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Abstract

In this paper, the spectral efficiency of multiple-input multiple-output (MIMO) systems operating in multicell frequency-
flat fading environments is studied, for situations in which co-channel interference is the dominant channel impairment
instead of ambient noise. The following detectors are analyzed: the joint optimum detector, a group linear minimum-mean-
square-error (MMSE) detector and its generalized version, a group MMSE successive interference cancellation detector,
and an adaptive multiuser detector, with the focus on their large-system asymptotic (non-random) expressions. Analytical
and numerical results based on these asymptotic multicell MIMO spectral efficiencies are explored to gain insights into the

behavior of interference-limited multicell MIMO systems.
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l. Introduction

Recent information theoretic results have suggested the remarkable capacity potential of wireless communication systems
with antenna arrays at both the transmitter and receiver. These multiple-input multiple-output (MIMO) systems have been
shown, in principle, to yield unprecedented capacity, which grows at least linearly with the number of antennas [13], [27],
when operating in an isolated cell with white Gaussian background noise only. However, achieving this capacity in real
cellular environments can be problematic. In this situation, the co-channel interference from surrounding cells is typically

the dominant channel impairment and greatly diminishes MIMO system capacity.

A recent study by Catreux et al. [6] indicated the ineffectiveness of a MIMO system in such an interference-limited
environment. This seems to be related to an insufficient number of degrees of freedom of MIMO systems at the receiver
side to suppress the co-channel interference. On the other hand, this investigation assumed a certain system structure
(uncoded V-BLAST) taken from the noise-limited case, and did not try to optimize the system for interference-limited
environments. Motivated by this study, in previous work the authors and Molisch showed that the performance of MIMO
systems can be improved significantly in a multicell structure, through application of advanced signal processing
techniques [8]. In particular, we employed a turbo space-time multiuser receiver structure for intracell communication,
which essentially approaches the Shannon limit (within 1-2 dB) for an isolated cell. Furthermore, we used another level of
multiuser detection to combat the intercell interference. Among various multiuser detection (MUD) techniques examined,
group linear MMSE' MUD and group MMSE successive interference cancellation were shown to be feasible and effective.
Based on these two multiuser detection schemes, each of which may outperform the other for different settings, an adaptive
multiuser detection scheme was also proposed. Simulation results indicated significant performance improvement of our
approach over the well-known V-BLAST techniques with coding. Nevertheless, it was also found that there is a significant
performance gap between the obtained MUD capacity and the interference-free capacity upper bound in environments with

strong interference.

In this paper, we study the underlying rationale of the advantages and limitations of the receiver structures proposed in
[8]. In particular, spectral efficiencies [32], i.e., the total number of bits per second per hertz (bits/s/Hz) that can be reliably
supported by a system with these receivers are derived and compared with those with other receivers of interest. Assuming

that channel state information (CSI) is not known to the transmitter, we assign the total transmitted power equally to all
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substreams of a MIMO system? [13], [27]. It is also well verified in the literature (see. e.g., [32]) that unless E, /N, is very

low, the gain in spectral efficiency achievable by optimum power allocation is small enough not to warrant the required
increase in complexity, especially when the system size (number of users, antennas, subcarriers, etc.) becomes large. Please
note that the spectral efficiency studied in this paper is in general not the real channel capacity, as optimal power allocation
is not attempted and some suboptimal receiver front-ends are used. Rather, the purpose is to study and compare the
performance of several multiuser MIMO receivers of interest under a common realistic setting. We always assume optimal
detection® for intracell communication, so the receivers are differentiated by the multiuser detection methods used to
combat the intercell interference, i.e., the joint optimum detector, a group linear MMSE detector, a group MMSE successive
interference cancellation detector, and an adaptive multiuser detector. We develop asymptotic results as the network
dimensions grow, based on the application of analytical results on the eigenvalue distributions of large random matrices
[25], [26]. That is, we consider the limiting region where both the number of transmit antennas K and receive antennas N go
to infinity, while their ratio remains constant. Besides its analytical convenience, the study of large system performance
also has practical advantages: what is revealed in the asymptotic limit is fundamental in nature, which may be concealed in
the finite case by random fluctuations and other transient properties of the matrix entries; moreover, the convergence to the
asymptotic limit is typically rather fast as the system size grows. The asymptotic analysis has been carried out both for

MIMO systems [2], [27] and CDMA systems with random signatures [23], [32] before, and is readily applied to this study.
The main results of this paper can be summarized as follows.

