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Abstract

Distributed detection in a one-dimensional sensor network with correlated sensor observations,
as exemplified by two problems—detection of a deterministic signal in correlated Gaussian noise and
detection of a first-order autoregressive signal in independent Gaussian noise, is studied in this paper.
In contrast to the traditional approach where a bank of dedicated parallel access channels (PAC) is used
for transmitting the sensor observations to the fusion center, we explore the possibility of employing
a shared multiple access channel (MAC), which significantly reduces the bandwidth requirement or
detection delay. We assume that local observations are mapped according to a certain function subject
to a power constraint. Using the large deviation approach, we demonstrate that for the deterministic
signal in correlated noise problem, with a specially-chosen mapping rule, MAC fusion achieves the same
asymptotic performance as centralized detection under the average power constraint (APC), while there
is always a loss in error exponents associated with PAC fusion. Under the total power constraint (TPC),
MAC fusion still results in exponential decay in error exponents with the number of sensors, while PAC
fusion does not. For the autoregressive signal problem, we propose a suboptimal MAC mapping rule
which performs closely to centralized detection for weakly-correlated signals at almost all SNR values,
and for heavily-correlated signals when SNR is either high or low. Finally, we show that although
the lack of MAC synchronization always causes a degradation in error exponents, such degradation is

negligible when the phase mismatch among sensors is sufficiently small. (EDICS: SSP-DETC)
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. INTRODUCTION

Distributed detection of certain events or targets in the environment is an important application
of sensor networks [1]. Distributed detection suffers a performance loss caused by the local
processing at sensors (mapping, quantization, etc.) as well as the noise in the communication
channel. As the advances in hardware technology enabled the dense deployment of low cost
sensors, the trend of the detection performance as the number of sensors goes to infinity, as
measured by the error exponent, has gained much research interest [2]-[7]. The error exponent
gives an estimate of the number of sensors required to reach a certain error probability, and is
therefore a useful performance index in the large sample regime [7].

The traditional approach of studying the distributed detection problem is to assume that
sensors transmit their observations (possibly quantized versions of them) through a parallel access
channel (PAC), which is independent across sensors [1]-[3]. For large-scale sensor networks,
this assumption implies a large bandwidth requirement for simultaneous transmissions or a large
detection delay. Alternatively, we can employ a multiple access channel (MAC), whose bandwidth
requirement does not depend on the number of sensors, but due to the additive nature of the
channel, the received signal at the fusion center is generally not sufficient for reliable detection.
Recently, Type-Based Multiple Access (TBMA) has been proposed by Mergen and Tong [8]—-[11]
as well as by Liu and Sayeed [4], [5], which utilizes the MAC to perform distributed detection
or estimation. With TBMA, each sensor transmits the waveform corresponding to its quantized
observation over a MAC. For i.i.d. sensor observations and identical channel gain, the fusion
center receives a noisy version of the type of the sensor observations, which is a sufficient statistic
for detection, and TBMA achieves the same error exponent as centralized detection [4], [8]. For
i.i.d observations and i.i.d. channel fading, the error probability still decays exponentially with the
number of sensors if the channel fading has non-zero mean, but its behavior is sub-exponential

if the channel has zero mean fading [11]. Anandkumar and Tong further proposed the Type-
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Based Random Access (TBRA) to improve the performance of TBMA over the noncoherent
channel by controlling the rate of random access [12]. These works mostly assumed i.i.d. sensor
observations, and not much has been explored along the line for correlated observations, which
would arise when detecting a random spatially-correlated signal in noise, or a deterministic
signal in noise where the noise samples are correlated. Moreover, it is not known how the local
guantization should be done to minimize the loss in detection performance.

In this paper, we investigate the possibility of performing distributed detection with correlated
observations over a multiple access channel. We consider a one-dimensional (1-D) sensor network
with equally-spaced sensors, and investigate two problems of interest: detection of a deterministic
signal in correlated Gaussian noise where the noise correlation between each pair of neighboring
sensors is the same, and detection of a first-order autoregressive (AR(1)) process in independent
Gaussian noise. We consider the simple case where the MAC is perfectly-synchronized (the
synchronization issue will be treated in Section IV) and has identical channel gain, as it is known
that channel fading complicates the analysis and typically causes performance degradation [9]-
[11]. Therefore, if sensors experience different pathlosses, we assume that sensors can perform
transmission power control such that the overall channel gain is kept the same for all sensors. We
assume that each sensor first maps its (unquantized) raw observation according to a continuous
function which is subject to our design. The mapped signal of all sensors are simply amplitude-
modulated and transmitted simultaneously, thus the fusion center receives a scalar output after
match-filtering. Our approach is to design the local mapping rules such that the channel output
comes close to the optimal decision statistic, i.e. the log-likelihood ratio, for centralized decision.
No quantization is assumed before or after the local mapping, for two reasons: firstly, the
optimal design of local quantizers and fusion rule for Neyman-Pearson and Bayesian detection
is generally a difficult problem, and usually only a person-by-person-optimal solution can be
found through some iterative methods [1], [13]; secondly, quantization makes it difficult to give

a rigorous analysis through the large deviation theory [14], and our result can be regarded as an
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estimate of the achievable detection performance if a fine quantization is performed on the after-
mapping signals. For both MAC and PAC fusion, the transmitted symbols satisfy a global power
constraint, which may be either an average power constraint (APC) or a total power constraint
(TPC). Note that only the transmission power is considered in this paper. The extra power
consumption required for synchronization and power control over MAC should be included to

make a fair comparison between PAC and MAC fusion schemes when designing real systems.

