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Abstract— The observation that certain nonreversible chains
lifted from reversible ones mix substantially faster than the
original chains [1], [2] has motivated our recent work [3], where
a Location-Aided Distributed Averaging (LADA) algorithm is
proposed to achieve fast distributed consensus. We continue
our study in this paper to gain a better understanding of
distributed consensus via chain lifting and explore possible
improvements for LADA. First, lower bounds for the averaging
time via lifting Markov chains in a wireless network with
a common transmission range r, as modeled by a geometric
random graph G(n,r), are derived based on resistance, an
invariant of Markov chains. It is shown that the constructed
chain in LADA is optimal in the scaling law for the mixing
parameter 7%, for Markov chains with an approximately
uniform stationary distribution on G(n,r). The e-averaging
time of O(r~'log(¢™')) achieved by LADA is also close to
its lower bound Q(r~!). Finally, a cluster-based LADA (C-
LADA) variant is proposed to further improve on the message
complexity in dense networks. Essentially, the LADA algorithm
is applied to the induced graph resulted from a distributed
clustering algorithm. It is shown that the number of transmitted
messages per iteration is reduced from ©(n) to ©(r~2), which
translates into significant power savings for nodes.

I. INTRODUCTION

The distributed consensus problem where nodes in a net-
work try to reach consensus on their average value through
iterative local information exchange has been vigorously
investigated recently [4]-[8]. Distributed computation of the
average over a network can be realized through linear itera-
tion in the form x(t+1) = W (¢)x(t) where W (¢) is a graph
conformant matrix, i.e., W;;(t) # 0 only if there is a direct
link from node i to j in the network. Typically, governing
matrices in distributed consensus (or more general distributed
computation) algorithms are chosen to be stochastic, which
connects them closely to Markov chain theory. In both fixed
and random gossip algorithms studied in [4], [5], mainly a
symmetric, doubly stochastic weight matrix is used, hence
the convergence time of such algorithms is closely related
to the mixing time of a reversible random walk, which is
usually slow due to its diffusive behavior.

It has been observed by Diaconis ef al. [1] and Chen et
al. [2] that nonreversible chains constructed on a “lifted”
graph mix substantially faster than related reversible chains.
A lifted chain P (with state space V) is constructed from
a given chain P (with state space V') by creating multiple
replica states w1, --- ,u;, in V corresponding to each state
u € V, and designing the transition probabilities conforming
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to P (.., Puwj > 0 only if P,, > 0 or u = v) such that
the stationary probabilities m(u), v € V in P is retained
@(.e., >, 7(u;) = m(u)). P is called the collapsed chain of
P. The idea of nonreversible lifting lends itself naturally to
fast distributed consensus algorithms: by allowing each node
in a network to maintain multiple copies of its estimated
average value, lifted chains with desired fast-mixing prop-
erties can be simulated. In a recent paper [3], we propose
a Location-Aided Distributed Averaging (LADA) algorithm,
which exploits the knowledge of directions of neighbors
to construct fast-mixing nonreversible chains. Each node
maintains four copies of its estimated average value at any
time; each value is more likely to propagate in a specific
direction, with which the diffusive behavior is suppressed.
It is shown that in a connected wireless network of size n
with a common transmission range r, LADA achieves an e-
averaging time of O(r~1log(e~!)), while the optimal gossip
algorithm requires © (r~2logn)' time for the relative error
to be bounded by e =n~%, a > 0.

