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Abstract—In this paper we study distributed function compu-
tation in a noisy multi-hop wireless network, in which »n nodes
are uniformly and independently distributed in a unit square.
We adopt the adversarial noise model, for which independent
binary symmetric channels are assumed for any point-to-point
transmissions, with (not necessarily identical) crossover proba-
bilities bounded above by some constant ¢. Each node holds an
m-bit integer per instance and the computation is started after
each node collects N readings. The goal is to compute a global
function with a certain fault tolerance, in this distributed setting;
we mainly deal with divisible functions, which essentially covers
the main body of interest for wireless applications. We focus on
protocol designs that are efficient in terms of communication
complexity. We first devise a general protocol for evaluating any
divisible functions, addressing both one-shot (N = O(1)) and
block computation, and both constant and large m scenarios;
its bottleneck in different scenarios is also analyzed. Based
on this analysis, we then endeavor to improve the design for
two special cases: identity function, and some restricted type-
threshold functions, both focusing on the constant m and N
scenario.

I. INTRODUCTION

Networked systems of intelligent devices are playing an in-
creasingly important role in our life. In particular, they will
facilitate monitoring and control of the nation’s critical infras-
tructures; seamless surveillance, intelligent transportation, and
secure Internet are a few such examples.

Designing efficient protocols to facilitate information pro-
cessing among distributed nodes is crucial to the success
of these networked systems. While there has been extensive
research in traditional distributed computing [1]-[3], the in-
fluence of channel noise is largely ignored. In previous study
targeting VLSI or wireline networks, noise-free communica-
tions can be fairly assumed; instead some consideration was
given on the fault tolerance of collapsed or Byzantine nodes.
However, as we deal with networked information processing
in wireless networks, consideration of noisy channels becomes
necessary. Usually a protocol originally designed for noiseless
channels fails in the noisy communication due to messages
errors and discrepancy in individual interpretations of the
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communication history. Also, the problems of interest in wire-
less applications are usually different; here we are interested
in some real (possibly vector) functions of the data at all
nodes, typically with physical meanings. A good example is
the summary or statistics of collected data in wireless sensor
networks.

Devising communication protocols with noisy channels im-
poses additional challenges. In some sense, it is the counterpart
of Shannon’s channel coding in the much more challeng-
ing network setting. In general, increase in communication
complexity is inevitable even if a constant error tolerance is
allowed, and any protocols working in the noisy environment
should make this penalty as small as possible. Meanwhile,
it is also required that the protocol be oblivious, i.e., the
transmission schedule of nodes is pre-determined, independent
of initial inputs and the communication history; this avoids
transmission contention and out-of-order execution.

Time and message complexity are two key measures for
the efficiency of distributed computing protocols. In this work,
we concentrate on the latter, as communication cost typically
dominates the energy consumption and life time of wireless
networks. Also, we focus on the bit complexity, representing
fundamental limits in the theoretical approaches. This naturally
draws the connection with the theory of communication com-
plexity [14]. Like computational complexity, communication
complexity is an inherent property of a problem; it measures
the hardness of a problem in terms of the communication
(rather than the execution time) required for the most efficient
solution.

Communication complexity of distributed computing in a
noisy broadcast network was first considered by El Gamal in
[5], where each of the n nodes, holding one binary input, can
broadcast to all others through independent binary symmetric
channels. Gallager showed that complexity O(nloglogn) is
achievable for computing any functions in a noisy broadcast
network [6], which was further shown optimal for the identity
function in [12]. In [13], Yao posed the question whether
there exist nontrivial Boolean functions that can be computed
with O(n) broadcasts; this is answered in the affirmative
for the threshold functions in [14] with the independent and
identically distributed (i.i.d.) random noise model, and in [7]
for the OR function with the more realistic (and more general)
adversarial model (where a “benign” adversary is allowed to
arbitrarily reduce the error probability of each link at the



beginning, or even dynamically cancel any errors on the fly,
so as to prevent the protocols from exploiting the stochastic
regularities of the previous i.i.d. model). While most work in
this area focuses on computing Boolean functions of binary
variables, our recent work [16] extends the study to find the
K largest integer values.

