical points of f under g < 0.
Theorem: Vf = 0 and g<a0
[ 4x-4-0
6y =0
L X2 +2y? -4 <0

~

A

x=1
< y=0

X2 +2y?2 -4 <0
~

~

x=1

< y=0
\(n2+am2—4<o
(1,0

X |y | f |type

0
-2 10|21 | max
0 3 | min




