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Abstract

Detection of a deterministic signal in correlated Gaussian noise in large-scale
sensor networks is considered. In contrast to existing works which assume that
each sensor uses a dedicated channel for transmission, we explore the possibility
of employing a shared multiple access channel (MAC) for detection, which signif-
icantly reduces the bandwidth requirement, or the detection delay. We assume
that sensors transmit local decisions based on their respective local observations
and a mapping rule through a MAC subject to an average power constraint. We
consider two scenarios depending on whether the sensors have intelligence or not,
and propose one mapping rule for each scenario. We show that while detection
over a parallel access channel (PAC) always results in a loss in error exponent, the
asymptotic performance of optimal centralized detection can be achieved with the
first MAC mapping rule for intelligent sensors. For dumb sensors, the second MAC
mapping rule has advantage in terms of energy efficiency compared with detection
over PAC in certain applications. Numerical examples are given to illustrate how
the results can be used to design optimal sensor spacing.

1 Introduction

Distributed detection of certain events or targets in the environment is an important
application of sensor networks [1,2]. Distributed sensors take observations and com-
municate local decisions with the fusion center, which makes a final decision based on
the received information. The presence of noise in the communication channels as well
as possible processing at sensors (local decision, quantization, etc.) result in a loss of
detection performance as compared to centralized detection.

For a densely-deployed sensor field, we are usually interested in the trend of the
detection performance as the number of sensors goes to infinity, which is provided by
the measure of error exponent [1-4]. In [1], the performance of distributed detection
strategies is assessed in terms of the error exponent for two types of channels: a parallel
access channels (PAC) consisting of a bank of dedicated AWGN channels and an AWGN
multiple access channel (MAC). As many other works [2], an important assumption
made in [1] is that the sensor observations are independent and identically distributed.
However, as sensors are packed more closely to each other, it is reasonable to expect that
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their observations become more correlated [3]. Analysis of distributed detection with
correlated observations is typically complicated even for a pair of Gaussian observations
[5], yet in the asymptotic region, large deviation theory [6] provides an efficient way for
computing the error exponent. Several recent works have employed the large deviation
theory to study the problem of optimal sensor placement [3], [4]. The detection of a
constant signal in correlated Gaussian noise and the detection of a Gaussian-Markov
process in independent Gaussian noise are studied in [3], where it is assumed that each
sensor transmits its observation directly through a dedicated AWGN channel. The latter
problem is also studied in [4], based on the assumption that the local observations are
perfectly available at the fusion center.

The major problem with using a PAC in large-scale sensor networks is that dedicated
channels for each sensor results in either a large bandwidth requirement for simultaneous
transmission or a large detection delay. In this paper, we explore the possibility of
employing a shared multiple access channel for detection of a deterministic signal in
correlated Gaussian noise. The deterministic signal is not limited to the constant signal
as in [3], but is defined to admit a wide range of known signals. We assume that sensors
transmit local decisions based on their respective local observations and a mapping rule
through a MAC subject to an average power constraint. We consider two scenarios
depending on whether the sensors are intelligent (having knowledge of source statistics)
or not, and propose one mapping rule for each scenario. We show that the asymptotic
performance of optimal centralized detection can be achieved with the first mapping rule
for intelligent sensors. On the other hand, detection over PAC always results in a loss
in asymptotic error exponent. For dumb sensors, the second MAC mapping rule has
advantage in terms of energy efficiency compared with detection over PAC in certain
applications. Numerical examples are given to illustrate the performance of various
detection strategies and how the results can be used to design the optimal sensor spacing.

2 System Model and Preliminaries

2.1 System Model

We consider the binary hypothesis testing problem where the kth sensor’s observation is
given by

H :xp=mp+v, k=12---,n, (1)
HO:xk:Ukv ]{}:1,2,"',717 (2)
where {my}}_; is a real deterministic signal whose autocorrelation function is given by
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where G(w) is the spectral distribution, and if G(-) is absolutely continuous, its derivative
G'(w) is the spectral density of {sx}i_; [7]. {vk}i_; is a stationary Gaussian stochastic
process with zero mean and covariance matrix 3. We assume that the local observations
are first mapped through a function U(-) : y, = U(xy), subject to an average power
constraint + 1" | E{|yx[*} < P, and may be transmitted over two types of channels:

1. A parallel access channel (PAC) consisting of n dedicated AWGN channels,
Tk = Yk + 2k, k:1727"'7n) (4)



where z;,’s are 1.1.d. zero mean Gaussian variables with unit variance.