Due to concerns on energy consumption and scalability,
transmissions are typically carried out in a multi-hop fash-
ion in wireless networks. In [4] the authors exploited block
computation to study the communication complexity of eval-
vating symmetric functions. In [8] the authors explored the
minimal time and power consumption for evaluation of the
max function. Both works in [4] and [8] focused on noiseless
sensor networks. Distributed computing in a noisy multi-hop
network is arguably more challenging, and so far there are still
few works in this area. In [9] a protocol is proposed to compute
the histogram with O(nloglogn) transmissions per instance.
In [11], an algorithm for the max function is proposed, taking
advantage of the “witness discovery” protocol in [7] and the
coding strategy in [10], and shown order optimal in both the
number of transmissions and computation time. In this paper,
we consider efficient protocol designs for computing divisible
functions in a noisy multi-hop network, which constitutes the
main body of interest for wireless applications. After devis-
ing a general protocol for evaluating any divisible functions
we analyze its bottleneck in different scenarios, which may
provide some insight for further studies. Then we endeavor
to improve the design for two special cases: identity function,
and some restricted type-threshold functions.

The remainder of this paper is organized as follows. The
system model and some preliminaries are given in Section II.
Our main results are summarized in Section III. A general
protocol is proposed for divisible functions in Section IV,
with performance analysis and further discussion. Then in
Section V and VI a more efficient protocol is proposed for the
identity function and some restricted type-threshold functions,
respectively. The conclusion and future directions are provided
in Section VIIL.

II. PROBLEM FORMULATION

In this section, we first discuss the models and assumptions
used in this work, then introduce some existing results needed
for our analysis.

We use the following order notations throughput our paper.
Given non-negative functions f(n) and g(n):

e f(n) =Q(g(n)) if there exists a positive constant ¢; and
an integer k; such that f(n) > c1g(n) for all n > k;.

e f(n) = O(g(n)) if there exists a positive constant ¢y and
an integer ko such that f(n) < cog(n) for all n > ko.

« f(n) = ©(g(n)) if f(n) = Qg(n)) and f(n) =
O(g(n)).
e f(n) =o0(g(n)) if there exists a positive constant k3 such

that f(n) < cszg(n) for all cg > 0 and n > ks.
e f(n) = w(g(n)) if there exists a positive constant ky
such that f(n) > cqg(n) for all ¢4 > 0 and n > ky.

A. System Model

We consider a multi-hop wireless network with n nodes
uniformly and independently distributed in a unit square. Each
node i € {1,...,n} = [n] holds an m-bit integer z;(t) at
time ¢, taking values from some finite set x (|x| < 2™). The
computation is performed after each node collects a block
of N readings. The goal is to calculate a divisible function
f(x1(t), z2(t), ..., xn(t)) correctly with a certain fidelity in
this distributed setting. Without loss of generality, we assume
that the result is made known to a special node, named sink
node. This is common for applications in sensor networks;
when necessary, the result at the sink node can be distributed
to the whole network typically at a similar complexity as what
shown below.
A divisible function f is defined as in [4], for which:
e 7 = |R(f,n)| is nondecreasing in n, where R(f,n) is
the function range;
o given any partition II(S) = S1,S5,...,S, of S C [n],
there exists a function ¢"'(°), such that for any z € x"

flzs) = g" (f(zs,): f(2s,), - flzs,)), (1

where zg = {z;}, 1 € S.

Divisible functions essentially cover the main body of interest
for distributed computing in wireless networks; identity func-
tion, histogram, parity, mean, max/min are a few examples.

We assume identical transmission power P for each node.
For point-to-point transmissions in the network, two models
are widely used in literature. Namely, a transmission is made
from node X; to node Xpr(;) successfully if [17]

e (Protocol model): the distance between the transmitter
and the receiver is no more than 7, i.e., | X; — Xg@| <
ryn, Where r, is the transmission range; for every node
Xk, k # i, transmitting at the same time, | X}, fXR(i)\ >
(14A)r,, where A is the protocol-specified guard-factor
to limit interference.

o (Physical model): the signal to interference plus noise
ratio (SINR) at the receiver is no less than a threshold 3,

P
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where {X};k € T} is the subset of nodes transmitting
simultaneously, and Ny is the ambient noise power level.
The signal power decays with distance d as d%, where
a > 2 depends on the propagation environment.
Our proposed protocols work for both models. And we adopt
the adversarial noise model, for which independent (but not
necessarily identical) binary symmetric channels are assumed
for any transmissions, with crossover probabilities bounded
above by some constant €. In other words, for any transmission
the received bit is flipped with some probability p < e.