In this paper, we aim to continue our investigation in
[3], and gain deeper insights into distributed consensus via
chain lifting. In particular, we wish to explore how close
LADA is to the optimum, and seek to further improve
LADA in dense networks. We start with some analysis
for general (especially nonreversible) Markov chains on a
geometric random graph G(n,r)-the celebrated model for
wireless networks. To this end, we introduce resistance, an
invariant of Markov chains. For a reversible chain, it is
known that its mixing time is at least on the order of its
resistance [9]. We show that for nonreversible chains, the
same bound holds only for another mixing parameter known
as Thy in [10]. Subsequently, we show that the resistance of
a Markov chain with an approximately uniform stationary
distribution? on G(n,r) is Q(r~1), which cannot be further
reduced by lifting. Thus, we establish that for any chain
with an approximately uniform stationary distribution on
G(n,r) and its lifted chain, Ty = Q(r~1). The lower bound
Tan = ©O(r~1) is precisely achieved by the nonreversible
chain constructed in LADA. Moreover, it is shown that the
e-mixing time of any chain with an approximately uniform
stationary distribution is Q(r~1) for e = O(+). This is also
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'We use the following order notations in this paper: Let f(n) and g(n)
be nonnegative functions for n > 0. We say f(n) = O(g(n)) and g(n) =
Q(f(n)) if there exists some k and ¢ > 0, such that f(n) < cg(n) for
n >k f(n) = ©(g(n)) if £(n) = O(g(n)) as well as f(n) = 2(g(n)).

2For reasons described at the beginning of Section IIl.B, we mainly focus
on Markov chains with an approximately uniform stationary distribution in
this paper.



a lower bound for the e-averaging time of the corresponding
distributed consensus algorithm.

While the time complexity is certainly important for
distributed algorithms, the message complexity directly de-
termines the power consumption of the nodes. As a second
contribution of this paper, we propose a cluster-based LADA
(C-LADA) variant to further improve on the message com-
plexity. This is motivated by the common assumption that
nodes in some networks, such as wireless sensor networks,
are densely deployed, where it is often more efficient to
have co-located nodes clustered, effectively behaving as a
single entity. Clustering is performed through a distributed
clustering algorithm. After the initiation, the LADA algo-
rithm is applied on the induced graph. Only inter-cluster
communication and intra-cluster broadcast are needed to
update the values of all nodes. The same time complexity as
LADA is achieved, but the number of messages per iteration
is reduced from ©(n) to O(r—2).

Our paper is organized as follows. In Section II, we
formulate the problem and discuss several important related
works, including a brief introduction of LADA. In Section
III, we establish some results for non-reversible Markov
chains and lower bounds for the averaging time through
lifting Markov chains. In Section IV, we present the C-LADA
algorithm, and analyze its performance. Finally, conclusions
are given in Section V.

II. PROBLEM FORMULATION AND RELATED WORKS

A. Problem Formulation

Consider a network represented by a connected graph
G = (V, E), where the vertex set V' contains n nodes and
E is the edge set. Let vector x(0) = [z1(0),--- ,2,(0)]T
contain the initial values observed by the nodes, and x ., =
% >, x; denote the average. The goal is to compute Zaye
in a distributed and robust fashion. Let x(¢) be the vector
containing node values at the tth iteration. Without loss of
generality, we consider the set of initial values x(0) € R*",
and define the e-averaging time as

inf {t : ||X(t) - xave]-Hl S 6||X(O)||1}3
()

Tove(€) = sup

x(0)eR+™

where |x||; = >, |z;| is the I; norm®.

We will mainly use the geometric random graph [11] to
model a wireless network in our analysis. In a geometric
random graph G(n,r(n)), n nodes are uniformly and inde-
pendently distributed on a unit square [0, 1], and 7(n) is the

common transmission range of all nodes. It is known that the

choice of 7(n) > 1/ 21%8"™ is required to ensure the graph is
n

connected with high probability [11].

3For the more general case x(0) € R™, the corresponding expression in
(1) is [|x(t) — zavell||1 < €||x(0) — min; z;(0)1]|1.

4In the literature of distributed consensus, the {2 norm has also been used
in measuring the averaging time [4], [S]. We adopt the definition in (1) for
ease of analysis and exposition. The same definition has been used in [8].