2. A perfectly synchronized AWGN multiple access channel (MAC) given by

r=> y+z, (5)
k=1

where z is zero mean Gaussian with unit variance.

The signal attenuation on the channel is assumed to be absorbed in U(-). In the following,
we use the vector notation m = (my, -+ ,m,)T, and similarly denote v, x, y and r.

2.2 Preliminaries

The analysis in this paper requires two sets of mathematical tools, one is associated
with the asymptotic properties of Toeplitz matrices, and the other is an important re-
sult in large deviation theory which characterizes the asymptotic behavior of non-i.i.d.
sequences. For completeness, we briefly recall the necessary definitions and theorems.

Absolutely Summable Toeplitz Matrix: Let {Z(™} be a sequence of n x n
Toeplitz matrices with entries ¢, € R on the kth diagonal and dimension n — oco. If
S el < 00, {=M} has spectral density given by the Fourier Series of #;: S(w) =
St [g].

Toeplitz distribution theorem [8] and its extension [9,10]: Let {m}}_; be
a deterministic signal with spectral distribution G(w). For an absolutely summable
Toeplitz matrix ™ with spectral density S(w), let {)\,(gn)}zzl be the eigenvalues of X
contained on the interval [d;, ds], and {cﬁfcn)}zzl be the normalized eigenvectors of %™,
then for any continuous function A(-) defined on [07, ds], we have

tim =S HOE) = o [ h(S()de, (6)

n
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Gartner-Ellis Theorem [6]: Let Z,, € R be a sequence of random variables drawn
according to the probability law u,, and define

A™(9) = log E[e?%"]. (8)

Assumptions: (1) For each 6 € R, the logarithmic moment generating function, defined
as the limit A(6) = lim,_ 2A™(nf) exists as an extended real number. (2) The in-
terior of Dy = {0 € R : A(f) < oo}, denoted by Dj, contains the origin. (3) A() is
differentiable throughout D{, and A(-) is steep, i.e., lim,,_,o A'(6,) = oo whenever {6,,}
is a sequence in D} converging to a boundary point of DY.

Under the above assumptions, the large deviation principle (LDP) satisfied by the se-
quence of {u,} can be characterized by the Fenchel-Legendre transform of A(f):

A*(z) = sup{fz — A(0)}, (9)

0eR

that is, for any closed set F C R, limsup,,_,, = log pt,(F) < —infyep A*(2), and for any
open set G C R, liminf,_, %log tn(G) > —infcq A*(2).



3 Distributed Detection

3.1 Optimal Centralized Detection

Optimal centralized detection, where the sensor observation vector x is perfectly available
to the fusion center, serves as a performance baseline for distributed detection strategies.
The optimal centralized detection is a threshold test on the normalized log-likelihood
ratio [11]: Choose H; if
—log—————=—-(m X x—-m X m) >, 10
n '8 Pr(x|Hy) ~ 1 2 )= (10
and choose Hj otherwise. For the Bayesian problem with priori probabilities P(Hy) = g
and P(H,) = m, the threshold 7 = %log = — 0asn — oo. For the Neyman-Pearson
problem, the threshold 7 is chosen to minimize the type II error probability subject to a
constraint on the type I error probability. We can write the test alternatively as
1
T,=-m'S 'x>T. (11)
n
Let ¥ = ®A®”, where A = diag{\,---, \,} is a diagonal matrix containing the eigen-
values of 3, and ® is a unitary matrix with eigenvectors of ¥ as column vectors. Let
p = ®"m and w = ®"x. Then it is easily shown that under Hy, {w;}7_, are i.i.d.
N(0,\), and under Hy, {wy}?_, are i.i.d. N(pg, A\x). Thus we have

Zp’“w’“. (12)

The logarithmic moment generating functions under both hypotheses are given by

92 02 n T 2
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Using extended Toeplitz distribution thoerem, we have