A. Summary of Results and Related Works

For the deterministic signal in correlated Gaussian noise problem, it is observed that with
an appropriate choice of mapping rule, the noise-free MAC output gives the optimal decision
statistic. In Section Ill, we show that 1) under APC, our proposed MAC fusion scheme yields
the same error exponents as optimal centralized detection, while PAC fusion always incurs a loss
in error exponents; 2) under TPC, the proposed MAC scheme still results in exponential decay
of the error probability with the number of sensors, while with PAC fusion, the error probability
is not reduced by increasing the number of sensors.

Although perfect synchronization on MAC is a basic assumption throughout our paper, syn-
chronization error often can not be completely removed in practical sensor networks. In Section
IV, we describe a synchronization scheme motivated by [15], with which the synchronization
error is resulted from the sensor placement error, and manifested by the phase mismatch among
sensors. We then demonstrate that the phase mismatch always affects the error exponents, but
when such mismatch is slight, close-to-optimal performance is still achievable.

The detection of an AR(1) process in independent Gaussian noise is treated in Section V. For
this problem, a direct application of MAC does not readily yield the optimal decision statistic,
and we propose a suboptimal mapping rule based on our observations of the high SNR and low
SNR behavior of the optimal decision statistic. Simulations show that under APC, our proposed

MAC fusion scheme results in similar performance as centralized detection for a large range of
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correlation coefficients and signal-to-noise ratios, and significantly outperforms PAC fusion.
Several works have studied related detection problems considered in our work, assuming either
centralized detection or PAC fusion is employed [2], [6], [7]. The distributed detection over PAC
of a constant signal in correlated Gaussian noise, as well as an AR(1) process in independent
Gaussian noise have been studied in [2]. The deterministic signal studied in this paper contains
the constant signal as a special case. Centralized detection of an AR(1) process has also been
studied in [6], [7], and closed-form Type-Il error exponent subject to fixed Type-I error bounds for
Neyman-Pearson formulation is obtained. Note that our results on error exponents for Neyman-
Pearson centralized detection (see Section V-A.) assume a different form from theirs, because
when obtaining the Type-Il (Type-I) error exponent, we assume exponential rather than fixed

error bounds on the Type-I (Type-Il) error [16].

B. Notation and Organization

We will make use of the following notational conventions. Scalars are written in normal fonts;
column vectors and matrices are in boldface with vectors in lowercases and matrices in capitals.
Re(z) denotes the real part of a complex numbet; denotes the-th entry of the vectoxk, and
det(A) and A; ; denotes the determinant and tfiej)-th element of the matriA respectively.

()7 denotes the transposkis reserved for the identity matri* denotes the:-dimensional
Euclidean spacer ~ N (p,0?) (or z ~ CN(u,0%)) means that: is a Gaussian (or complex
Gaussian) variable with megn and variances?. E(-) denotes the expected value, afg-)
with i € {0, 1} denotes the expected value under hypothésis

The rest of the paper is organized as follows. In section Il, we describe the two detection
problems, and provide some necessary theoretical background for our analysis. In section Ill,
the detection of a deterministic signal in correlated noise problem is treated. The performance
of MAC fusion under synchronization error is studied in Section IV. Section V deals with the

detection of an AR(1) process. Finally, the concluding remarks are contained in Section VI.
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I[I. SYSTEM DESCRIPTION ANDPRELIMINARIES
A. Detection Problem

We consider a 1-D sensor network, where the sensors are equally-spaced over a straight line,
with the location of thekth noded, = kd,k = 1,--- ,n. We consider the binary hypothesis

testing problem where the observation at title sensor is given by

Hllfﬁk:Sk—i—Uk, k:1a27"'7n7 (l)
HO:xk:Uka k:1727"'7n7 (2)

where {s;} is the signal to be detected, add,} is a stationary Gaussian observation noise
process independent ¢f}.

1) Detection of Deterministic Signal in Correlated Gaussian Noisethis problem{s;} is a
uniformly bounded deterministic signal, i.e., there exists a constgndéuch thats,| < C,,, k =
1,2,---  n. The autocorrelation function dfs; } is recovered from the spectral distributiof-)

by a Riemann-Stieltjes integral

n
1 21

- 1
R(k’) = nh_)ngo ﬁ jzlsj+k8j = % i

e*dG(w), (3)

and if G(-) is absolutely continuous, its derivative&(w) is the spectral density dfs, } [17]. We

assume that the stationary Gaussian noise progggshas zero mean and covariance function
p(ki, ks) = Edvgivge} = o?plm7F2l,

hence its covariance matrix

1 p pn—l
) e
Y =02 . . . . 4)
. . . )
pn—l p 1
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2) Detection of a First-Order Autoregressive Process in Independent Gaussian Nbfse:

consider a first-order autoregressive signal given by [18]

S1 N(O, Ho),
()
Sk:psk—l—l_uk? :2,"'7717
where0 < p < 1, and the innovatior{ .} is i.i.d. A/(0,II5(1 — p?)). Therefore,{s;} forms
a stationary process witk, ~ N(0,1I), k = 1,--- ,n. The zero mean stationary Gaussian

observation noise procegs;} has covariance matrix*I. The signal-to-noise ratio (SNR) is

denoted byl" = .