B. Preliminaries

In this subsection we introduce a few known results. The first
is a generalization of the Chernoff bound.



1) Hoeffding inequality [23]:

Lemma 1: Let X; (1 <i < n) be n i.i.d. random variables
over the interval [a,b]. For the sum of these variables S =
>-i_, X, we have the inequity

_ 2ns2

P(S—E(S)>nd)<e ?-a, §>0.

2) Constant-rate, Minimum-distance
Codes [12], [24]:

Lemma 2: For v € (0, 1) there is an integer C; = C;(7)
such that for each positive integer n, VC > C1, there is a
binary code I, of size 2" and length Cn, such that for all
v, w € Ty, with v # w, the hamming distance d(v, w) > yCn.

Constant-fraction,

Based on the above facts, the following result can be
derived, which will be extensively used in our protocol design
and analysis.

Corollary 1: With O(m) transmissions over a binary sym-
metric channel (with error probability bounded above by a
constant €), an m-bit integer can be correctly received by a
receiver with probability at least 1-e=7™, Vv > 0.

Remark 1: Any positive value can be chosen for  without
affecting the scaling law. Also, m does not need to be large.

III. OVERVIEW OF MAIN RESULTS

In this paper, we present three protocols: a general protocol
suitable for computing all divisible functions, and two specific
efficient protocols, one for the identity function and one for
some restricted type-threshold functions. The metric of interest
is communication complexity of the protocol, i.e., the total
number of bits exchanged in the network to get the task
completed. We study the scaling law of this metric with respect
to various parameters including n, N, and m. Note that this
metric is closely related to energy consumption. In particular,
the complexity multiplied by a factor r;,, where 7, is the
transmission range in the protocol model, coincides with the
energy usage in [9].

We address both one-shot (N = O(1)) and block compu-
tation, and both constant and large m scenarios!. Our results
are summarized below.

Theorem 1: The sink node can compute any divisible func-
tions correctly with probability at least 1 — o(1), at the cost
of

O(ﬁ max(Nm,loglogn) + max(N logr,logn)

N C)

n

Nlogn
transmitted bits per instance.

For some functions the general protocol actually achieve the
best results we know in literature, while for some others
improvement is still necessary. After analyzing the bottleneck
of the general protocol we propose more efficient protocols
for identity function and some type threshold functions as
indicated below.

llarge m has relevance, e.g., when node identities are used as inputs, a
common practice in the study of distributed computing.

= -

Fig. 1: TDMA scheduling scheme for 7' = 5.

Theorem 2: Identity function can be computed by the sink
node correctly with probability at least 1 — o(1) at the cost of
O(n, /2

logn

) transmitted bits for constant m and N.

Theorem 3: 1f a type threshold function can be evaluated on
a set of arguments with size bounded above by K (= o(logn)),
it can be computed by the sink node correctly with probability
at least 1 —O(1) at the cost of O(nloglog K') transmitted bits
for constant m and V.

IV. A GENERAL PROTOCOL FOR DIVISIBLE FUNCTIONS

In this section we introduce a general protocol for computing
any divisible functions. As a common approach, the unit
square area is tessellated into cells with side ¢, = 210%.
The transmission is restricted between neighboring cells. The
following lemma (lemma 3.1 in [20]) shows that the number
of nodes in each cell is ©(logn) with high probability?.
Lemma 3: Let K > m, and let u* € (0, 1) be the sole

root of the equation
—u 4+ (1+u")log(l+u")=1/K. 4)
Then the following limit holds for any v > u*:

lim P.{max|n; — Klogn| < uKlogn} = 1. )

n—oo

where n; is the number of nodes in cell 7.