1. Theoretical capacity bounds are derived for several multicell MIMO receivers, which agree well with and

provide further insight into related signal processing results in [8].

2. Simple relations are found among these capacity formulas. In particular, the spectral efficiencies of group
linear MMSE detectors, group MMSE successive interference cancellation detectors, and adaptive multiuser
detectors can all be expressed in forms related to the spectral efficiency of the joint optimum detector (see
(30), (33), (42) and (49)). This makes their asymptotic large-system expressions easy to obtain through that of

the joint optimum detector.

? That is, the inputs are not only totally power-constrained, but also individually power-constrained.
3 As a practical matter, optimal single-cell detection can be approximated by turbo space-time multiuser detection (see, e.g.,
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3. Both exact and approximate formulas are given for the asymptotic (non-random) spectral efficiency of the
joint optimum detector. The approximate formula agrees very well with the exact one for a wide range of
settings, while avoiding complex operations such as fixed-point solutions of high-order polynomial equations
and computation of definite integrals. Expressed only with standard functions, the approximate formula

proves very useful for theoretical analysis (see Appendix I and II).

4. Conditions for non-interference-limited behavior of the group linear MMSE detector are found and verified.
Based on these conditions, tradeoffs among system load, energy, receiver complexity and achievable capacity

for multicell MIMO system design are discussed.

This paper is organized as follows. Section II presents the system model and empirical eigenvalue distributions of some
large random matrices that will be useful in the sequel. In Section III, formulas are derived for the asymptotic spectral
efficiencies of multicell MIMO systems with several optimum and sub-optimum detectors. In Section IV, some analytical
and numerical results based on these asymptotic multicell MIMO spectral efficiencies are given. Finally, Section V

contains some concluding remarks.

Il. System Model

A. MIMO System Model
For single-cell MIMO systems, we adopt the same mathematical model as in [13] and [27], given by

y=Hx+n, @)
where y is the received vector corresponding to the outputs of N collocated receive antennas, x contains the independent
substreams transmitted by K collocated transmit antennas, H is an N xK channel matrix that captures the channel
characteristics between transmit and receive antenna arrays, and n is the background noise. Throughout this paper, we

assume N > K , and define =K/N to be the system load. The entries of H are independent and identically distributed

(i.i.d.) normalized complex Gaussian random variables, modeling a Rayleigh flat fading channel with adequate physical

separation between transmit and receive antennas. The noise is assumed to be circularly symmetric complex Gaussian with
covariance matrix @, = o1, where I denotes an identity matrix. We assume that the total transmitted power is constrained
to be no larger than P, and is equally assigned to the independent substreams due to the lack of channel state information at
the transmitter, i.e., E{xx"}=(P/K)I. The signal-to-noise ratio (SNR) is given by p = P/ o’ . The channel state

information is always assumed to be known at the receiver.



B. Multicell Communication Model

In the literature, multicell systems are often addressed with the attractive infinite linear array model (i.e., Wyner’s model
[33]):
y=Hx+aH x +oH'x" +n, (2)
where only the adjacent-cell interference is taken into account, characterized by a single attenuation factor 0 <@ <1. In
this paper, we adopt a more general multicell model given as follows [24], [8]:
L
y:Hx+ZaiHiﬁxiﬁ +n, 3)
i=1
where we assume without loss of generality that 0 <¢; <---<¢; <1 with L denoting the number of effective interfering
cells. In the sequel, we sometimes assign the desired cell index 0 with the understanding that ¢, =1 for convenience. The
signals, channels and background noise for all the cells are assumed to be mutually independent and follow the same

assumptions given in Subsection II.LA. The signal-to-noise ratio is given by p =P/ o? as before, and the signal-to-

interference ratio (SIR) is given by u = yz al-z . We focus mainly on the case in which all the cells are identical with one

1
active MIMO user in each®, and all the MIMO users operate at the same rate, which is further distributed among K

substreams equally.

C. Empirical Distribution of a Random Eigenvalue

Suppose A is a pxp matrix with all real eigenvalues. The empirical distribution function of the eigenvalues of A is

defined as F*(x) = l#(/1A < x) with “#” denoting the cardinality, which refers to the relative proportion of eigenvalues of
P

A that lie below x. Equivalently, F* can be viewed as the cumulative distribution function of a uniformly randomly
selected eigenvalue of A. The following theorem is needed to calculate the asymptotic spectral efficiency of MIMO

systems. This theorem requires the definition of the Stieltjes transform for any distribution function G, given as
1
me(2) = [ ——dG(2) o
A—z

forzeC*2{zeC:Imz>0}.