B. Mapping Rule and Network Communication Channel

We assume that local observations are first mapped through a fuétipny, = U(zx). y
is chosen to satisfy a global power constraint, which may bavamnage power constraint (APC)
given by 2 > E{|yx|*} < P.,, or atotal power constraint (TPC)given by >~ E{|y:|*} <
P,,;. The mapped signal is then transmitted over one of the following channels:

1) Parallel Access Channel (PAC)A parallel access channel consistsodledicated AWGN
channels given by
Tk = Yp + 2k, k:1727"'an7 (6)

where the communication noisg is i.i.d. N'(0,1).
2) Multiple Access Channel (MAC): Unless otherwise specified, in this paper we refer to

MAC as a perfectly synchronized Gaussian multiple access channel given by

r= Z Yk + Z, (7)
k=1
wherez ~ N(0,1).
Without loss of generality, we assume that the channel SNR is unity in the above channel models,

but any other value of channel SNR can be incorporated with no difficulty, or we may as well

think that it is absorbed in the mapping functiof-).
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C. Preliminaries

The analysis in this paper requires two sets of mathematical tools, one is associated with the
asymptotic properties of Toeplitz matrices, and the other is an important result in large deviation
theory which characterizes the asymptotic behavior of non-i.i.d. sequences. For completeness,
we briefly recall the necessary definitions and theorems.

Definition 2.1 (Absolutely Summable Toeplitz Matrix [19], [20]): Let =™ be ann x n
Toeplitz matrix with entriest, € R on the kth diagonal and dimension — oo. If {t;} is
absolutely summable, i.€5,.° __|t;| < oo, the spectral density function & is given by

S(w) = Z tee ™ —r <w< .

k=—o00

Theorem 2.1 [19] The eigenvalueg)\;} of the absolutely summable Hermitian Toeplitz

matrix ™ with spectral density5(w) are bounded by
my < A < My,

where M, andm; denote the least upper bound and the greatest lower bouS@.of

Theorem 2.2 (Toeplitz distribution theorem [20] and its extension [21], [22})Let {s} be a
deterministic signal with spectral distributi@i(w). For an absolutely summable Toeplitz matrix
x(™ with spectral densitys(w), let {\{"'} be the eigenvalues & contained oA in; Amas)»
and{cgﬁ,(f)} be the normalized eigenvectors Bf", then for any continuous functiadi(-) defined

on [Anins Amaz), We have

l & " 1 [
T SR = 5= [ h(S@)a
k=1
l & " 1 [
lim =S OB = 5 [ A(S() dGl)
k=1

Theorem 2.3 (Gartner-Ellis [14]): Let {Z,} € R* be a sequence of random variables, and

define

A (0) = log E? %), 0 € R-.

DRAFT



Suppose that for eadh € R*, the logarithmic moment generating function, defined as the limit
A(0) = lim, . 1AW (n@) exists as an extended real numberAlf) is an essentially smooth,
lower-semicontinuous function as defined in [14¥%,} satisfies the large deviation principle

(LDP) with rate functionA* given by theFenchel-Legendréransform of A(6):

A*(x) = sup {8"x — A(B)}, xcR" (8)
Ocrr

That is, for any measurable sBt

— inf A*(x )<11m1nf—logPr{Z GB}<hmsup—10gPr{Z € B} < — inf A*(x),

x€int(B) n—00 n—00 xeB¢
whereint(B) denotes the interior oB and B¢ denotes the closure ds.
Note that the sets of interest in hypothesis testing mostly satisfy the continuity property that

infyeint(py A*(x) = inf,epe A*(x) [11], which implies

lim 1 log Pr{Z,, € B} = — inf A*(x). 9)

n—oo M, xEB
For Neyman-Pearson hypothesis testing, the optimal detector is a threshold test on the nor-

malized log-likelihood ratio [23]: Choos#; if

1. Pr(x|H;)
— 10 m > T, (10)

and choosef, otherwise. Lete = Pr{H, — H,} and 3 = Pr{H; — H,} denote the type |
and type Il error probabilities respectively. We are interested in obtaining the error exponent for

both types of errors for a given threshatd

1 1
lim —=loga™, lim —=log 8. (11)
n n—oo n

n—oo

For Bayesian formulation with prior$>(H,) = m, and P(H;) = m, the thresholdr =
lim,, o0 + log = =0 = 0. Note that the error exponent of the average error probability+ 1 3 is
dominated by the larger error exponent of type | and type Il error, which is therefore minimized

when the error exponents for both types of error are equal, i.e.,

1 1 1
lim —— log o™ = hm ——logﬂ = m ——logP( (12)

n—oo N
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[1l. DETECTION OFDETERMINISTIC SIGNAL IN CORRELATED NOISE
A. Optimal Centralized Detection

Optimal centralized detection, where the sensor observation vecisrperfectly available
at the fusion center, serves as a performance baseline for distributed detection strategies. The

normalized log-likelihood ratio for centralized detection is given by

1 1
E(STZ’lx — §STZ’1S). (13)

Sinces”X"!s is a constant, we can rewrite the test as

1
T, = Estflx =>T. (14)

1—p?

: : : o,
The spectral density function fat is S(w) = o™ -

Proposition 3.1 (Optimal Centralized Detectiofor the N-P formulation, when the threshold

0<T< % 2T A9 the error exponents for type | and type Il errors are respectively given by

0 Sw)
nh_)rgo —%log o™ = %, (15)
tim —L1og g - o (- [ty (16)
For the Bayesian formulation, the error exponent for the average error probability is given by
tim et = i [T 7

Proof: Let ¥ = ®A®”, where A = diag{)\;, -, \,} is a diagonal matrix containing
the eigenvalues o, and® is a unitary matrix with eigenvectors & as column vectors. Let
p = ®'s andw = ®'x. Then it is easily shown that undéf,, {w;} is i.i.d. A/(0,\;), and
under Hy, {wy} is i.i.d. N(px, \x). Thus we have

