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Abstract —In this paper, a new problem, consensus estima-
tion, is formulated, whose setting is complementary to the
well-known CEO problem. In particular, a set of nodes are
employed to sense and estimate a common source, and the
purpose is to reach the best possible estimate for all nodes,
through local processing and information exchange over
the network. The belief propagation algorithm is adopted
to provide a common information processing and dissemi-
nation framework for such a purpose. The discussion is
also extended to the application of estimating a Markov

random field.

I. INTRODUCTION

Recent advances in information technology are leading to a
paradigm shift towards ad hoc networking, distributed process-
ing and pervasive computing and communications. Examples
include mobile ad hoc networks, wireless mesh networks, and
sensor networks for various military, commercial, environ-
mental and emergency applications.

The well-known CEO problem [1][2][3] in a decentralized
communication setting is formulated as follows. A team of
agents are deployed to observe a common source and report to
the CEO (chief executive officer or central estimation officer)
independently (i.e., they are not allowed to convene) with a
sum rate constraint. The CEO reconstructs the source based on
these reports, and the goal is to achieve the best distortion-rate
tradeoff.

In this paper we consider a new problem, consensus estima-
tion, in a complementary setting. The motivation is that, in
many interesting scenarios, a central point is not available due
to lack of infrastructure. In principle, such infrastructure could
be set up, but the associated cost and maintenance would be
costly or even infeasible. Furthermore, a network with such a
single point may be vulnerable to environmental dynamism or
malicious attack. Therefore, it is preferable to have a distrib-
uted network where individual nodes of limited capability can
self-organize to form a cooperative powerful system in a scal-
able and energy-efficient way. Instead of communicating to a
central point, nodes talk to their neighbors to share informa-
tion, and hopefully due to dense deployment, the whole net-
work is connected so eventually each node can collect enough
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information to make a good estimate of the underlying source.
A side benefit is that, since every node has the result, there is
an added layer of robustness and flexibility to outside query.

The remainder of this paper is organized as follows: Section
Il presents the system model and problem statement. The belief
propagation (BP) algorithm is introduced in Section I, and
applied to the consensus estimation problem. The discussion of
Section 11 is concretized with Gaussian distribution in Section
IV, and extended to the field estimation scenario. Finally Sec-
tion V concludes the paper.

Il. SYSTEM MODEL AND PROBLEM STATEMENT

For simplicity, consider a temporally memory-less source X
with distribution function p(x) . Each of the N nodes of a dis-

tributed system observed independently corrupted versions of
X, {Yi}N with conditional probability f,(y, | x). The goal of

i=1’
the consensus estimation problem is to reach a common esti-
mate of X at each node, through local processing and informa-
tion exchange. In certain scenarios, such a goal can be achieved
via distributed averaging or gossiping algorithms [4][5]. Here
we would like to take a more general Bayesian approach. A
somewhat stronger condition is imposed that, after information
processing and dissemination, each node can obtain the poste-
rior distribution

p(X[(y )1, ) = POOTTY: ity 10 @

Then various estimates such as those corresponding to MAP or
MMSE criteria can be easily obtained. We will discuss a com-
mon information processing and dissemination framework for
this purpose in Section I11.

Analysis with respect to the tradeoff between distortion and
communication constraints can be pursued. Nonetheless, such a
study is potentially much more involved due to the following
reasons. First, the time it takes to reach consensus (the conver-
gence time of the algorithm) is certainly non-trivial. We may
typically need to stop at some point and there is an additional
distortion due to this approximation. Second, in many scenar-
ios of interest, each node is hard energy-limited, so it might
make more sense to directly consider distortion-energy trade-
off. Compared with the CEO problem, consensus estimation
avoids long-haul transmission to the central point, but requires
more iterations for consensus. Finally this problem involves the
interaction among source, channel and networking coding. We
leave this study to our future study.



I1l. BP ALGORITHM AND ITS APPLICATION TO CON-
SENSUS ESTIMATION

In this section, we first introduce a powerful probabilistic
framework, belief propagation, for collaborative information
processing. Then we apply it to our consensus estimation prob-
lem and discuss some convergence properties.

A. BP Algorithm

Belief propagation (also known as sum-product algorithm)
refers to a general class of message-passing algorithms origi-
nally intended to solve the NP-hard probabilistic inference
problems by exploiting “partial independence” existing among
random variables [6]. It became known to researchers in the
communications and signal processing society after the discov-
ery and rediscovery of capacity-achieving turbo codes and
LDPC codes, whose success has not been well understood yet.
It is exciting to find that decoding of these powerful codes
naturally results when applying BP on graphs with cycles. One
of the most celebrated algorithms in digital communications,
the Forward-Backward algorithm, is also a direct application of
BP to the hidden Markov model or trellis diagram [7][8].