M(®) = Jim AP (ns) = - [, (15)
M) = Jim A (o) = 2 [T A (16)

where S(-) is the spectral density of ¥ as defined in Section 2.2. It can be checked that
the assumptions for Gartner-Ellis theorem hold. Therefore T}, satisfies the large deviation
principle with good rate functions

« T
AO(x) = sup{@ﬁ - AO(Q)} = or dG(w) ’ (17)
OeR o S(w)
- f27r dG(w)
Aj(z) = sup{fx —A(0)} = oL C)) . 18
o) = gupler— MO} = g ( = (19



When 0 < T < % 2T dGW) the error exponent for type I and type II errors are given by

0 Sw)’
lim ——loga'™ = lim ——log Pr{T, > T'|Hy} = mpro@) = AJ(T), (19)
n—oo n n—00 n x>
1 1
lim ——log 3™ = lim —=logPr{T, < T|H,} = 123[\’{(3@) = A(T). (20)
n—oo n n—oo n TS
For the Bayesian problem, the threshold is
1 1 <pp 1 [*7d
T=lim —m?’S ' 'm= lim — Y £k = Gw) (21)

n—oo 21 n—oo 21 — Ao 4m J, (W)’

thus the error exponent for the average probability P, = myar + 713 is given by

1 1 1 1 [*d
lim ——log P™ = lim ——loga™ = lim ——log 8™ = —— G(w). (22)
n—oco 1 n—oo N n—oo 1 167 J, (u))

3.2 Distributed Detection for Parallel Access Channel

For PAC, the correlation structure in the source is still retained at the receiver with each
sensor directly transmitting an amplified version of the local observation, i.e., y, = axy,
where the signal amplification a is a constant (independent of the n) chosen to satisfy
the average power constraint. Let

’ Tk 2k
= — =T, + —. 23
F= =t (23)

Then under Hy, r’ is correlated Gaussian with mean 0 and covariance matrix 3’ = EH—G%I,
and under H;, r’ is correlated Gaussian with mean m and covariance matrix X’. The
optimal test is given by

1

T =-m"Y'vY>T (24)
n

Following similar analysis as in Section 3.1, the expressions of error exponents are the
same as for centralized detection, except that S(w) is replaced with S'(w) = S(w) + 2.
Consequently detection over PAC suffers from a loss in asymptotic performance which is

dependent upon a.

3.3 Distributed Detection for Multiple Access Channel

In contrast to PAC which requires a bandwidth proportional to the number of sensors,
the bandwidth required by MAC is independent of the number of sensors, hence MAC
is attractive for large sensor network applications. With a MAC, however, the fusion
center no longer have access to individual sensor observations. Therefore, the mapping
rule should be carefully chosen so that the output of the MAC could yield a useful decision
statistic for detection. In the following we consider two scenarios depending on whether
the sensors have knowledge of source statistics or not.



3.3.1 Intelligent Sensors

In this scenario, we assume that the sensors have knowledge of source statistics. Specif-
ically, each sensor knows m, ¥ and its index k. Observe that if we let ¥ = ¥ 'm, the
optimal decision statistic for centralized detection can be written as

1 1 1 <
T, = ﬁmTE_lx = E’yTx = kz:;fykmk. (25)
Consider Mapping Rule 1:
Ul(zy) @ yp = aypTg. (26)
where a is a constant independent of n.
Theorem 1: The threshold test on
- 1 1 & z
T, = a ;Z’Yﬂk—i—% (27)

is asymptotically optimal, i.e., achieves the same error exponent as optimal centralized
detection for mapping rule 1, and the error exponents do not depend on a.

Proof. For T,,, we have for Hy,

92
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P'n.
AP () = log Eg{e’C 1 ° Z Tp (28)

Since Ag(0) = lim,, oo %A(()n)(nH), the second term % vanishes asymptotically, and Ay(0)
is the same as for optimal centralized detection, and similarly for H;. Therefore the error

exponents are the same as for optimal centralized detection. O]

In [1], it is shown that for i.i.d. observations, soft decision fusion (i.e., each sensor
transmits the local log-likelihood ratio value) over MAC is asymptotically optimal. The-
orem 1 suggests that for correlated observations, with a properly chosen mapping rule,
detection over MAC is also asymptotically optimal, provided that the total transmit
power scales with the number of sensors n. Mapping rule 1 employs the similar concept
as distributed beamforming in cellular systems, where the signals at different antennas
are weighted according their respective channel states at the transmitter so that they
add constructively at the receiver. In contrast to PAC, the effect of channel noise on
MAC is washed out asymptotically. Since the error exponents are independent of the
signal amplification a, it is possible to achieve the optimal performance with little average
power as long as the number of sensors is sufficiently large.