A. Protocol

The proposed protocol is composed of an intra-cell protocol
and an inter-cell protocol, corresponding to two sequential
executive stages: intra-cell processing and inter-cell routing,
respectively. In the intra-cell processing, a cell head h; is
designated in the 4th cell, to coordinate the protocol execution.
This node takes (much) more responsibility besides its normal
role as other nodes in the protocols; its role can be rotated
among nodes in the cell. The intra-cell protocol ends up with
the local information in a cell aggregated at its cell head. In
the inter-cell protocol, the aggregated information is routed
over the cell heads to the sink node, with possible further
processing along the way.

Zapproaching 1 as n — oo
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Fig. 2: spanning tree rooted at the sink

For the purpose of generality our intra-cell protocol com-
putes the identity function, i.e., the cell heads collect all the
information in their cells. To limit the interference caused
by simultaneous transmissions, the T2-TDMA cell scheduling
scheme is adopted during the execution of the intra-cell pro-
tocol, where the selection of constant 7" is given in Appendix
I. Each time slot is assigned to one of 72 cells ina T x T
supper cell and the concurrently transmitting cells are at least
T cells away from each other. Fig. 1 depicts the 25-TDMA
scheduling scheme, where nodes in the shaded cells transmit
simultaneously. The intra-cell protocol is executed in each cell
when it is active, and nodes in the active cell take turns 3 to
transmit their information.

For the ¢th cell, assuming that its members are ordered from
1 to n;, the intra-cell protocol is executed in two phases, which
follows from a modification of the work in [12], [16].
Intra-cell protocol:

(i) Each node in the ith cell encodes its data, com-
posed of N observations, into a codeword with size
O(max(Nm,log(n;))) and broadcasts it.

(i) After decoding the codewords from all the other nodes in
its cell, each node concatenates all the results (including
its own integer) into a word and encodes it into a code-
word with size O(Nmmn;), which is equally partitioned
into n; blocks. Then each node j in the ith cell takes
turn to broadcast the jth block of its codeword. The cell
head h; collects all the blocks from its cell and decodes
it.

After executing the intra-cell protocol, the information is
accumulated at the cell heads. Similar to the architecture of [4],
in the inter-cell protocol, a random spanning tree (for example,
see Fig. 2) rooted at the sink node is formed beforehand,
whose vertices include all the cell heads and whose edges
only connect neighboring cells. The information flow is from
the leaves to the root and each cell head only transmits once
4

Inter-cell protocol:

3Each node is assumed to broadcast in its designated slot. Just as tes-
sellation, this is another common approach in the theoretical study, and
also conforms to the requirement that the protocols dealing with noisy
communications be oblivious.

4 Any scheduling introduced to the inter-protocol only induce constant factor
to its time complexity, which is not our focus in this paper.

(i) h; calculates the target divisible function f(.) with
the aggregated information from its own cell and its
children.

(i1) h; encodes the result in the last step into a codeword
with size O(max(N logr,logn)) and transmits it to its
parent node.

B. Analysis

We analyze the performance of the intra-cell protocol first.
It’s easy to check that the complexity of the intra-cell protocol
in the ith cell for one instance is O(max(Nm,logn;)n;+).
Since n; = ©(logn) and there are O(g;2) cells, the total
complexity is O(f max(Nm,loglogn)). As to the error
probability, we have the following result, the proof of which
is given in Appendix II.

Proposition 1: The cell head h; correctly retrieves all the
information, mNn; bits in total, with the probability at least
1-0(%).

By the union bound, the probability that all the cell heads
acquire the correct information in their cells is at least 1 —
O(nlfgn).

For the inter-cell protocol there are @(logn) nodes in total
on the spanning tree composed of the cell heads. Since each
node only transmits once the complexity of the inter-cell
protocol for one instance is O(+ max (N logr,logn) 1027:,)5

We now consider the error probability for the inter-cell
protocol. A codeword can be correctly decoded by its parent

node with probability at least

Pr  (a codeword is decoded correctly)
> 1—e 7 max (N log r,log n)’ (6)

for some v > 1, according to Corollary 1.
By the union bound

Pr (all the codewords are decoded correctly)

n e~ max(N log r,logn)

B logn
1

> - ——.
nY~llogn

(N
Combining the analysis for both the intra-cell and inter-cell
protocols we reach the conclusion in Theorem 1.