We briefly introduce the basic BP algorithm here to facilitate
the following discussion. Given a joint distribution function

P(X) ! of a random vector X - (X, X,)", the NP-hard infer-

ence tasks like marginalization or posterior calculation can be
made much easier when P(X) assumes a product form of local
functions; the implied conditional independence can be con-
veniently captured by graphical models including Markov ran-
dom fields (MRF), Bayesian networks (BN), and factor graphs
(FG) [9][10]. The intuition is that each node (variable) only
needs to interact with its neighbors (dependent variables)
whose number could be substantially smaller (e.g., O(logN)),

indicating potentials of exponential speedup on inference tasks.
BP algorithms are efficient techniques for such a purpose, as-
suming different forms on various graphical models. For ease
of exposition, we will focus on MRF with only pairwise inter-
actions, since BN, FG, and MRF with higher-order cliques
(i.e., fully-connected subgraph) can always be converted to an
equivalent pairwise MRF. BP algorithms on MRF also turn
out a bit simpler; while messages assume two forms in BN due
to directedness of edges (reflecting parent-child relationship),
and in FG due to two types of nodes (function and variable),
they take one uniform form in MRF. MRF also exhibits model-
ing convenience in wireless networks mostly consisted of ho-
mogeneous nodes.
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Figure 1 Pairwise Markov Random Field
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 In this paper we directly use random quantities as arguments of functions to
denote a generic case.

2007 Conference on Information Sciences and Systems, The Johns Hopkins University, March 14--16, 2007

A pairwise MRF, as shown in Figure 1, is an undirected
graph (V,E) with maximum cliques of size 2, where each node

ieV is associated with a random variable (or a more general
random vector). The Hammersley-Clifford theorem [6] dictates
that, if a joint distribution can be represented by a pairwise
MREF, it should admit the following form (and vice versa)

P00 = T1 vy (X X)IT4(X), @

for a set of single-node functions {¢ (X,)} (called local func-

tions, defined for each i eV ), and a set of pairwise functions
{w;; (X;, X;)} (called compatibility functions, defined for each

(i, j) € E), and a normalization factor Z (called partition func-
tions in physics).

The essence of the BP algorithm is the message-passing rule
and belief-updating rule. The message from node i to j at the
nth iteration is a function of X, defined as

mi?(xi) = ZX. Yij (Xi’Xj)¢|(Xi)erN(i)\{j}ml?iil(xi) 1 (3)

where N(i) is the set of neighbors of node i . The sum in (3) is

replaced with the integral when continuous random variables
are considered. This message is often normalized for numerical
stabilization though not necessarily. Roughly speaking, it
represents the current belief (approximated posterior probabil-
ity distribution) that node i has about X, given its own ob-

servations and received messages from other parts of the graph
in the last round. The belief node i has about its own variable
is updated as (with normalization factor «)

bin(xi)zaﬂ(xi)nkeN(i)mEi(xi)' (4)

Usually the messages are initialized with unbiased (constant)
ones to trigger the iteration. If the computing graph is a tree, it
is known that the BP algorithm is guaranteed to converge to the
true marginals, i.e., b'(X;)—> P(X,)=Xxx P(X). BP can be

naturally applied on graphs with cycles as well. In this sce-
nario, the iteration is typically stopped when improvement on
beliefs is marginal, or sufficiently many numbers of iteration
have passed. However, little is known about the convergence
and correctness of BP on loopy graphs, though its effectiveness
has been verified through experiments in various areas.

B. Application to Consensus Estimation

The BP algorithm was originally proposed to solve the NP-
hard inference problems: we are given a joint distribution, and
certain graphical models (such as MRF, BN, and FG) are con-
structed and BP algorithms are employed for efficient compu-
tation. For example, if a joint distribution of the form (2) is
given, a corresponding pairwise MRF can be set up and itera-
tions (3) and (4) are invoked for efficient calculations of mar-
ginals or posteriors. A reverse thinking is required when it is
applied to wireless networks, intended to serve as a general
framework for collaborative information processing and dis-
semination. We propose a simple and effective approach for



this novel application of great potential as follows. The real
communication graph is treated as a Markov random field:
each (active) node is taken as a vertex and there is an edge be-
tween two nodes when there is a feasible communication link
between them. The key step lies in associating some “virtual”
state variable(s) to each node, and building some statistical
models indicating relationship among them, based on applica-
tion characteristics and communication models; for a pairwise
MRF setting this is equivalent to defining compatibility func-

tions {y/ij} for each edge and (possibly) partial local functions

{,} for each node. Local functions could also include prior

knowledge of the state variables and their likelihood functions
given node observations. Then, assuming a joint distribution of
state variables in the form (2), the BP algorithm described in
above can be readily applied.