B. Related Works

In this section, we review several relevant works reflecting
recent development on distributed consensus. Xiao and Boyd
[4] derived necessary and sufficient conditions for the weight
matrix W such that the linear iteration x(¢t + 1) = Wx(t)
asymptotically computes x,,c1 as ¢ — oo. They formulated
the fastest linear averaging problem as a semi-definite pro-
gram, which is convex when W is restricted to be symmetric.
The randomized gossip algorithm studied by Boyd et al. [5]
realizes distributed consensus through asynchronous pairwise
averaging. The authors show that the absolute n~*-averaging
time (o > 0) of the gossip algorithm is related to the
mixing time of a reversible chain P as ©(log n+Trix (P, €)).
As another alternative for distributed consensus, consensus
propagation, a special form of Gaussian belief propagation
has been proposed by Moalleimi and Roy [6]. By avoiding
passing information back to where it is received, consensus
propagation suppresses to some extent the diffusive nature
of a reversible random walk. It requires the minimum
possible time to converge on a singly connected graph,
and O(n/elog(n/e)) on an n-cycle. However, on well-
connected graphs where node degrees are much larger than
1, the diffusive behavior is not effectively reduced with this
algorithm. While the above works studied either synchronous
or asynchronous parallel algorithms, the work by Savas et
al. [7] explored distributed computation of decomposable
functions through sequential algorithms, where a node does
not transmit messages until it is activated by another node.
Two algorithms, SIMPLE-WALK and COALESCENT are
proposed, and both are shown to provide gain in message
complexity at a cost of time complexity compared with
gossip algorithms. Last but not the least, the independent
work by Jung and Shah [8] explored the similar idea of fast
distributed consensus through chain lifting as ours. Their
algorithm adopts the nonreversible lifting proposed in [2],
which is constructed from a multi-commodity flow of the
existing chain with minimum congestion. To construct the
chain each node in the network must have global knowledge
of the network—in particular, the paths in the optimal multi-
commodity flow that pass through itself. When a node joins
or leaves the network, the entire chain needs to be re-
calculated, and the state space of the new chain is of a size

up to n?.

C. LADA Algorithm

In our recent work [3], a Location-Aided Distributed Aver-
aging (LADA) algorithm is proposed, where a nonreversible
chain is formed in a distributed fashion exploiting only the
direction information of neighbors, thus robust to topology
change, and the size of the state space is linear in n.
For completeness, we give a brief introduction of LADA
in the remaining of this section. Prior to the distributed
computation, each node classifies its neighbors as follows: a
neighbor j of node ¢ is said to be a Type-I neighbor of 1,



denoted as j € N}, if

/(X - X,) € <l;r Z,Z;T+ﬂ 1=0,---,3, ()
where X; = Re(X;)+iIm(X;) denotes the location of node
1. The number of type [ neighbors for node ¢ is denoted
as d. = |N!|. For boundary nodes, virtual neighbors are
introduced to ensure that d' is roughly the same for all 7 and
l.

The LADA algorithm works as follows. Each node ¢ holds
four pairs of values (y!,w!), I = 0,---,3, corresponding
respectively to the east, north, west and south directions.
The values are initialized with y}(0) = z;(0), w!(0) =
1, 1=0,---,3. At time ¢, each node ¢ broadcasts its four
values. In turn, it updates its east value y? with

R+ =Y o [0-m0+ 2 @o+i0)]. ®

jeNz J 2

where p = O(r) is the probability that the associated random
walk makes a turn. If ¢ is a west boundary node, then the east
value of ¢ is a combination of values from both physical and
virtual west neighbors. The north, west and south values,
as well as the corresponding w values are updated in the
same fashion. Node i computes its estimate of ... with
it +1) = § L, (Wht + 1) /wl(t +1)).

Denote ¥y = [yg,yiys,y3]", with y1 =
[y, yh, -+ yL]T, and similarly denote Ww. The above
iteration can be written as y(t + 1) = PTy(t) and
w(t + 1) = PTW(t). It can be shown that P; is an
irreducible and aperiodic stochastic matrix, thus the
corresponding Markov chain has a unique stationary
distribution 7r, which is not uniform since the incoming
probabilities of a state does not sum to 1. Note that
lim; oo §(t) = 4nzavew and lim;_. W(t) = 4nm.
Therefore, with the aid of the auxiliary variable w, the
LADA algorithm converges to the true average of node
values on a finite connected 2-d network. The nonreversible
random walk P; is more likely to keep its direction than
making a turn, and mixes much faster than reversible ones.
As a result, the LADA algorithm achieves an e-averaging
time Thye(e) = O(r~'log(e7')) on a geometric random

graph G(n,r) with r = Q . Note that the

logn
n
averaging-time is on the same order as the mixing time of
P, partly due to the fact that the stationary distribution is
approximately uniform through the introduction of virtual
neighbors, so that all the weights w’s are lower bounded by

a positive constant at time ©(r~1).