C. Discussion

Since our general protocol can compute any divisible func-
tion, it is interesting to examine its efficiency and potential
bottlenecks. Depending on different relations between the
system parameters, we differentiate a few cases as below:

1) One shot, constant-size data case: In this scenario
N = O(1) and m = O(1). From Theorem 1, we can
see in such a case the complexity becomes O(nloglogn +
max(logr,logn)—2—). r plays an important role here and

logn
provides us some insights for the protocol design.

e 7 = O(n'°81°8™): in this case the complexity of our
general protocol becomes O(n log logn), which provides

Sm may play a role here through 7.



the best upper bound we know in literature on some
individual functions. For example, our result for the
histogram computation (r = O(n/X!)) is the same as what
is achieved in [9]. For the parity function (r = O(1)),
the best known protocol is given in [6] for a noisy
broadcast network with the complexity of O(nloglogn).
Our result shows that actually this result is achievable
for a noisy multi-hop network as well. In addition, when
r = O(n) the complexity of the inter-cell protocol is
O(n). Obviously for all non-degenerate functions, Q(n)
transmissions is needed, even in a noiseless, broadcast
network. Thus, any effort to improve the inter-cell is
not necessary and the bottleneck lies in the intra-cell
protocol. In Section VI we’ll show how to improve the
efficiency of the intra-cell protocol for some particular
type-threshold functions.

o 7 = Q(n'°&loen): In this case it is easily seen that the
complexity of our proposed protocol is O(logrlogn).
This reveals an interesting point that, when the function
range r is large enough the computation bottleneck lies
in the inter-cell protocol.

The identity function (r = |x|™) belongs to this category,

and our general protocol can compute it with the com-
plexity of O(lggn). We give a more efficient inter-cell
protocol for computing the identify function in the next
section.

2) Block computation: This scenario corresponds to mN =
Q(1). Intuitively when either m or N is large enough, the
computation efficiency will be improved through block coding.
By examining the complexity expression of our protocol in
(3), we find that this intuition is only true for the intra-
cell protocol. In particular, the first term of the complexity
expression suggests that when Nm = Q(loglogn), a tight
bound O(nm) for the intra-cell protocol is achieved. For the
inter-cell protocol, the conclusion can not be made without
the information of r. We can see from the second term of the
complexity expression that, if » = Q(n) block computation
can not help for the inter-cell propagation in our general
protocol; the computation of the identity function belong to
this case. In contrast, for the max function with constant m,
block computation helps both for the intra-cell processing and
inter-cell propagation.

To summarize, our general protocol is actually quite ef-
ficient; for example, it admits the best known results about
the computation of the histogram and parity function in
literature. On the other hand, we also identify the scenarios for
potentially further improvement. In the following two sections,
we discuss two such improvements.

V. IMPROVEMENT FOR THE IDENTITY FUNCTION

Identity function attracts much attention in the studies of
distributed computing since it is the mother function of other
other functions. In the one-shot, constant-size data case, it is
known that in a noisy broadcast network with n nodes the (or-
der) optimal complexity for identity function is 6(nloglogn)
[12], which is achieved by the intra-cell protocol above. There-
fore we focus on the improvement of the inter-cell protocol

for the identity function in this section. As we discussed in
the last section, this is also the bottleneck of the computing
task.

We consider the one shot case with constant m. In the
new inter-cell protocol each cell head codes its aggregated
information, obtained from the intra-cell protocol, into a
codeword with size O(logn). Each codeword is transported to
the sink node through the shortest path routing policy (see Fig.
3 for an example) and appropriate scheduling. The decode-
and-forward scheme is adopted for the information’s relay.
The total number of hops NN}, can be computed as:

o(/1m)
Z 8i-i (8)

=1

n n
B e(logn \ logn)’

due to the fact that there are 8¢ nodes in the ¢th layer which
are ¢ hops away from the sink node (and the sink node lies in
layer 0). Therefore, communication complexity of this inter-
cell protocol is O(lognNy) = O(n

Ny =

logn)'
It’s easy to check that in each hop a codeword can be
correctly decoded by the receiver with probability at least

Pr  (a codeword is decoded correctly)
> 1—e vloen 9)

for some v > 3/2, according to Corollary 1.
By the union bound

Pr (all the codewords are decoded correctly)

> 1— n n 67'ylogn
- logn \/ logn

1
= - n7=3/2(log n)3/2

= 1-o0(1).