1 O prwy
T, = - .
Ak

n
k=1
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Correspondingly, we get for the sequer{cg, },

n

n P, pw 92 2 02 n T 2
R I I
k=1 k=1

P n_(p2 2 2 n (T 2
(n) _ o 7, PR (0% +20)p; 6"+ 20 — (s" @)
AV (nf) = logE; {e k } = E N =—3 N

k=1 k=1

Using Theorem 2.2, the logarithmic moment generating functions under both hypotheses exist

and are given by

Ly, a0 [T AG(w)
Ao(0) = lim —Ag"(nf) = — S
M(0) = lim —A;Y(nf) = — — TR

with the Fenchel-Legendre transform

. T
Aj(x) = sup{fx —Ao(0)} = 27 dG(w)
feR fO S(w)

27 dG(w)
* ™ 0 S w
Al(x) = SUP{ex - A1(9)} = T dGw) (x — A) .
Ok Jo S

It can be checked that the assumptions fdrt@er-Ellis theorem hold. Thus we have when

0<T< % 02” dkf(fﬁ), the error exponents for type | and type Il errors are given by

1 1
lim ——loga™ = lim ——logPr{T, > T|Hy} = inf Aj(z) = Aj(T),
n—oo n x>

n—oo N

1 1
lim ——log 3™ = lim —=log Pr{T, < T|H,} = 123/\1‘(33) = A(T).
n—oo n >

n—oo n

The Bayesian error probability follows by setting the threshold to be

1 1 < p? 1 [ dG
T=lim —s"S 's= lim — S 2k = — W),
n—oo 21 n—oo 21 A, 4w (w)
k=1 0

Remark:We letT € [0, &~ 02” dg(g;)] such that for both rate functions, the infimum over the set

of interest is achieved at the boundary= T'. It can be shown that the error exponent for type

| error is always 0 forl” < 0, and that for type Il error is always O far > % 02” d;i“;).
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B. Distributed Detection over PAC

For PAC, since the Gaussian source and the Gaussian channel is probabilistically matched for
an individual sensor [24], least information loss can be ensured by letting the sensors transmit
a scaled version of their observations. It is therefore intuitive to study the simple amplify-
and-forward strategy for detection over PAC, as in [2]. Denote the average powsgr lnf
Py = limy, oo = >0 857 = 5= 02” dG(w), we havelim, ... + > E(23) = 0® + m P,.

1) Average Power ConstraintUnder the average power constraint, the mapping rule can be

written asy, = axy, wherea = Uij:lPS is a constant independent of Here and henceforth,
we assume that the scaling factor controlling the transmission power is computed by the fusion
center and broadcasted to all sensors prior to the detection.

Letr, = "= = 1, + . The optimal test becomes

1
T ="' 2T, (18)
n

whereX' = X + a%l is the covariance matrix af. Following similar analysis as in Section lll.

A, the expressions of error exponents are the same as for centralized detection, except that
is replaced withS"(w) = S(w) + a% Consequently under the average power constraint, detection
over PAC suffers from a loss in asymptotic performance which is dependentaupon

2) Total Power ConstraintUnder the total power constraint, the mapping rule becomes

\/iﬁxk, wherea = 02?;?;135 is a constant independent ef Thenr, = @ = xp + @
has covariance matrif” = X + %I under both hypotheses. Note that' is not absolutely
summable, hence the theorems in Section Il can not be applied to analyze this case. As a matter
of fact, simulation shows that under the total power constraint, PAC fusion no longer results
in exponential decay in the average error probability (see Section Ill. D). This result can be
understood intuitively: as the number of sensors approaches infinity, the total signal power is

constrained while the channel noise grows without bound, making it impossible for the fusion

center to perform reliable detection.
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C. Distributed Detection over MAC

With a MAC, the fusion center no longer have access to individual sensor observations.
Therefore, the mapping rule should be carefully chosen so that the received signal yields a
useful decision statistic for detection. Observe that if werlet X~'s, the optimal decision

statistic for centralized detection can be written as

1 1 1<
T,=—-s"2"'x=—~Tx=—- Z VT (19
n n n <

Assuming sensok is informed of-,, if sensork transmits a scaled version gfx;, the noise-
free output of MAC readily yields the decision statistic (except for the fa;;:)oﬂ'hrough some

computations we obtain

S1 — pPS2, k= 17

Tk = (1+P2)5k_P(3k—1+5k+1)a k:27 y 10— 17 (20)

o*(1—p%)
Sn — PSp—1, k=mn.

This knowledge can be obtained, e.g., from the fusion center or neighboring sensors, at an initial

stage.

1) Average Power Constraintnder the average power constraint, the mapping rule is given

limp—oo = poy B(viz?)

by yi. = ayrzk, Wherea = \/ P 1
Theorem 3.1 (Asymptotic Optimality of MAC Fusion Under Average Power Constraint)

For the mapping rulg, = av,z,, wherea is a constant independent of the threshold test on
1 1<
TAPC = —p = =3y + — (21)
na n 1 na

is asymptotically optimal, i.e., achieves the same error exponent as optimal centralized detection,

and the error exponents do not dependaon

n

P ) . . .
Nimn—oo 2 7_, E(vizt) exists becausgs} is uniformly bounded. The exact value afcan be computed for specific

applications—see the example in Section I1.D
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Proof: For T4, we have forH,,

" P, puw, = n 0272 H2
AL (n) :log]Eo{ee( i ’ik’“+a>} ZE:KPMF, (22)
k a
=1

Since Ag(f) = lim,_, LAJ”(n6), the second term”, vanishes asymptotically, antl(6) is

the same as for optimal centralized detection, and similarlyforTherefore the error exponents

are the same as for optimal centralized detection. [ |
Theorem 3.1 suggests that under the average power constraint, detection over MAC can be

asymptotically optimal with each sensor transmitting a scaled version of its observation such

that they add constructively at the fusion center. Intuitively, MAC has only one instantiation of

the channel noise, but the total transmission power grows without bound under APC. Thus the

signal-to-noise ratio at the fusion center approaches infinity asymptotically, which is essentially

the centralized detection case. The optimal performance can be achieved irrespective of the

average power as long as the number of sensors is large.

