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Abstract— Motivated by matrix determinant properties, this
letter develops a fast transmit antenna selection algorithm for
MIM O systems: the G-circlesmethod. Thisnovel schemeisshown
to achieve many advantages over other existing algorithms.
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I. INTRODUCTION

ULTIPLE-input multiple-output (MIMO) systems are

anticipated to be widely employed to address the
ever-increasing capacity demands for wireless communication
systems. A magjor drawback of MIMO systems comes from the
increased hardware cost due to multiple RF chains, motivating
the investigation of MIMO antenna selection techniques [1],
which already made its debut in the emerging high throughput
wireless WLAN standard [2].

With channel capacity as the performance criterion, the
optimal selection can be obtained through the exhaustive
search over al possible antenna subsets [6], while some
other algorithms are proposed with good trade-offs between
performance and complexity [4][5].

In this letter, motivated by matrix determinant properties,
and targeting on maximizing the channel capacity, a geometric
approach redlizing fast transmit antenna selection, the G-
circles algorithm, is explored, based on either instantaneous
channel state information (CSI) or channel correlation ma-
trices. This novel algorithm achieves many advantages over
existing schemes such as [4].

Il. SYSTEM MODEL AND PROBLEM FORMULATIONS

Suppose there are N transmit and Ny receive antennas
in a spatial multiplexing (SM) MIMO system. In a block
fading channel model, we select L from N transmit antennas
and connect them to the L available RF chains. No CSl is
available at the transmitter, so the selection is implemented at
the receiver, and the selected antenna indices are fed back
while the transmitter equally allocates its power among L
selected antennas. We denote H as the Ng x Np complete
channel matrix, and Hg;, the selected Np x L sub-matrix.
The channel capacity after antenna selection can be expressed
as.

C = log, |L+%H5LHSL : )
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where | isthe L x L identity matrix, p is the average signal
to noise ratio (SNR) at each receive antenna, and the operator
H represents transpose conjugate. When the transmitter side
is subject to fading correlation (e.g. urban outdoor downlink
channel), the corresponding channel matrix can be modeled as

(7
H=Hy (RY2)", @

where Ry = E [H”H] isthe N x N7 transmitter correlation
matrix, and Hyy is an Ny x Nt normalized white Gaussian
matrix. Note that in (2), Hy, models the fast Rayleigh fading,
while Ry is mainly determined by the geometrical structure
of the propagation channel and can be assumed to remain
unchanged over a much longer time-scale. The fading corre-
lations can be expressed as:

s
Rl = ﬁ;exp {2@'(@' - k)% cosbs|, (3
where (§ is a red positive scalar, Ar is transmit antenna
spacing, A is the wavelength, S is the number of major far-
field scatterers at the transmitter side, and 6, represents the
direction of departure (DOD) for the sth far-field scatterer.
Suppose that S >> rank(H), and Ar is chosen to be
large enough compared with A, the key factor influencing the
channel conditioning is the range of DOD, or the angle spread
of transmit scatterers.
Maximizing (1) is equivdent to maximizing
’%IL + HgLHSL‘. We can then build a composite matrix:

H
] o
s

and let Gg, be the corresponding sub-matrix after transmit
antenna selection, whose first Nz rows form the Ng x L
channel matrix Hg . By further defining

G =

Zsr = GY,Gsy, )

optimal selection is actualy the exhaustive search for L
columns in G that maximize |Zgr|. Assuming that L <
rank(H), then Zg;, is a Hermitian positive definite square
matrix, which contains real positive eigen-values [8]. Also
|Zs1| bears the following property:

Zs| =[] Az, (6)
I

where {\z_} are the eigen-values of Zg;,.
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1. THE GERSCHGORIN CIRCLES (G-CIRCLES) BASED
ALGORITHM

From (6), to maximize the capacity, L transmit antennas
with the largest [ [, Az_; are to be selected. Denotmg {Az.} as
the eigen-values of the square matrix &) = HZ Hg,, it is
easy to prove that \z; = )\, + % Therefore, we shall select
Hsy with L eigen-values as large as possible to maximize
[1,Az:. As in [4][5], we develop a successive selection
strategy, in which one antenna is selected at each step. Denote
TO = (HD)YHHO, where HY = [h(y),he), -+ ,hgy] with
(1) the selected antenna index in step I, and Hgy, = HgL). Let
A > AP > > A pe the eigen-values of T, We have

[8]:
A2 AT 2 > A > @)

Therefore Ao (H§ Hsr) is  upper bounded by
Amaz (HTH), and alarge A (HE Hsy) basically results
in a small channel conditioning number: £ = \/Amaz/Amin,
desirable for capacity maximization, especidly at high
SNR. To avoid investigating the eigen-values of all possible
antenna subsets, we will focus on the approximation of
Amin (H§ Hsr). It can be seen from (7) that A is
decreased after each selection. Our strategy is: in each step
we select one column in H so that the decrease of \,,;, can
be approximately minimized. The G-circles theorem gives us
an approximation of the eigen-value distributions [8]:

> A > a0,

Theorem  1I1.1(G-circles): The L  eigen-values of
TW = HY Hg, are trapped in the circles centered at
[T")], W|th radn given by the following expression:

], <

o (£,

k#l #1

®

|,

Since T is Hermitian, we get Zk#‘[ (L)]
Zk;&lﬂ

simpli

lk’
T )l ’ From the definition of T(X), we can further

®

P R E D S A
k£l

Since eigen-values are al rea positive numbers, they are
actually distributed on the real axis within the range of G-
circles. From (9), a large center of the I-th G-circle represents
a large channel gain of transmit antenna (1), while a small
radius means that antenna (1) has low correlations with all the
other selected antennas. A lower bound of \,,,;,, is found from

(9):

9

Anin > min {2 =3 |fha| | @0
k#l

which is the left most point among al the L G-circles. To
approximately minimize the decrease of A, in each step,
we maximize the lower bound of \,,;, in (10), motivating the

following agorithm, where I'¥ and T() represent selected
and remaining antenna sets at step [ respectively:

Algorithm 111.1 (G-circles):
Select (1) = argmaxg—1...n ||N&]l,
o ={(1)},
U0 = {i}izqy
Fori=2:1L
For i € T(-1
Fternp = {F(lil)vi}
LBZ = minj)keq,temp (||h(k)||2 —_
End
Select (I) = argmin; LB;
) — {F(l—l), 0}, gl — pl-1) _
End

5 | hes )
{0}

Initially, we select the antenna with the largest channel
gain. In the following steps, selecting one more antenna
results in adding one more G-circle and the expansion of
the radii of existing G-circles. From a geometric viewpoint,
the maximization of (10) requires selecting one antenna with
large norm and small fading correlations with al the other
selected antennas. G-circles method is simple compared with
existing agorithms, because only vector multiplication and
scalar additions are involved. In particular, it is aso simpler
than correlation-based selection (CBS) in [4], which requires
the calculations of the correlation between any two possible
transmit antenna candidates.

On the other hand, in fast fading channels, instantaneous
CSl-based transmit antenna selections are hard to implement,
with the concerns of both channel variation and training
overhead [2]. Therefore it is desirable to develop antenna
selection algorithms based on dowly varying channel
statistics. At high SNR, we can approximate (1) by the
equation ‘%IL+H§ILHSL’ |H§ HsL|. If only fading
correlation information is available for antenna selection, we
need to maximize \H?LHSL\ based on the knowledge of R

, B 12\
The selected channel is then Hs, = Hy, (RT_SL> , Where

Rr_sr is a certain principle minor of Ry corresponding to
the selected antennas. From matrix determinant property [8],
we can get the following expression:

IHSLHsL| =

12 \7
T SLH Hw (RT/_SL>

-|(ri.)"

= |Rr_sz| |Hii Hw|

RL/2

T_SLH HW‘ (11)

When only Ry is available for antenna selection to maximize
(12), it is natural to get the following fact, which is also
formally proved in [3]:

Fact 111.1: To maximize (11) if only Ry is available,
L transmit antennas are chosen such that |Rr_sr|
maximized.

The G-circles method is also applicable in this scenario.
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From Fact I11.1 and the property |Rr_sz| = [, Ar,1, ONE
possible method for capacity maximization is to maximize
Amin (RT_s1) by the exhaustive search over all possible
L x L principle minors of Ry. To avoid such exhaustive
search, we further simplify it by the G-circles of Rgy.:

Algorithm I11.2 (G-circles-Rr):

a = [Rr],;, (idnetical diagonalsin Rr);

Select h(;y and h(, such that ‘[RT}(I)@) is the minimum;

Follow the same procedure as Algorithm I11. 1, to select
antennas (3)--- (L), using ‘[RT} )(k)‘ instead of h{})h),
and a instead of |h) || in (10).

(4

IV. NUMERICAL RESULTS

We simulate a MIMO system with Np = 3, Ny = 9
and L = 3. In (3), we assume that Ap = 2\, S =
10, and 6, ---0g are uniformly distributed in the range
(—A6/2, A8/2). Therefore, the channel conditioning number
largely depends on Af.

In the first simulation (Figure 1), capacities achieved by
instantaneous CSl-based antenna selections are investigated.
Two extreme conditions: Af = 180°, and A9 = 15°, are
simulated representing well- and ill- conditioned channels,
respectively. We see that the G-circles method is near optimal
for well-conditioned channels. For ill-conditioned channels,
the G-circles method preserves the spatial multiplexing gain,
and presents a reasonable performance loss (about 1dB). It
also yields uniformly better performances over the CBS in
[4], especially for well-conditioned channels.

In the second simulation, we investigate Rp-based antenna
selection algorithms. The transmit SNR is fixed to be 20dB
and the capacity curves are drawn with respect to Af. Also, we
simulate the selection scheme that makes the exhaustive search
for maximum |Rr_sz.| in (11), which in general represents the
optimal Rr-based antenna sel ection for capacity maximization
(c.f. Fact 111.1). From Figure 2, we see that both Rp-based
algorithms perform near optimal for ill-conditioned channels.
The Rr-based G-circles method even outperform its coun-
terpart based on instantaneous CS| for channels with A6 <
20°, since for ill-conditioned channels |Rr_sz,| dominates the
eigen-value distributions in HY, Hg .

V. CONCLUSION

In this paper, motivated by matrix determinant properties,
we develop fast MIMO transmit antenna selection algorithms
based on geometric analysis. The simple G-circles method
reduces the complexity significantly with reasonable perfor-
mance | oss, which is shown to be smaller than other algorithms
with similar complexity. It can also be effectively deployed in
correlation matrix-based antenna selections.
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