(10)

Remark 2: This inter-cell protocol improves the computing
efficiency for the identity function, but not necessarily for other
functions. As we discussed in IV-C, for the 7 = O(n!°81°&™)
case, the bottleneck lies in the intra-cell protocol, so there is
no need to improve the inter-cell protocol. For the other case,
this new protocol outperforms the one presented in the last
section only when 7 = w(cV"/1°8™) for some constant c.

VI. IMPROVEMENT FOR RESTRICTED TYPE-THRESHOLD
FUNCTIONS

In this section we’ll show that the intra-cell protocol could be
further improved for some restricted type-threshold functions
I

Type-Threshold Function [4]: A function f(-) is said to be
type-threshold if there exists a nonnegative |x|-dimensional
vector 6, called the threshold vector, such that f(z) =
f'(r(z)) = f/(min(r(x),0)), for all x € X", where 7(z) is
the histogram6 of  and min signifies element-wise minimum.

[7’1(@), TQ(Q)v <o Tx| (2)]’ where TZ(Q) = I{]
of occurrence of 7 in x

®The histogram of the vector x € X" is defined as 7(z) =

: xj = i}|, the number
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Fig. 3: shortest path routing scheme

Remark 3: Type-threshold functions is a subset of sym-
metric functions, whose values are solely determined by the
histograms of the input data. For example, the max function is
a type threshold function with a threshold vector [1,1,...,1];
we can find the maximum among the inputs by searching the
first non-zero position from right in the vector min(7(z), 8).
Note that this definition implies that the value of the type-
threshold function can be determined by a subset S of the
total inputs, i.e., f(z) = f(zg). For example, as to the max
function, S contains the single index ¢ such that z; is the
maximum of the input. Of course, this subset is typically input-
dependent and not known a priori. However, it is possible to
design efficient protocols that lead to the discovery of this
subset. To this purpose, we further impose the restriction that
the size of S is bounded above by a known value K(=
o(logn)). Fox example |S| = 1 for the max function and the
indicator function, and |S| = K for the function that computes
the K largest values (which need not be distinct). However,
the function that computes the K'th largest value (required to
be strictly smaller than the (K —1)th one) does not satisfy our
condition, even though it is also a type-threshold function; the
reason is that the size of its defining subset can not be pre-
determined but depends on the input instead.

It’s not difficult to check that for this class of functions, a
tight bound ©(mn) in communication complexity is achieved
by our general protocol (Theorem 1) in most block computa-
tion scenarios. Therefore we focus on the one shot case (N =
O(1)) with constant m, for which the general protocol gives
the complexity of O(nloglogn). As we discussed in Sec.IV-
C, the bottleneck of computation for this type of functions
lies in the intra-cell protocol. Inspired by the study in [7],
we design a more efficient intra-cell protocol for this class of
functions with complexity O(nloglog K) and a fault tolerance
@, which is an arbitrary small constant. In the following, we
take the function, finding the K largest values, to describe
our design for concreteness. It’s straightforward to extend it
to computing other functions.

A. The intra-cell protocol

In cell 7, we divide n; nodes into J7= groups, each of size

4K. A cell head h; is designated and the protocol is described
recursively (on the size of the network) as below:

(1) The cell head h; collects all the measurements in its cell.
We differentiate two scenarios based on the value of K:

e K = O(1): in this case each node encodes its in-
teger into a codeword with size O(max(m, log %))
and transmits it to h;;

e K = Q(1): each group is further divided into
subgroups of size log4K. And then the intra-cell
protocol discussed in Sec. IV is applied in each
subgroup, with n; there replaced with log 4K.

(2) For each group, h; compares the 4K values and deter-
mines the indices of the K largest values. And then h;
assigns ‘1’ to nodes holding the K largest values and
‘0’ to others. These n assigned bits are concatenated into
a word, encoded with an error correcting code of size
O(n;) and broadcasted.