III. PERFORMANCE OF DISTRIBUTED CONSENSUS IN
WIRELESS NETWORKS THROUGH CHAIN LIFTING

In this section, we first introduce some parameters and
analysis characterizing the mixing behavior of a general
(especially non-reversible) Markov chain. Then, by deriving
a lower bound for the resistance on G(n,r), we show that
the e-averaging time of distributed consensus via lifting a
Markov chain on G(n, r) is at least Q(r~!) when e = O ().

A. Mixing Time and Resistance

The mixing time of a Markov chain characterizes the
convergence rate towards stationarity, and can be defined
in various ways. The most popular definition uses the total
variational distance, or equivalently, the [; norm. For € > 0,
the e-mixing time of an irreducible and aperiodic Markov
chain P with stationary distribution 7 is defined as [12]

1
Thix(P, €) = sup inf {t : §||Pt(i, J=m| < e} , @

where P(i,-) is the ¢-step transition probabilities given
that the start state is ¢. Various tools, including eigenvalues
[13], coupling [14], stopping times [2], [10], [15], [16],
conductance [17], canonical paths [13] and multi-commodity
flow [9] have been successfully used to estimate the mixing
time of reversible chains. It turns out that the analysis is
much more difficult when reversibility does not hold. In
this paper, we use the multi-commodity flow approach and
the resistance measure [9], [18] to estimate mixing times of
Markov chains without the reversibility assumption. A flow 3
in the underlying graph G(P) of P is a function f : I' — R*
which satisfies

> fO) =m(wm(v) YuveVutv ()

RIS

where I',, is the set of all simple directed paths from u
to vin G(P) and I' = |J,, I'uv- The resistance of P,
an invariant of Markov chains, is defined as the minimum

congestion of all flows

R(P)éir}fR(f)éir}fm(ga\X% St ©

yeT;v3e

where Q(e) = Q;; = mP;; is the ergodic flow on edge
e=1j.

It has been shown that the resistance of an ergodic
reversible Markov chain satisfies R < 16T,,ix(P,1/8) [9].
This result does not readily apply to nonreversible chains.
Instead, a similar result exists if the mixing time is replaced
by another parameter known as Tgj [10] (also known as
Tieparate [16]). For 0 < ¢ < 1, Tau(P, ¢) is defined as

Tan(P,c) = sup inf {t :PYi,) > (1— c)ﬂ'} ) @)

Lemma 3.1: For any irreducible and aperiodic Markov
chain P, the resistance satisfies

Tan (P
r(p) < ), ®)

—c
Proof: Lett = Tan (P, ¢), and Fﬁﬁ} denote the set of all

paths of length exactly ¢ from u to v in the underlying graph
G(P). For each y € T, let p(7y) denote the probability that
the random walk starting in state u takes the path ~. For each
u,v and v € FS}Q, set

flr) = m(w)m(v)p(7)

Pt(u, v) ©)

5An alternative and equivalent definition of a flow as a function defined
on the edges of graphs can be found in [19].



and set f(y) = 0 for all other paths v € I'. Note that
Zverﬁfﬁ f(v) = w(u)m(v), and by removing cycles on all
paths, we can obtain a flow f’ (consisting of simple paths)
from f without increasing the throughput on any edge. The
flow routed by f’ through e is

PR ACIES DY

V€L YSe wY yerd) y3e

m(u)m(v)p(v)
Pt(u,v)

<

DY

U yer) yae

m(u)p(7y), (10)

where the second inequality follows from the definition of
Tqn. The final sum in (10) is precisely the probability that
the stationary process traverses the oriented edge e within ¢
steps, which is at most tQ(e). It then follows