* This model includes systems using TDMA, FDMA or orthogonal CDMA.



Theorem I1.1 [25]: Suppose X is an N x»n matrix containing i.i.d. complex entries with unit variance, and T is an nxn

diagonal matrix, independent of X. Assume that, almost surely, asn — w0, F T converges to a distribution function H, and

H
the ration/N — ¢ > 0. Then, almost surely, /' (1/mXTX converges to a nonrandom distribution function G. The Stieltjes

transform m of G is the unique (pointwise) solution to
1 +
m(z) = ,zeC" (5)
—z+ cJ. ' am (7)
1+7m(z)

For the special case of%HHH , where H is the channel matrix of our model, according to Theorem II.1, the Stieltjes

transform of the limiting distribution is given by

mg(z) = =

(~1+p-2)+ 2—4z+(1+z—/J’)2 __l_lF(—l,ﬂ)s ©
z z 4

where

F(x,z)é(\/x(l+\/;)2+1—\/x(1—\/;)2+1)2. %)

The limiting distribution admits a closed-form expression in this case, whose probability density function is given by

PR 5(x)+\/[x—a(ﬂ)] (A —x] ®

27x

where 5(x) is a unit point mass at 0, [x]" = max{x,0}, and a(x) = (1-~/x)?, b(x) = (1 +/x)?.
Similarly, F{1/fH ' converges to the distribution function of

J-al (V)
2#( o)

(€))

fyﬂ(X)=[1—ﬂ]+5(X)+

lll. Asymptotic Spectral Efficiency of Multicell MIMO Systems

For the single-cell model (1) with the associated assumptions, the optimum spectral efficiency is given by [13], [27]

o1+ L un?

Csope = log det B =log det[l +%HHH} . (10)

o



In the limiting region, we have the following

N
.1 .1
Jim = Cs_gpe = lim ﬁ;bgmpz,-) = E {log(1+ pA)}, (11
where {/;} are the eigenvalues of%HHH , whose limiting probability density function is given by (9). Note that

C(x) = E{log(1+ xA)}is an increasing function of x withC(0)=0 and diC(x) =loge- E{ﬁ} . So we can express
X +x

(11) as

A ,1 1
xﬂ}dleoge-jo ;(I—E{“_xl}}x. (12)

.1 p
lim WCS_OI” :loge~j0 E{“_

N—oow

E { ! } can be calculated explicitly as
1+xA

1 1
E{l+xl}:jl+xﬂ f%}(/i)dﬂ

e pi 1 e )
=(1-5) J.a(/ﬁ,)l+x/1 2”(%)/1

w1 le-aBlbp)-el ,
ap X, 2rfw

=(1—ﬁ)+ﬂ[l—%F[%,ﬁB
-2l

where the second-to-last definite integral result is derived in [14], [32], and the function F(x,z) is given in (7). Finally,

dA

=(1-p)+p (13)

i L —tose "L _F(x oee. [P _//
lim G =toge: [ Lo PO pris=toge [0 F iy =G 5. ) (14)
with
G(x,2) = zlog(1+ x L F (x,2)) +log(1+ xz - L F(x,2)) - lzg °F(x,z), (15)
X

where the last equality of (14) follows after some algebra.



Clearly, this interference-free theoretical limit is an upper bound for the achievable spectral efficiency of multicell
MIMO systems. In the following subsections, we give the spectral efficiencies of multicell MIMO systems with several

detectors of interest.

A. Joint Optimum Detector

The joint optimum detector assumes that the receiver knows the signaling and channel information of other cells and

performs joint detection. In this situation, model (3) describes a multiple-access channel [7]. For the Gaussian multiple

access channel, the capacity region is specified in [30] as (couched in the notation of the present paper)

ﬂ {(Rl,...,RK(LH)):OSZRiSlogdet[I+§(HE),(HE),H]}, (16)
I, K(L+1)} iel
where
Hy =[H,qHyy,...,a Hy ], (17)

and (Hj); denotes the Nx|/| submatrix of H; obtained by striking out the columns whose indices do not belong to /,
with |/ | the cardinality of /. Here R,,...,Rg denote the data rates of the substreams of the MIMO system in the desired
cell, Rx.y,...,Ryx refer to those of the first interfering cell with attenuation factor ¢, and so on. The following proposition
is a specific application of (16).