2) Total Power Constraint:Under the total power constraint, the mapping rule is given by

Y = \/Lﬁ"}/k.’ll‘k, wherea = \/ T Ebont

limp—oo & p=y E(y2a2)’

Theorem 3.2 (MAC Fusion Under Total Power Constraint} For the mapping ruley, =

\/iﬁ'ykxk, wherea is a constant independent of the threshold test on

T, = (23)
yields suboptimal asymptotic performance: when the thresfiokd [0, 02” dSG(w |, the error
—1
exponents for type | and type Il errors a%e( o dg(fj’)) + a—i) and
L (1 o) (L o dG respectively, and the Bayesi t f
3 3 Jo 500 5= Sw) T p Y, yesian error exponent for

-1
average error probability |§ ( 2m d&i))) <% 2 dSG(S;) 4 %)

Proof: For T7F¢, we have forH,,

n

Aén) (n9) = lOg EO {66( k=1 pi

n 2.2 2
0 R i L
J=Y G e
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TABLE |

BAYESIAN ERROR EXPONENTS FOR CENTRALIZED AND DISTRIBUTED DETECTION SCHEMES

Centralized Detection PAC under APC| MAC under APC | MAC under TPC

m? m? m? m? 1

8S(@o) 8 S(@O)Jr(%z 8S(wo) 8S(wo) 1+7i52‘:"?2)

hence the logarithmic generating function

1 0> [P dG(w) 67
Ao(0) = lim =AY (nf) = — —
0( ) nl—>nolo n 0 (n ) At 0 S(W) + 2&27

and similarly for H,. The error exponents follow readily through similar analysis as in Section
. A. [ |
Comparing the above result with proposition 3.1, we observe that the asymptotic optimality
of MAC fusion is lost if each sensor is forced to use diminishing power as the number of
sensors increases, and the loss is reflected in the fgrrNevertheIess, under the total power
constraint, MAC fusion is still preferable than PAC fusion as it results in exponential decay in

error probability.

D. Numerical Example: Detection of A Sinusoid Signal

Consider a sinusoid signal over a straight line:
sk = V2mcos(wok), k=1,---n. (24)

The spectral density of this signal @8 (w) = 7m?[6(w — wp) + 6(w — (2 — wyp))]. Note that the
constant signak, = m is a special case of this model correspondinggo= 0.The theoretical
Bayesian error exponents using different detection strategies are summarized in Table I, where
S(wo) = azm.

Fig. 1 and Fig. 2 plot the simulated Bayesian error probabilities and the corresponding

error exponents for centralized detection and various distributed detection schemes, where we

have assumed that the two hypothesis are equiprobableries m = % and used the
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SCALING FACTORS AND BAYESIAN ERROR EXPONENTS FOR CENTRALIZED AND DISTRIBUTED DETECTION SCHEMES

p=05m=0=1,wo=m/4, Paw =2,AND P =10

Centralized| PAC under APC| PAC under TPC| MAC under APC| MAC under TPC
a N/A 1.15 2.58 1.47 3.30
error exponent|  0.0905 0.0586 N/A 0.0905 0.0803

following parametersp = 0.5, m = o = 1, wy = %, Py, = 2, and P,; = 10. To obtain the

scaling factor for MAC fusion, we observe that for the periodic cosine function wjth= 7,

limy, oo = >4y BE(y2}) = D 7,3(% + 0?), where~, is given by (20). The corresponding
scaling factors as well as the theoretical Bayesian exponents are given in Table Il. It can be
seen from Fig. 1 and Fig. 2 that the error exponents for various detection schemes approach the
predicted values as the number of sensors becomes larger. The MAC fusion scheme achieves
similar performance as centralized detection under APC, and the difference in error exponent
becomes increasingly small as the number of sensors increases. Under both APC and TPC, the
MAC fusion scheme significantly outperforms PAC fusion. In particular, under TPC, the error

probability for MAC fusion still decays exponentially with the number of sensors, while the

error probability for PAC fusion does not decrease with the number of sensors.

IV. MAC SYNCHRONIZATION AND THE IMPACT OF SYNCHRONIZATION ERROR

An important assumption for the proposed MAC fusion schemes to achieve the predicted
asymptotic performance is the perfect synchronization among sensors, which is difficult to realize
in large-scale sensor networks. In this section, we analyze the impact of synchronization error
on the performance of MAC fusion.