(3) Let J be the set of winning nodes in (2). The protocol
proceeds by executing the protocol on J (of size n;/4)
for 3 independent times. In each time, the head node h;
obtains from the protocol output K indices correspond-
ing to the K (nominally) largest values (the result from
one execution of the protocol on n;/4 nodes); it takes
the majority of the three outputs as the result for the
protocol on cell ¢ (or arbitrarily decides if there is no
majority).

(4) h; encodes the K indices found in (3) into a codeword
with size O(Klogn) and broadcasts it. The nodes
selected encode their data into codewords with size
O(logn) and send them to h;. The protocol ends up
with h; knowing the K largest values.

Remark 4: The recursion happens on the third step, where
we obtain a set of reduced size (by a factor of 4), and apply this
very protocol to the winning set for three times. To complete
the description of the protocol, consider the execution of this
protocol on a group of n; = 4K nodes. First, step 1 above
is executed. Then h; compares the 4K values and determines
the indices of the K (nominal) largest values.

This protocol is non-oblivious and can be turned into an
oblivious one by the ’helper’ idea in [7] without degrading
the performance.

B. Analysis

Proposition 2: With O(nloglog K) bits transmitted, the K
largest values are selected by cell heads with probability 1 —
O(1).

The proof is given by the Appendix III.

The inter-cell protocol is the same as the one in the general
protocol and the complexity is O(max(K,logn)
O(n).

Combining the results for the intra-cell protocol and the
inter-cell protocol, we get Theorem 3.

logn) =



VII. CONCLUSION AND FURTHER WORK

In this paper
for computing

we first designed a general protocol
any divisible functions reliably with
high probability in a noisy multi-hop network, with
communication complexity ~O(§ max(Nm,loglogn) +
max (N log |R(f,n)|,logn)5e=;)- The general protocol
performs efficiently for some functions but inefficiently for
others. After analyzing its bottleneck in different scenarios,
we endeavor to propose more efficient protocols for the
identity function and some restricted type-threshold functions.

In our future work we’ll devote our effort on the tight lower
bound for the distributed function computation in the noisy

multi-hop networks.

APPENDIX I
SELECTION OF T

In the T2-TDMA cell scheduling scheme each time slot
is assigned to one of T2 cells in a T' x T supper cell and
the concurrently transmitting cells are at least T' cells away
from each other. Selection of 7" depends on the transmission
model. In the protocol model, 7T is set to [242v/2(1+A)] to
guarantee that there is only one transmitter within a distance
(1+ A)r, for each receiver.

In the physical model, we assume the transmission power
P = Py(c,)*, where Py is a constant. T is chosen as follows.
Suppose node X; transmits to node Xpg(;), which is at most
2v/2¢,, distance away. There exist 8 first tie interfering signals
at least (T — 1)c¢,, away from the receiver, and 16 second tie
ones at least (27" — 1)c,, away. In general there are 8k kth
tie interfering signals with a distance at least (T'k — 1)c,,.The
SINR of the receiver Xg(;) is thus given by:

P

[Xi—XRi)l™
SINR = (11)
KeT P
No + Zk# Xr—Xrm®
P
> (2v2¢5)>
el %) P
No + > iz 8k r=e]a
Py
_ (2v2)>
= 8Py N\~ k
No + 72 Xkri =i/ a
> 3

where we select a sufficiently large 7' to satisfy the last
inequality, which is feasible since Z;O# m converges
when o > 2.

APPENDIX II
PROOF OF PROPOSITION 1

We start the proof by denoting U the set of nodes in
cell ¢, which don’t decode all the codewords in its cell
correctly. According to Lemma 2, assume that each mN-
bit integer is encoded by a codeword v € I',, with length
Cy1 max(mN,logn;). A receiver gets a noisy copy v’ of v
and decodes it as w € I',, which minimizes d(v’,w). The
decoding error of any mN-bit integer at any node is bounded

above by exp(—2(37 —€)2Cy max(mN,log n;)) according to
Lemma 1. Summing over the n; codewords and for a node I,

PrileU] < n; exp(—2(%7 — €)?Cy max(mN,logn;))

1
< n; exp(—2(§7 —€)%Cy logny).
Therefore

1
PrlU] > en;] < w™™2™ <47 for w< (g)l/s,

where w = n; exp(—2(1~y —€)?C1 log n;). The last inequality
can be achieved with sufficiently large C;.