3.3.2 Dumb Sensors

In large-scale sensor networks, the knowledge of m, 3 and index k£ may not be avail-
able at each sensor. Moreover, the assumption of dumb sensors implies symmetrical
sensor functions, which provides the ease of implementation and scalability. In this case,
detection over MAC can still be optimal if the observations are i.i.d. by employing type-
based distributed detection [1]. For correlated observations, the correlation structure
in the source is lost over MAC, and the performance of optimal centralized detection



is no longer achievable. In this section we investigate the performance of a suboptimal
mapping rule.
Consider Mapping Rule 2:

Ulz) : yp = azy, (29)

where a is independent of n, and the decision statistic given by (recall that w = ®”x)

:ET__Z]:]C :—Zwk—l—— (3())

As for mapping rule 1, we can ignore the effect of channel noise in asymptotic analysis
and concentrate on the first term. For T,,, we have

P, 1<
A (nf) = log Bo{e® #=1%i} = —= Z log(1 — 20)), (31)
2
A (n6) = log B {€’ mwk} ——Zl (1— 26\, +ei( )’ (32)
1 0g fu11€ = og( S 1200\,
According to Toeplitz distribution theorem and the extended theorem, we obtain
1 2

Ao(0) = _E log(1 —20S(w)) dw, (33)

27r 0 2m dG(w)
A 0:—— log(1 — 2608 d —_ 34
)= [ s -wseyavr - [ S @

In general, the asymptotic logarithmic moment generating functions associated with
quadratic functionals are not necessarily steep [12], so a direct application of the Gértner-
Ellis theorem is not possible. However, the results in [12] can be used to show that the rate
functions governing the large deviation principle are still given by the Fenchel-Legendre
transforms of (33) and (34):

1 2w
Aj(z) = Opx + E/ log(1 —26pS(w)) dw, (35)
0
where 6y solves the equation x = % 0% W dw, and
1 0, [  dG(w)
Ai(z) = S B e o

() =01 + 47r/0 og( 015 (w)) dw 27T/o 1= 20,5(0)’ (36)
where 6; solves the equation z = - O%% dw + 5= f = ;lg ; ). Denote the

noise power X;; = 0. When the threshold T satisfies hm,HOO L ) [vk] <T<

lim,, o % Son_y Elmy + vg]?, or equivalently, o < T < ¢? + 5= f o dG(w), the error
exponents for type I and type II errors are A§(T) and Aj(T) given by (35) and (36). Since
the average error probability is dominated by the smaller error exponent, the Bayesian
error exponent is given by the value at the intersection of both rate functions.

4 Optimal Sensor Spacing: An Example

In this section, we illustrate the performance of various distributed detection strategies,
and the application on optimal sensor spacing with an example.



4.1 Detection of a Sinusoid Signal

Consider the detection of a sinusoid signal over a straight line:
m(l) = vV2mcos(wol), 0<1< +oo. (37)

We assume that sensors are equally-spaced over the line with the location of the kth node
dp = kd,k =1,--- ,n. Therefore, the signal to be detected at the kth node is

mi = V2m cos(wokd) = V2mcos(@ok), k=1, --,n, (38)

where @y = wyd. The autocorrelation function of this signal is given by r(k) = m? cos(k@y),
and the corresponding spectral density is dG(w) = mm?[§(w—w@g)+06(w— (27 —&@y))]. Note

that the constant signal m(l) = m is a special case of this model corresponding to &y = 0,

whose spectral density is given by dG(w) = 2rm?3(0). Assume that the zero mean sta-

tionary Gaussian observation noise process has covariance function p(ly,ly) = o2plh—tl,