The sensor synchronization required in our application can be achieved with essentially the

same strategy as described in [15], but instead of taking a star topology, we assume that the
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synchronization head is a node located at coordinate 0O on the line. Prior to all transmissions,
the synchronization head broadcasts a carrier signal and each sensor employs a phase-locked
loop (PLL) to lock onto the carrier. If every sensor pre-compensate for the difference in their
distances to the synchronization head by transmitting its signal with a proper delay and phase
shift, the resultant timing error and phase error will assume the same form as described in [15].
Specifically, we assume the exact coordinate for/tresensor node ig, = kd + J;, whereJ,

is the placement error. Usually the placement error is small such that the effect of timing error,
such as the intersymbol interference, can be neglected, and we only need to consider the effect

of phase error [15]. Under such an assumption, the received baseband signal at the fusion center

is
r = Re {aZykej“”“ + z} ,
k=1
wherez ~ CN(0,1), and ¢y, = —% is the phase error for sensér with f, denoting the

carrier frequency and denoting the speed of light. In the foregoing analysis, we focus on the
detection problem considered in Section Il with average power constraint, in which case the
decision statistic is given by

. 1 1 & Re(z
Tn:—fr:—z%xkcosgolﬁ— ( ) (25)
na n —1 na

A. General Analysis

In this section we show that under the general assumption{thatis i.i.d. and independent
of {z}}, the presence of phase mismatch always results in a loss in the error exponent of the
average Bayesian error probability. The logarithmic moment generating function is given by

(note that the noise term vanishes under the average power constraint)

X . 1 (n) . 1 GP" ), COS
A;(0) = lim —A;"(nf) = lim —logE; {e k=1 ThTk “0’“}, (26)

n—oo 1 n—oo 1,
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wherei € {0, 1}, and the expectation is with respect to befl's and¢;'s. Sincee® is convex,

Jensen’s inequality gives

- 1 P,
Ai(0) > lim = log I, {erBleoss] il (27)

n—oo M,
with the equality held whep, is a constant. It can be shown that the Fenchel-Legendre transform

of the right-hand-side of (27), denoted t&y(g;), is

Aj(z) = A (m) 7 (28)

where A7 (x) is the rate function governing the LDP associated wih It follows from the

definition of the Fenchel-Legendre transform in (8) that

Ai(z) < Af(a). (29)

Note that the Bayesian error exponent is equal to the value of both rate functions at their
intersection, which remains the same under the scalingiofboth rate functions in (28). Denote

the Bayesian exponent under perfect synchronizatiolBgnd that under phase mismatch by

B. From (28) and (29) we obtaif® > B, unlessy, is a constant, i.e., sensors are perfectly

synchronized.

B. Performance Subject to Small Phase Error

In this section, we assume that ~ N (0, 02), ando,, is small. This is true when the placement
error §;, is a zero mean Gaussian variable with the standard deviationuch smaller than the
wavelength), = f—co For example, whery, = 10MHz, o5 = 0.1m, we haveo, = ‘“‘me =
0.01337. In the following, we seek an upper bound on the performance loss due to phase
mismatch. Taking expectation with respect@oand using the approximatiosin ¢, ~ ¢, for

small ¢, we obtain

P 2 n
P g n 1_ %k 0Ty
n k=1 YTk €
E@ {69 k=1 VkZk COSng} ~ ]E@ {6 2 _ l l ) (30)

el \ /1+ kaxkai
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Since x;, is Gaussian, there exists a constansuch that the probability o|f97,€xk03,| > pls

[N

negligible. Then we can obtain a constarf > 1 with which (1 + 9%%03})_ < Mge‘%"wfk"i

holds. Therefore we have

~ P’VL
AZ(H) < lim l log E,L {69(1_%03) kzlw"xk} + 10g Mg7 (31)
n—oo M,
which yields
Ki(2) > A7 | 5 | —log M, (32)
1-— 50?0

Then we haveB > B — log M,, and the relative loss is bounded by

€< —log MQ.

(33)

Generally, little performance loss can be ensured with a relatively smallo illustrate this

we take the detection of a constant sigeal=m, k£ = 1,--- ,n as an example. Note that for
Bayesian detectiof, = —f; = 0.5, and for a constant signal, = %, k=2--,n—1,

and B = 2,122 |f we ignore the probability ofz;| > |m| + 30, we obtain

802 1+p "
2 2 [m| ’ Im|| 1—0p
|97kl'k0-<p| S 0.50'@ 7 + 3— = 0. (34)

o 1—|—p:

Under the following set of parametergg—' =2, p = 0.5, 0, = 0.1, we obtaing = 0.1648,

M, = 1.0077, B = 0.1667, and the relative loss < 4.6%. Wheno,, is decreased t0.1 with

other parameters kept the same, we have 0.06%. Fig. 3 and Fig. 4 depict the simulated
error probabilities and the corresponding error exponents wjite 7, = 1/2, m =1, 0 = 0.5

p = 0.5 and P,, = 1. We observe that when, = 0.1m, there is only a slight loss in the
performance of MAC fusion compared with the perfect-synchronized case. When 0.2,
however, the performance degrades significantly, but MAC fusion still largely outperforms PAC
fusion. Wheno,, is increased t@®.5m, the error probability of MAC fusion no longer decreases

exponentially with the number of sensors.
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V. DETECTION OFA FIRST-ORDER AUTOREGRESSIVEPROCESS
A. Optimal Centralized Detection

For the first-order autoregressive signal described in Section Il. A, the optimal centralized

detection is a threshold test on the normalized LLR

1 T 1 1 1 det(Eo)
—x (X, — X -1 35
’I’LX ( 0 1 >X+ n Og det(21)7 ( )
1 p pnfl
p L : : :
whereX, = ¢’I, ¥, =1, + 0?1 is the covariance matrix of under
. . p
pnfl e p 1
H, and H,. We can rewrite the test as .
1 T —1 —1
T,=—x (2, —X )x=2T. (36)
n

Proposition 5.1 (Optimal Centralized Detectiofor the N-P formulation, when the threshold
r(1-p)
VL+p2 4T (1-p2) P~ 4p?

are respectively given by

<T <T, wherel' = % the error exponents for type | and type Il errors

1
lim —=log '™ = = (T'— & +log &y —log O), (37)

n—oo N

(=& +log& —log2), (38)

| — DN —

1
lim —— log 8™ =
n

n—oo

— _ 2
whereC = 1+ p* + (1 — p?) + \/[1 + 2+ D(1 = )2 = 4p?, & = YU o T

and&, = Y FZ(I*”Q)%;”QTQHG*”Q). The Bayesian error exponent is given by (37) or (38), with

T = log %

Proof: See Appendix I.