In the consensus estimation problem, the state variable asso-
ciated with each node is the common source X . Since this
variable is the same for all nodes, we have the following in-
stantiation of the BP algorithm (c.f. (2)).

¢|(X): fi(yi | X)\]N p(X), l//ij(xilxj):]'(xi = Xj)' (5)
In other words, we impose joint distribution of the form

P(X, =%, VeV)=Kx =X, ==x, = X}p(X)[Ti fi(y, | X) with
1(-) denoting the indicator function.

The message-passing rule (3) is thus concretized as
log mi? (X j) =log4 (X j) + Ykenngiy 09 ml?i_l(x j) (6)

which reveals a simple linear relationship (without convolu-
tion) for messages between successive rounds due to the spe-
cial form of compatibility functions.

Upon collecting messages (in log domain) corresponding to
each source value from all edges” into a column vector z}, of
size 2| E|x1, and similarly defining a vector u, for the first
term in the right-hand side (RHS) of (6), we obtain

z% =u, +AZ}*, )

where the square matrix A ® captures the characteristics of the
graph as represented by the second term in the RHS of (6).
Viewing this recursion as a mapping f(x)=u, +Ax, with
f'(x)=A and the contraction mapping principle, it can be
shown that if the spectral radius of A , p(A)<1l ,
2% > 25 =(1-A)"u, for any initial messages. Also, upon
convergence the final belief at node v is given by (c.f. (4))

b,(X) =, (X)exp(1] 25 ) = ag, (X )exp(1] XioA'uy ) (8)

2 Note that each edge has two messages of opposite directions.
*Entry al¥) of the kth power of matrix A, A¥ =(a§ek?)2|a e
directed paths of length k +1 which start from the source node of link e' and
end at the destination node of e, and do not contain consecutive sections of the
same arc with opposite directions.

is the number of
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where 1, denotes a vector of the same dimension as z} , with
ones at positions corresponding to the incoming edges of node
v and zeroes otherwise. Note that 1 A‘u, =
Yenten oy W, 10g4,.(X) admits a simple interpretation: it effec-

tively collects local information from nodes v'e N“™ (v) that
are distance-k +1 away, weighted by the number of paths w,.
between them.

Remark 1: If w, =1 and the communication graph is con-
nected, our goal is achieved, i.e., b, (X))ol o4, (X)

o p(x‘{yi}i'il) (c.f. (1)). This is obviously true when the graph

is a tree; in this scenario it is easy to verify that the correspond-
ing matrix A is nilpotentso p(A)=0.

Remark 2: For general graphs, some local information may be
over counted (i.e., w,. >1) so the final beliefs may not be cor-
rect. Nonetheless, we don’t need correct beliefs to make correct
MAP estimates. Intuitively, we can still be on the correct side
(though may be over confident) as long as all evidence are
equally over counted, which dictates a certain symmetry on the
communication graph.

Remark 3: If the source and observation assume Gaussian dis-
tribution®, when the algorithm converges, each node will obtain
correct posterior means and modes [12].

Remark 4: Though message synchronization is assumed for
simplicity, the algorithm is guaranteed to converge when
p(A) <1 even with total asynchronism (i.e., arbitrary delays in

message arrival) [11].
Remark 5: For the special case of consensus detection (i.e., X

is discrete and finite) [13], absolute convergence is not neces-
sary either (i.e., p(A)>1 is allowed), as long as in the final

obtained normalized beliefs, the one corresponding to the true
MAP estimate dominates.

IV. GUASSIAN CASE

Gaussian distribution is a widely adopted assumption in theo-
retical studies. It is a good approximation of practical situations
in many scenarios of interest, while amenable to analysis and
often can provide useful insights.

The following result is useful for message passing with
Gaussian distribution. Let X ~ & (u,X) be a Gaussian random
vector with mean g and positive definite covariance X . One
can define a new set of parameters ($,A) by $=3"u ,
A=, and alternatively denote X ~N'(4,A) . Let
p,(X) =N(&,A,) and p,(x) = N (3, A,) be two different
distributions on the same random Gaussian random vector X,
and consider the product density p,,(x) =ap,(x)p,(x). Then

* This is a common assumption and will be further discussed in Section IV.



P, (X) =N (&, Ap) With 3, =3 +8, and A, =A, +A, .
Similarly, the quotient p,(x)/ p,(x) produces an exponential
quadratic form with parameters ($ —9,, A, —A,) . However,
this quotient will define a valid probability density only if
A, — A, is positive definite.