N > eTlyde () t
R = s et L) o

(1)

|
<_For a Ma}r)kov chain P, define its reverse chain P with
P = ”Jﬂ—’ In the following, we state two lemmas
which will be used to establish lower bounds for the mixing
parameters.
Lemma 3.2: For any irreducible and aperiodic Markov
chain P,

1+ 6¢

Tan (P, > < Tmix(P,e) + ﬂnix(<§7 €). (12)
Proof: Let T = Tpix(P,¢) and T = Tmix(i;,e). For

any j € V, consider the set S = {k € V : % > 131 By
the definition of 7 we have 7(S) > 1 — 4e. This in turn by
the definition of 7 ensures that for any i, P!(i,S) > 1 — 6e

for ¢t > 7. Thus, for any ¢t > 7 + T,

Piij) = S PTT(,k)PT (k,j)
keS
- PTGk
- )Y PN
kesS
> @ZPF?(L k)
keS
1-6
> — S (). (13)
That is, P!(i,5) > (1 — 1£8) (). u

Lemma 3.3: For any irreducible and aperiodic Markov
chain P, if € < mppin/2 where mmin = min; 7(4), we have

P
Tonix(P, €) = Thn (P, ‘ ) (14)
Tmin
Proof: Let t = Tyix(P,¢). Then for any ¢ and j,
|Pt(i,5) — n(j)] < |P(i,-) — 7|1 < 26 If € < Tmin/2,
we have Pt(i,§) > m(j) — 2¢ > (1 — 2 ) n(j). »

Tmin
B. A Performance Lower Bound
Consider linear iterations with which the sum of node

values is retained, i.e., x(t + 1) = PTx(t), where P is a
stochastic matrix. For the purpose of averaging, it is desirable

that the associated Markov chain possesses a uniform sta-
tionary distribution, i.e., P is doubly stochastic. Note that in
this case, Thix (P, 2¢) and the averaging time T,y (€) in (1)
coincide. In the LADA algorithm [3], neither the constructed
chain nor its collapsed chain has a uniform stationary dis-
tribution. This is compensated for by proper scaling through
weight variables. It is shown that as long as the stationary
distribution of the lifted chain P is approximately uniform,
ie, m(u) = @(ﬁ), for any u € V (with which the
stationary distribution of its collapsed chain must also be
approximately uniform), the averaging time of distributed
consensus is still on the same order as the mixing time of
the chain. Therefore, we will mainly investigate the class of
Markov chains P with an approximately uniform stationary
distribution. In the remaining of this section, we obtain a
lower bound for the mixing time of such chains and their
lifted chains on G(n,r), or equivalently, for the averaging
time of corresponding distributed consensus algorithms. To
this end, we introduce another invariant of a Markov chain,
the conductance, which measures the chance of leaving a set
after a single step, and is defined as [9]
Q(5,5)

(b P = i _—
) = vl 1 75 (S)

where S is the complement of S in V, and Q(A, B) =
Zz‘eA ZjeB Qw

Lemma 3.4: For any Markov chain on a geometric ran-

15)

dom graph with w(v) = © (%) Vv € V, the conductance
satisfies ®(P) = O(r), and the resistance satisfies R(P) =
Q(r~1).

Proof: Consider dividing the square with a line parallel
to one of its sides into two halves S and S with 7(S) ~
7(S) a2 1/2, as illustrated in Fig. 1. A node in S must lie in
the shadowed region to have a neighbor in S. For any such
node 1, Zj <5 Pij < 1. Applying the Chernoff bound [20],

it can be shown that when r = Q ( 105"), the number of

nodes in the shadowed area is upper bounded by 2rn with

high probability (w.h.p.). Therefore, we have
G 1

a(p) < Q55 2m-O() 1

w(S)m(S) 0.5-0.5

That is, ®(P) = O(r). By the the max-flow min-cut theorem

[9], the resistance R is related to the conductance ¢ as R >

£, thus we have R(P) = Q(r~1). [ ]

Combining Lemma 3.1, 3.2, 3.3 and 3.4 yields the follow-
ing.