In phase 2, we encode the m Nn;-bit word by a codeword
vy € T with length ComNn;. The decoding error at the head
node is upper bounded by P,(d(vh,vs) > $vComNn;) =
P.(d(vh,va) > 3eCamNn;) for v = 6e. The decoding
error occurs as the blocks of bits from some node i € U
may be erroneous or bits may be corrupted by noise during
transmission. Therefore, we have

(d(vy,v2) > 3eComNn;)

PriComN|U| > ComNen;| + Pr[N, > 2mNCsen;]
47" 4 exp(—2mNCae’n;)

247" for Coy>1/é

O(1/n?),

A IA A S8

where N, is the number of bits corrupted by noise.

APPENDIX III
PROOF OF PROPOSITION 2
Proof: We analyze the complexity first. For the case K =
Q(1), in each group (of size 4K), each node transmits
O(loglog K) bits. K nodes are chosen into the next round.
Therefore, in cell 7 the number of bits transmitted from the
nodes to h; during the recursion is:

Cp O(loglog K)n; + 3C(k ey
4 16

12)

= O(loglog K)(n; +
< 40(n;loglog K),

+.)

where n; = ©(logn) is the number of nodes in cell 7. The
complexity of the index-broadcasting in step (2) is O(n; +
n;/4+n;/16+...) = O(n;) and the complexity in step (4) is
O(K logn;). Therefore the communication complexity in cell
i is O(n;loglog K). Since there are O(n/logn) cells, the
total complexity of the intra-cell protocol is O(n loglog K).

For K = O(l) case, each node transmits
O(max(m, log g)) bits in each group. Then following
the same proof above we conclude that the complexity of
the intra-cell protocol is O(n max(m,log g)) = O(n) (since
K, Q,m are all constants).

Now, we analyze the error probability. For ease of descrip-
tion, the nodes holding the K largest values are called target
nodes. Note that the target nodes could be distributed in at
most K groups, located in at most K cells.

An error may occur if either of the following two cases
happens:



o not all the target nodes, are selected by the cell heads
(corresponding to the first three steps);

o the cell heads receive incorrect information from the
selected nodes (corresponding to step (4)).

To analyze the first error, we define the following three
events:
e1: the cell heads receive wrong data from at least one group
containing one or some target nodes at step 1;
eo: the nodes receive incorrect indices broadcasted by the cell
heads at step 2;
es: an error happen during one recursion at step 3, which
includes the operation in step 1 and 2.

Essentially we would like to show that p(es) remains
bounded during recursion. However, e; leads to error prop-
agation in the recursion and renders the analysis intractable.
Therefore, we first assume P(e3) = 0, i.e., all the nodes
receive the indices broadcasted by the cell heads in step (2)
correctly. The information from a group (of 4K nodes) is
received incorrectly with probability at most m (%)
for K = Q(1) (K=0O(1)) case. Therefore the probability of
e1 is at most m < Q? (k?_rl < @Q?), for certain ~,
due to the fact that the K target nodes come from at most K
groups. For the probability of es, it’s easy to check P(es) < @
when n = 4K. Assume for n’/4 nodes P(e3) < Q. Executing
the protocol on the n'/4 nodes three times results in an error
probability of at most 3Q?. By induction, for n’ nodes the
probability of es is Q2 + 3Q? < Q for small Q. Therefore
P(e3) remains bounded during recursion.

Let us go back to examine the probability of ey. There
are at most O(logn) recursions in total since the number
of nodes in each recursion is reduced exponentially. In each
recursion, the probability that not all the nodes receive the
broadcasted indices correctly is 7, v > 0. Therefore, nodes
may receive wrong indices during the protocol’s execution
with error probability at most nlogn Thyg the probability of
the first error is bounded above by Q + 728"

ey *
eyn

To check the probability of the second error, ©(K—2-)

logn
nodes in total are selected after execution of the intra-cell

protocol and each selected node transmits its data to its

corresponding cell head correctly with possibility at least
1-— # according to lemma 2. By the union bound the error
probability of the second error is at most ﬁ. Therefore,
the total error probability for the intra-cell protocol is @ +
nlogn 4 K — 0(1)

ern nlogn

O
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