A. Single Source

Assume the source X ~ N (u; /0%, cl). Each node makes
a noisy linear observation

y,=Hx+n,i=1--- N, ©)]
where for generality we consider a vector observation of
y, € R% for each sensor®, channel gain matrix H, is assumed
known, and noise n, is Gaussian with zero mean and variance
> . It is easy to derive that, the conditional probability

f,(y; | X), viewed as a function of x, assumes the form of
NHHZ Y HIZH,) (10)
up to some scaling constant.

Clearly the messages and node beliefs in BP algorithms are
all Gaussian distributed. Assuming that
mg (X) ~ V(g Vi), and bl (x) ~ v (an W), (11)

we have the following message updating and belief updating
rules:

wj = s (NG + HIZRY, + Sy i (12)
Vi =Y/No? + HIZH, + Savinp Vi
and
O = us /(NG THIZNY + Do iy (g
w," ::]7/No's2 + HiTZ;lHi +ZkeN(i)Vkri1

with 4 and V initialized with 0 for all i, j .

Noting the similarity of (12) and (13), the implementation of
the BP algorithm in a wireless setting can exploit the broadcast
nature of the medium. Instead of sending messages of the form
(12) from each node i to its neighbors, we let node i broad-
casts its belief to them with the following modified form:

{Qin = ﬂs/(NUsz)"‘ HZy, +ZkeN(i)/ul?i4

14
A :]/Nag +H/ZH, +ZkeN(i)Vk?_l' =

Meanwhile, it calculates and stores its intended messages for
all j e N(i) to facilitate processing in the next round (c.f. (16)

below):

{ ,Ui? = qin _,UJ'T1 (15)

V=W v

n
ij

® For example, each node contains heterogeneous sensors.
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On the other hand, upon receiving g and W;' from some
je N(i), node i figures out the true messages from j as

{ /ujni = Q? _ﬂiTl

. (16)
n n-1
Vi =W/ =V,

n
ji

and also store them for processing in the next round (c.f. (15)).
When a node i collects all broadcast from its neighbors and
figures out their intended messages, it can form its own broad-

cast message g and W,""* for next iteration. Again s and

v, are initialized with 0 for all i, j. In practice, node broad-
casting needs to be coordinated with some MAC schemes.

B. Markov Random Field

In last subsection, we discuss the BP algorithm for consensus
estimation of a single Gaussian source. This can be readily
extended to multiple independent sources by treating X as a
Gaussian vector.

In this subsection, we consider the application of field gath-
ering where X is a Gaussian Markov random field and each
node only observes a spatial component X; of it. In this sce-

nario, X; associated with each node are not identical but none-

theless correlated through a joint distribution. Instead of
achieving a common estimate at each node as previously dis-
cussed, here we intend to apply the BP algorithm to improve
the estimate at each node through collecting useful information
from other parts of the network.

Here we consider a good approximation for the underlying
random field. Assuming that a spanning tree is formed among
the distributed nodes, we only consider the pairwise interaction
among {X,} associated with each node. In other words, we
ignore the correlation among nodes that are not direct

neighbors on the spanning tree. In this setting, we have
[14][15]

(ille P (%, X,
p({x}{v.}) :W@v f.(y %), a7
where
p(x) =N (us /0% 1/ 0?) (18)
and
Pij (%, %) = Wﬁl(cijﬂs [Lar 'Cij) (29)
with
1 1 —Pij
C.=——— . 20
! 0'32(1_,05){_/0“ 1 :| (20)

f.(y; | %), viewed as a function of x, , assumes the form of
(10). Comparing (17) with (2) reveals

ﬁ(xi)zwil(ﬂi'vi) (21)
with



and

4= HIEy, + A= N @) /o (22)
Vi= HiTzlei +(@-N ('))/O'g (23)
Vi (X, X j) = Wﬁl(cijﬂs L1 lCij) . (24)

After some manipulation, we have the following message
updating and belief updating rules:

and

P S = pyis [0 (L= 7))
" (a2 (P SVl ) (@)
+pyis oL (L= p})
(Vi + Zieninep Vi +Y %)
(1+020=P)) (P + ZeavincnVi ™))

n

ij

{qin =4+ ZkeN(i),ukni (26)

W' =V, + vy Vi

with 4 and V; initialized with 0 for all i, j.

V. CONCLUSIONS

In this paper, a new problem, consensus estimation is pro-
posed. The belief propagation algorithm is applied to provide a
Bayesian framework facilitating further exploration. We be-
lieve that this is a potentially interesting problem that deserves
further investigation.
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