Theorem 3.1: For any Markov chain P with an approxi-
mately uniform stationary distribution on a geometric ran-
dom graph G(n,r), ¢ € (0,1) and ¢ > 0, Wwe have
Tin(P,c) = Q(r71), and max{Tix(P,€), Tmix(P,€)} =
Q(r~1). Moreover, if e = O (1), then Tp,ix (P, €) = Q(r~1).

Note that the resistance cannot be reduced by lifting [2].
Thus, the above also holds for lifted chains from G(n,r)
with an approximately uniform stationary distribution. In the
process of proving Lemma 4.1 in [3], we showed that for
the LADA algorithm, the random walk Py starting at any

(16)

= 0O(r).
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Fig. 1. Upper bound for the conductance of a Markov chain on G(n, )

state visits any state ¢ with probability at least ¢y (i) by
some time ¢t = O(r~1), for some constant ¢; > 0. This
implies that Ty (P1,c¢) = O(r~1), hence LADA achieves
the optimal scaling law for Tfg).

Now, recall a well-known result in Markov chain theory
[21] that for any starting state ¢, and all ¢t = 1,2,---,
|Pt(i,-) — ||y < et/Tan(®e)a from which it follows
Tui(P,e) < {[log(c™)] " log[(26) "] + 1} Tru(P, ).
Thus, we obtained in [3] that LADA has an e-averaging time

of O(r~tloge™1). For € = n% a>1,r=0

LADA improves the e-mixing time of known schemes based
7 ) but s

logn
|

on reversible chains by a factor of (2 ( Togm )’
still O(logn) away from the lower bound in Theorem 3.1.
Whether the lower bound Q(r~!) can be further tightened,
and whether LADA achieves the optimal e-averaging time in

scaling law deserve further study.

IV. CLUSTER-BASED LADA

Since nodes in some wireless networks are densely de-
ployed, it is often more efficient to have collocated nodes
clustered, effectively behaving as a single entity. Only one
representative node in each cluster, known as the cluster-
head, is involved in the message exchange. Thus, a gain in
the message complexity could be obtained, which translates
directly into power savings for nodes. In this section, we
introduce a cluster-based LADA (C-LADA) algorithm for
this purpose, which can be simply described as follows. The
nodes are clustered beforehand using a distributed clustering
algorithm. The LADA algorithm is then applied to the
induced graph, where the neighbor classification is based
on the relative location of the cluster-heads of neighboring
clusters.

A. Distributed Clustering

We begin by introducing a simple distributed clustering
algorithm for general wireless networks. We assume each
node 7 has an initial seed s; which is unique within its
neighborhood. This can be realized through, e.g., drawing
a random number from a common pool, or simply using
nodes’ IDs. From time 0O, each node ¢ starts a timer with
length t; = s;, which is decremented by 1 at each time

instant as long as it is greater than 0. If node ¢’s timer
expires (reaches 0), it becomes a cluster-head, and broadcasts
a “cluster_initialize” message to all its neighbors. Each of its
neighbors with a timer greater than O signals its intention
to join the cluster by replying with a “cluster_join” message,
and also sets the timer to 0. If a node receives more than one
“cluster_initialize” messages at the same time, it randomly
chooses one cluster-head and replies with the “cluster_join”
message. At the end, clusters are formed such that every
node belongs to one and only one cluster. The uniqueness
of seeds within the neighborhood ensures that cluster-heads
are at least of distance r from each other, which will be
used to bound the message complexity later. We assume that
clusters are formed in advance and the overhead is amortized
over the multiple computations. detailed algorithm is given
in Algorithm 1.