Let p = p?, then the covariance matrix of v is given by

1 poo- ﬁn—l
s
s=0| 7 - (39)
pr poo1
2 1-p2

with spectral density S(w) = o

1+p%2—2pcosw”
For MAC mapping rule 1, when 0 < T < S’(Ti ), the error exponents of type I and
type II errors for the N-P problem are S(‘”O T? an d [T — ( )] respectively, and the

Bayesian error exponent is ok For detectlon over PAC the error exponents have the

85(
same expressions as above except that S (wo) 1s replaced with S"(@g) = S(@g) + 25. For
MAC mapping rule 2, when o2 < T <m?+ o? the error exponents of type I and type
IT errors are 6T + 5 log{3[1 + p* — 26p0°(1 — p + /14 p2 = 20002(1 — p2)]2 — 4p2]},

with T = (1—p*)o> and
\/[1+ﬁ2—20002( —5?)2—4p%’

m21
T + log{3[1 + 7> = 2010°(1 — %) + /[L + * = 20:0%(1 = PP)2 — 45} — 13560507

with T = \/[1+ﬁ2*;191:2()1*ﬁ2)}2*4/72 + (1_2071”5(@0))2. In Fig. 1, the error exponents for MAC

mapping 1 and mapping 2 v.s. threshold T are plotted for m = 10,0 = 1,p = 0.5,wy =
2w, and d = 1 and 0.1 respectively. The Bayesian error exponent achieved by mapping 2
is critically determined by the internode spacing d: it is very close to that of mapping 1
when d = 1, and much worse than that of mapping 1 when d = 0.1.

4.2 Optimal Sensor Spacing

In this section, we study the problem of designing the optimal sensor spacing d to maxi-
mize the Bayesian error exponent. For MAC mapping rule 1 and PAC, this is equivalent
to minimize

1— p2d
1+ p?* — 2p? cos(wpd)’

S(@g) = o? (40)

which can be solved numerically. For MAC mapping rule 2, the Bayesian error exponents
for different values of d are first obtained, from which the optimal d that achieves the
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Figure 1: Error Exponents for MAC mapping 1 and mapping 2, m = 10,0 =1,p = 0.5

global maximum is chosen. Fig. 2(a) shows the error exponents as functions of the
inter-node spacing d for both MAC mapping rules as well as PAC with different values
of a, where m = 10,0 = 1, p = 0.5, wy = 2w. We observe that in this case, the maximum
Bayesian error exponent of mapping rule 2 over distance d is significantly smaller than
that of mapping rule 1.

For the special case of a constant signal, we have @y = 0 and that for MAC mapping

1, the optimal d minimizes S(0) = o2 }J_FZ Z, which is achieved as d — oco. The performance

of various detection strategies when the signal is constant is given in Fig. 2(b), which
suggests that for mapping rule 2, the error exponent is also maximized by increasing d.
It can be shown that the performance of mapping 2 relative to mapping 1 improves as
the frequency wqy decreases, and approaches mapping 1 for the constant signal. Note that
the sensor field has a finite size and we need a sufficiently large number of sensors to
achieve the asymptotic performance predicted by the large deviation theory. As can be
seen from Fig. 2(b), the error exponent is almost constant when d > dy, where d; is a
constant depending on p. For example, when p = 0.5, an internode spacing of dy = 7.64
is sufficient to achieve an error exponent within 1% of the maximum error exponent for
mapping rule 1. We finally remark that although the performance of MAC mapping 2
is worse than PAC for certain values of a, it can be achieved with an arbitrarily small
average transmit power, hence is of interest for energy-aware sensor networks.

5 Conclusion

We study distributed detection of a deterministic signal in correlated Gaussian noise in
large-scale sensor networks using a multiple access channel, which enjoys better band-
width efficiency as compared to a parallel access channel. We show that for intelli-
gent sensors, distributed detection over MAC can be asymptotically optimal by properly
choosing a local mapping rule, while detection over PAC always incurs a loss in error ex-
ponent under the average power constraint. For dumb sensors, we propose a suboptimal
mapping rule which is shown to perform closely to the intelligent sensor case for certain
applications. The analytical results are also used to design optimal sensor spacing for
maximizing the Bayesian error exponent.
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