We assume average power constraint in the following discussion of the distributed detection
schemes, and the case of total power constraint can be analyzed by the same means as above

and similar conclusions can be obtained.
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B. Distributed Detection over PAC

Under the average power constraint, we hgye= axy, wherea = UQf;“iHO. Let r, =
s — 1, 4+ 2. Then the covariance matrix af, under H, and H, is X, = (6 + %) T and
1 p “ e pnfl
, p 1 S : :
3 =1l _ +(02 + a—lz) I respectively. The problem becomes the detection
: p
pnfl .« p ]_

of the same autoregressive signal in Gaussian noise with covariance métlﬁlxa%) I, and all

the results in Section V.A follow with the SNR = ¢ being replaced with” = o

a2

C. Distributed Detection over MAC

DenoteA = ;' — X;'. The decision statistic for optimal centralized detection involves the
quadratic formx”Ax = 7", 37" | A;;z;x;, where the double sum can not be accomplished
through a direct application of MAC. In the following we explore the quadratic form in more
detail and show that in the low or high SNR region, a suboptimal decision statistic which can

be realized through MAC achieves similar performance as centralized detection.

- . 1 = 0 - 0
1 p e pn_l
_ —p 14p
p 1 - :
DenoteB = | ~ ,thenB~! = 1_1p2 0 0 |.The
: : : o
L+p* —p
pn_l e P 1
- - 0 0 —p 1
spectral density oB is W;—E% whose least upper bound and greatest lower bound are

My = £, andm; = {72. Thus by Theorem 2.1, the eigenvalueBf denoted as\, satisfies

Low SNR Behavior: We can writeA as A = 5 (I—(I'B+1I)"'). WhenT|\| < 1, or
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I < 1+p Taylor expansion gives

12 (ITB— (I'B)*+---). (39)

o

1
A:;(I—HFB—(FB)M---):

In particular, whenl' < £ A ~ 12 I'B, which is a Toeplitz matrix with the magnitude of
14+p

the kth diagonal decreasing geometrically within general, forl" < 1+ , it can be shown that
|A;;| decreases with — j| due to the dominance ofI'B.
High SNR Behavior: We can alternatively write\ asA = (I — B (I+ %B*1)71> =

L (I+iB7) " Wheni|x"'| <1, 0rT > 12, we have

A_012 (1—%3 +(1£B 1) —> (40)

where for(B~1)*, the0, - - - , kth diagonals are nonzero, while ther 1, --  nth diagonals are
all zero. Therefore the magnitude of the entries onfitilediagonal ofA also decreases with
due to the coefficiens.

Note thatFE(z;z;) = m1p/"~ also diminishes withi — j|. The above demonstrates that when
the SNR satisfie§ < ” or" > 1*" , the contribution of the terms correspondingde- j| > 1
in the quadratic formd_", >°" | Aj;xx; is small. Therefore, replacing these terms with their
expected values results in little change in the value of the quadratic form. This motivates us to
explore the suboptimal decision statistic

DS e b (3050 ). @

=1 |i—j|<1 =1 |i—j|>1

The first term in (41) can be accomplished through a MAC with sehgansmittingy;,, where

/4L1$%, k 221,
Yp =a- (42)
Ay + 2A0 1012k, k=2, n.
The scaling factow for controlling the transmission power is not straightforward, but can be
obtained numerically. The above suggests that each sensor needs to obtain the local observation

of its previous sensor. Thus each decision interval is made up of two phases:
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1) Phase | (Local information exchange) consists of 4 time slots: inisloE {1,2,3,4}),
all sensors with index satisfying mod (k,4) = i — 1 transmit their own observations
to their respective next neighbor on the line.
2) Phase II: Sensar computesy, using (42), and transmit simultaneously. The fusion center
receivesr = >, yx + 2z, and compute§, =+ [r +m (Z?:l > hsjis1 Aijp\ifjl)}.
We assume that local transmissions are done with power control such that the received obser-
vations are noiseless (this is a reasonable assumption given the fact that the distances from
interfering transmissions are at least 3 times of the distance from the desired transmission, and
the radiating power decays like* with the distancel on the ground). Under the average power
constraint, the channel noise causes no loss in error exponents achievable with MAC fusion, and
the only loss comes from the use of the approximate rather than the exact decision statistic.
Fig. 5(a) shows the simulated error exponents whigr= 1,0 = 1,p = 0.5, andFP,, = 1. The
scaling factor for MAC fusion is also obtained via simulation to ensure the power constraint
is met. We observe that our proposed MAC fusion scheme performs closely to centralized
detection, and significantly outperforms the PAC fusion scheme under the same average power
constraint. Note that in this cas€, = 1, while the condition under which our algorithm is
guaranteed to work well i§ < 1/3 or I' > 3. It is seen that although our algorithm has been
built based on the assumption bf< }fg orI" > %Z whenT is in between the two values,
good performance can still be attained for weakly-correlated signals (0.5), with which
the contribution of E(x,z;) = mpl"~7l vanishes fast withi — j|. However, such a property is
lost as signals becomes highly-correlated, and we need the SNR to be either low or high to
guarantee that MAC fusion still achieves close-to-optimal performance. In Fig. 5(b)-(d) we plot
the simulated error exponents wheer= 0.8, P,, = 1, and the SNR" equals 1/911, = 1,0 = 3),
1 (I, =1,0 =1) and 3 (I = 3,0 = 1) respectively. It can be seen that whEn= 1/9, our
proposed MAC fusion scheme achieves roughly the same performance as centralized detection.