Algorithm 1 Distributed Clustering

K < 0 {K: number of clusters}
for all i € V do

t; < s;
end for
repeat
for all ¢ with £; > 0 do
if t; = 0 then

K < K +1, Ckg < {i} {Ck: nodes in cluster k}
for all j € \; and with ¢; > 0 do
t; <=0, Cx < Cx U{j}
end for
end if
end for
until |, Cp = V

We say two clusters are adjacent (or neighbors) if there
is a direct link joining them. Assume that for each pair of
neighbors, one single link joining them is activated. The
end nodes of active links are called gateway nodes. The
induced graph G from clustering is a graph with the vertex
set consisting of all cluster-heads and the edge set obtained
by joining the cluster-heads of neighboring clusters. Note
that the resultant topology is arbitrary, in contrast to the
grid structure obtained by tessellation through a centralized
scheme. In Fig. 2, we illustrate the induced graph as a
result of applying our distributed clustering algorithm to a

realization of G(300, r(300)), where r(n) = \/7 %~
B. C-LADA Algorithm

The neighboring clusters are classified based on the rela-
tive coordinates of the cluster-heads, according to the same
rule as in the LADA algorithm described in Section II.C.
The set of type-I physical neighbors of cluster m obtained
through this rule is denoted as A/},. If m is an east boundary
cluster with no physical east neighbor, m is considered as
a virtual east neighbor of itself, and similarly for other
directions. The degree d', is defined as the number of type-I
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Fig. 2. Illustration of the induced graph from distributed clustering of a
realization of G(300, r(300)). Nodes are indicated with small dots, cluster-
heads are indicated with small triangles, cluster adjacency are indicated
with solid lines, and the transmission range (not clusters) of cluster-heads
are indicated with dashed circles.

neighbors (including virtual neighbors) for cluster m. Note
that, as n — oo, the transmission circles of all cluster-
heads must cover the entire network area when the distributed
clustering is completed. It can be shown that for the cluster-
head of any internal cluster, there must be at least one cluster-
head lying within a distance (2 + %) r in each of the
four neighboring regions such that the entire network area is
covered®, and such two clusters are adjacent w.h.p. Thus, we
have d!, > 1 for any any cluster m and direction [ w.h.p.
The LADA algorithm can be readily applied to the in-
duced graph from clustering as follows. Every cluster-head

maintains four pairs of values of (yfn,wﬁn) l1=0,---,3,
initialized with 3/ (0) = Zc,;:m 24(0), and w!, (0) = np,
Il =0, ---,3, where C; is the index of the cluster node

i belongs to, and n,, is the number of nodes in the m-
th cluster. At time ¢, the gateways nodes of neighboring
clusters exchange values and forward the received values to
the cluster-head. The cluster-head of cluster m update its east
value with

Yo, (t+1)
= Y % {(1 —p)y;(t) + g (yj(t) +y§’(t))} . a7

jeNz I
where p = O(r). If m is a west boundary cluster having no

physical west neighbor, then the sum in (17) is replaced with
(1=p)yZ () + & (v, (t) + y2,(t)), i.e. its own west (rather

This is obtained as follows: consider the east neighboring region of
cluster m, and the extreme case where there are two neighboring clusters
with respective cluster-heads lying on the 45 degree borderline of the north
and the east region, and that of the south and the east region (they are
counted as north and south neighbors respectively). The distance of both
clusters from the cluster m can be varied, causing their collective covered
area to vary. It can be shown that any point beyond (1 + %) T to the east
of the cluster-head of m cannot be covered by these two clusters. Thus there
must be at least one other cluster-head lying with a distance <2 + %) T
from the cluster-head of m that covers it.

Performance on GRG with 1000 nodes
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Fig. 3. Performance of distributed averaging algorithms on G(1000,r(1000))

than east), north and south values are used. In other words,
the west values are bounced back and become east values
when they reach the west boundary, so that the information
continues to propagate. The north, west, south values as well
as the w values are updated in a similar manner. The y and
w values are then broadcast to the cluster members. Every
node computes the estimate of the average with z;(t) =
% Z?:o(ylci/wlci)

Using our argument on LADA, it is easy to show that
x(t) converges to Zayl as t — oo. The performance of
C-LADA on the geometric random graph can be analyzed
following a similar argument as for LADA, and it can be
shown that C-LADA also achieves an e-averaging time of
O(r~1'log(e™!)). We simulated the performance of the C-
LADA and LADA, along with fixed iteration with optimal
constant edge weights [4], and randomized gossip [5] where
a node chooses one of its neighbors with equal probability
(for a fair comparison, the absolute averaging time of the
asynchronous gossip is used). Fig. 3 illustrates the rela-
tive [; error decay on a realization of G(1000,7(1000)),

where r(n) = \/210%. It can be seen that both LADA
and C-LADA significantly outperform algorithms based on
reversible chains. Since nodes in neighboring clusters also
become neighbors, the network connectivity is improved
through clustering, and C-LADA also performs slightly bet-
ter than LADA.