Proposition II1.1: The sum spectral efficiency of the set of cells of interest (cell 0 is the desired cell) J < {0,1,...,L} with

the joint optimum detector, assuming no interference from the cells in J (the complement of J in {0,1,...,L}) is
SRy, =log det[l +§(HE),(HE),H} , (18)

where (Hy), means the Nx|J|K submatrix of H; obtained by striking out the channel matrices of the cells whose
indices do not belong to J. Specifically, the sum spectral efficiency of all L+1 cells with the joint optimum detector is

given by

SROA-L} log det |:[+%(HE)(HE )Hj| .

M —opt

5 This can arise, e. g., in the scenario when there are no active users in the cells of J , or when interference from the cells in

J are assumed to be cancelled out perfectly (see lemma III.1). The expression of (18) together with its asymptotic analysis
will be used to facilitate the calculation of the asymptotic spectral efficiencies of other detectors in the following.



In the limit, we can rewrite (18) as

.1 ; .1 P .1 p 1
hm_SRz(w)apt:]lvlfjoﬁloagdet[l+E(HE)J(HE)JH}:}VIE;NIOgde{I+EN(HE)J(HE)JH}

N%wN
(19)
S N P P
:hm—Zlog 1+=2 |=E{log|1+=1 |},
Now N 4T p s
where {4} are the eigenvalues of
&
1 y 1 . "
F(HE)J(HE)j :ﬁ[va“-’Hm] . [Hil,...,H,m] . (20)

Note that (20) conforms with the conditions of Theorem II.1, so the empirical eigenvalue distribution of N(H )y (Hg) JH

converges to a nonrandom distribution function Q, whose Stieltjes transform m(z) is a unique solution to

1 1
my(z) = - = m > 21
_ - a;
Z+|J|ﬂII+TmQ(Z)dH(T) _Z+ﬁzl+a21;1 (2)
Jj=1 ;7o)
By (4), we have
my(z)=E {%} . (22)

So

1+ x4 x2

ot

Therefore, using the same differentiation-integration strategy as (12), we have

1
| X Mo (—j
im—SRY = B R N
]1v1£r30 NS i o = 10g € IO = X, 24)

where mg(x) is an implicit solution of (21).

The exact formula (24) requires numerical fixed-point solutions of (21) and computation of the definite integral of (24),

which is fairly complex. So, an approximation of (18) in the limiting region is explored here. The idea is to approximate

(Hp),(Hp),"” as



Zaiz
(HE)J (HE )JH ~ iTT'HI(H')H s (25)

where H' denotes an N x K |J | random matrix with i.i.d. normalized complex Gaussian entries. In this way, a closed-form

formula similar to (14) can be obtained. Note that even though we assume £ <1 throughout the paper, we should discern

here whether g < %J E which determines whether the empirical eigenvalue distribution of Kl H'(H')” has a mass

J]

point at 0 (see (9)). Finally, we get the following approximate formula for (24), which holds for all values of f €(0,1] :

NG

N R 2 1 _ icJ 26
mNSRMapz~ﬂ|J|G[p;a,»,4|JJ-e ST (26)

We will see in the following that (26) gives a good approximation for a wide range of parameter settings. It tends to

overestimate when S is small or there is great discrepancy within the set of {¢;} of interest. Even in this case, (26)

roughly exhibits the same behavior as (24), and thus is still useful for theoretical analysis.
B. Group Linear MMSE Detector
While approaching the optimum performance, joint maximum likelihood detection for multicell MIMO systems is

impractical for most current applications due to its complexity [8]. With no intention of detecting the data from the

interfering cells, group linear MMSE MUD is one of the most favorable techniques to suppress the intercell interference.

The detection process is to first apply the weight matrix

-1
K
W= (HHH + > aHH " +;1 H 27)
to the received signal (3) to combat the intercell interference, and then to optimally detect the data of the desired cell. The

following result has been proved in [8].

Proposition I11.2: The multicell spectral efficiency of the desired-cell MIMO system with the group linear MMSE detector

is given asymptotically as®

C

M —mmse

~ log det[I +£HHHZ’1] , (28)

% Here, X ~Y means that lim % =1.
N—x



where
&
=Y o’ —H, H, 7 +51. 29
Z tK ifit i ( )

i=1

From Proposition I11.2, we have the following consequence.