WhenT' = 1, MAC fusion performs considerably worse than centralized detection, but it still
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largely outperforms PAC fusion. As SNR is increasedte- 3, the performance gap between

MAC fusion and centralized detection becomes small again.

VI. CONCLUSION

In this paper, we study two distributed detection problems involving correlated sensor obser-

vations in a one-dimensional sensor network: detection of a deterministic signal in correlated

Gaussian noise, and detection of a first-order autoregressive (AR(1)) signal in independent
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Gaussian noise. In contrast to the traditional approach where a bank of dedicated parallel access
channels (PAC) is used for transmitting the sensor observations to the fusion center, we explore
the possibility of employing a shared multiple access channel (MAC), which significantly reduces
the bandwidth requirement or detection delay.

Using the large deviation approach, we demonstrate that for the detection of a deterministic
signal in correlated Gaussian noise, with a specially-chosen mapping rule, MAC fusion achieves
the same asymptotic performance as centralized detection under the average power constraint
(APC), while there is always a loss in error exponents associated with PAC fusion; under the
total power constraint (TPC), MAC fusion still results in exponential decay in error probability
with the number of sensors, while PAC fusion does not. For the detection of an AR(1) process
in independent Gaussian noise problem, we propose a suboptimal MAC mapping rule which
performs closely to centralized detection for weakly-correlated signals at almost all SNR values,
and for heavily-correlated signals when SNR is either high or low. We also investigate the
performance of MAC fusion under sensor synchronization error, and show that the performance
degradation is negligible when the phase mismatch among sensors is sufficiently small.

Although MAC fusion enjoys better bandwidth efficiency and detection performance than PAC
fusion, it does involve more overhead and its application is limited. Throughout the paper we
have only considered the transmission power, and ignored the power consumption for MAC
synchronization and for obtaining certain required information, such as the paraypétethe
deterministic signal in correlated noise problem. If the number of samples each sensor actually
takes for testing a certain signal is small, the overhead for obtaining the required information
would appear fairly large. PAC fusion is also more universal compared with MAC fusion. The
fusion center can test for several different deterministic signals (or AR(1) processes with different
values ofp andlIl,) after receiving the noisy channel output using PAC fusion; for MAC fusion,
however, each different deterministic signal (or AR(1) process) would require a reuse of the

MAC. Furthermore, for a general detection problem, it is not clear whether or not there exists
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a good mapping rule for MAC fusion that yields desirable performance.

APPENDIX |

PROOF OFPROPOSITIONS.1

Denote the spectral decompositidh = ®AP”, where A = diag{\, - ,\,} contains the

eigenvalues ob:;, and ® contains the normalized eigenvectorsXf, and letw = ®"x. Then

under Hy, {wy} is i.i.d. N(0,0?), and underH;, {wy} is i.i.d. A/(0, \z). Thus we have

Correspondingly, we get fof 7., },
(n) A IR T 1o o2
Ay’ (nf) = logEgqe *=' o2 % :—§Zlog 1—20 1—)\—k

A

Pn 1
A (o) = logE, {e k=1 52T }:——Zlog [1—29 (——1)}

10" __ . 52 Using Theorem 2.2, we obtain

Let the spectral density aE; be S(w) = o2 s
the logarithmic generating functions
Ao(0) = —ﬁ 0% log {1 Y (1 - si))ﬂ dw
IR P24 (1= 20)T(1 — p2) + /L4 p2 + (1 - 20)T(1 — p2)° — L
2 1+p2+F(1—p2)+\/[1+p2+r(1—p2)]2—4p2
wheref < 3(+172 + 1), and

1 2m
—— log [1—29 (i(;))—l)} dw
47 J, o

Av(6)
{% [1 +p° = 200(1 = p*) + \/[1 +p? = 200(1 = p?)]” — 4/)21 } , (44)

1
!
9 %8

where§ < - 1+p
The Fenchel-Legendre transforms of (43) and (44) are respectively given by:

AS(Z‘) = 90.1' — Ao(eo), (45)

AT(ZL‘) = 011’ — A1(¢91), (46)
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where 6, solves the equation = La-p?) , and 6; solves the equation =
V1492 +(1-260)0(1—p2) >~ 4p?

r(1-p%)
V402 =20:1T(1-p2) 2~ 4p?

DenoteC = 1+p2+F(1—p2)+\/[1 + 2+ T(1—p2)]? —4p2, 6 =

I2(1-p2)244p2T%—(14+p°)T
I(1—p?) '

\/T2(1-p2)2+4p2T2 —p? . . .
ande, = YU p2)2+;p2T2+m 7’ Using Theorem 2.3, we obtain for the N-P formulation, when

the thresholdl" is chosen between

b B =m0 (1 5) =267 (1 5) = i

VI+p2 4T (1=p2) P —4p2
and lim,, ..o B(T,|H1) = lim, oo 2> (2 —1) = & 2 — )dw [, the error

|
S
3
S
3
/“\

exponents for type | and type Il errors até(7") = %(T — & +logés —log C) and Aj(T) =

%(—51 +log & —log 2) respectively. For the Bayesian formulation, the threshold is set to be

T = lim, o + log :g;} = lim, o0 = >y, log 2% A — = 02” log Sg) =log <.
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