C. Message Complexity

Finally, we demonstrate that C-LADA considerably re-
duces the message complexity, and hence the energy con-
sumption. For LADA, each node must broadcast its val-
ues during each iteration, hence the number of messages
transmitted in each iteration is ©(n). For C-LADA, there
are three types of messages: transmissions between gateway
nodes, transmissions from the gateway nodes to cluster-heads
and broadcasts by the cluster-heads. Thus, the number of
messages transmitted in each iteration is on the same order



as the number of gateway nodes, which is between Kd i,
and Kd,.x, where K is the number of clusters, and d;n
and dy,ax are respectively the minimum and the maximum
number of neighboring clusters in the network.

Lemma 4.1: Using the Distributed Clustering algorithm in
Section IV.A, the number of neighboring clusters for any
cluster m satisfies 4 < d,,, < 48, and the number of clusters
satisfies 77 1r 2 < K < 2r~2,

Proof: The lower bound d,,, > 4 follows from dﬁn >1
for any m and [. Note that the cluster-heads are at least
at a distance r from each other. Hence, the circles with
the cluster-heads as the centers and radius 0.5r are non-
overlapping. Note also that, for a cluster m, the cluster-
heads of all its neighboring clusters must lie within distance
3r from the cluster-head of m. Within the neighborhood of
radius 3.5 of a cluster-head, there are no more than (3:2)2
non-overlapping circles of radius 0.5r. This means that the
number of neighboring clusters is upper bounded by 48.

Consider the tessellation of the unit square into squares
of side % Thus, every such square contains at most one

cluster-head, so there are at most 2rr—2 clusters. On the other
hand, in order to cover the whole unit square, there must be

at least 7~ 1r~2 clusters. [ ]
The theorem below on the message complexity follows
immediately.

Theorem 4.1: The e-message complexity, defined as the
total number of messages transmitted in the network to
achieve e-accuracy, is O(nr~'log(e~1)) for the LADA al-
gorithm, and O(r~3log(e~1)) for the C-LADA algorithm.

It is also of interest to compare our proposed algo-
rithms with the sequential algorithms proposed in [7]. It has
been shown that the message complexity of the algorithm
SIMPLE-WALK in [7] is the same as the time complexity,
which is equal to the cover time of the network graph. It
is known that the cover time for geometric random graphs
[22]. Thus, for

logn
n

is ©(nlogn) w.h.p. when r = Q

ne

e=-+1, a>0andr =0 (y/loin , C-LADA suffers from

a loss of O <, /log"3n> in message complexity, but gains

Q (v/nlogn) in time complexity compared with SIMPLE-
WALK.

V. CONCLUSION

In this paper, we continue our work in [3] to investigate
distributed consensus through lifting Markov chains, and
seek to further improve the LADA algorithm in dense
networks. It is shown that the nonreversible chain con-
structed in LADA achieves the lower bound of the mixing
parameter Txy in the scaling law, i.e., Txy = ©(r~1), for
Markov chains with an approximately uniform stationary
distribution on G(n,r). Moreover, the e-averaging time of
O(r~tlog(e™!)) for LADA is close to the Q(r~') lower
bound for consensus algorithms based on such chains. As
another contribution of this paper, we propose a cluster-based
LADA (C-LADA) variant, where LADA is applied on the

induced graph resulted from a distributed clustering algo-
rithm. Our analysis reveals that C-LADA provides significant
improvement on the message complexity, and numerical
results demonstrate that slight gain in time complexity is
also achieved due to improved network connectivity.
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