Corollary II1.1: The multicell spectral efficiency of the desired-cell MIMO system with the group linear MMSE detector is
asymptotically related to the sum spectral efficiency of the multicell MIMO systems with the joint optimum detector given

in (18) as
Cort—mmse ~ SR}%/?I—UPLI} - SRli/ll—ol;l;t : (30)

Proof: By (29),
N P
r= z > —H H,"+51=—MHH," —-HH" )+ 5’1
< i K ifitrifi K( E*YE )

So,

P H a1

E(HEHE -HH )—?E—I,
and

P H_ P oyt , |

—H H," =—HH" +—X-1I.

K EF K o’
Therefore,

» 1+2u,H,"

I+EHHHZ‘.‘1 = K . (31)

I+§(HEHEH—HHH)

On comparing (18) and (28), (30) follows.

O
With (30) and (26), we readily have
1 p(+1/ ) )
lim—C ~G| ————=,B(L+]) |-G| —==,pL |. 32
NlﬂN M —mmse ( ﬁ(L-f—l) ﬁ( + )j ( ﬂL ﬂ j ( )

In general, if we partition the cells into two groups, applying the linear MMSE detector to one of them to suppress the
interference from the other, followed by optimal detection within the set of cells of interest, the sum spectral efficiency is

exactly analogous to (30). Thus, we have the following.

10



Corollary II1.2: The sum spectral efficiency of the set of cells of interest (cell O is the desired cell) J < {0,1,..., L} with the
generalized group linear MMSE detector is given asymptotically as

J J
SR](VIzgmmse ~ SRi{l}ioth} - SR](VI—)opt >

(33)
where J is the complement of Jin {0,1,...,L} .

Comments: Note that SR

M —gmmse = CM—mmse » While SRk - — SR}V(,)f;;é,‘;L}. Within the set J of cells of interest, while

M —gmmse

treating the interference from other cells in J as Gaussian background noise (due to MMSE processing), we can similarly
define a multiple access capacity region as in Proposition III.1 (note that we assume optimal detection within the set J of

cells of interest). Denote a set K < J ; then the sum spectral efficiency of the set K is bounded asymptotically by’

(34)

"M —gmmse "M —opt M —opt >

SRy <log det[l +§(H5)K (HE)KHZJI} = SR — SR

P
where X5 = 20‘1'2 EHiﬁHiﬁH +o’l.
ieJ

C. Group MMSE Successive Interference Cancellation Detector
Since joint maximum likelihood detection for multicell MIMO systems is highly complex, while linear MMSE MUD is
limited in its interference cancellation capability, suboptimum non-linear multiuser detection often provides a favorable
tradeoff between performance and complexity (see, e.g., [21]). Group MMSE successive interference cancellation is one
such technique, in which information symbols are detected by group linear MMSE detection cell by cell, with the
interference from previously detected cells already being subtracted. Although successive interference cancellation does not
result in maximum-likelihood decisions, it becomes asymptotically optimal as the error probability of intermediate
decisions vanishes with code block length [29]. With the assumption of perfect cancellation, the following lemma shows

the optimality of group MMSE successive interference cancellation.

Lemma II1.1: Assuming perfect cancellation of interference from previous detected cells, the group MMSE successive

interference cancellation detector asymptotically achieves one of the vertices of the capacity region given by (34).

"Here, X <Y means that lim % <I.
N—wx
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Proof: Suppose the group MMSE successive interference cancellation detector is applied to the set of cells of interest

J={i,...,i;p =4{0,L,...,L} . Without loss of generality, also suppose the cells are detected in that order. Following

Corollary III.1, and assuming perfect cancellation of the interference from the detected cells, we have

@) {01,....L} [ORIANT S
CM —sic SRM —opt SRM —opt s

(i) 0Ll } (0.1 LY\ i i }
CM —sic SRM —opt SRM —opt 2

Ciie ~ SRy ) = SR (33)
Equivalently, the above | J | equalities can be reformulated as

i) (i) tig)pod J
SRM*S‘iJc‘ = CM‘Jl.sic ~ SR/\/}Jf‘opt - SRi(l/lzopt ’

SR};’“VHJW}) _ Cx[mfl) + C](Vllv—‘)szc N SR]::‘[J:;;‘[MUJ _SR(j)

—sic —sic M—opt >

SR.))

—sic

i (iy-1) () J
= C/(élzsic oot CA/lIV—‘vllc + CA/lIV—‘Sic ~ SR/%;J—an; - SR](MZopt : (36)

On comparing (36) with (34), we see that one of the vertices of the Gaussian multiple access capacity region is achieved.

O
Comments: When the group MMSE successive interference cancellation is applied to a subgroup J < {0,1,...,L}, we could

first apply the generalized group linear MMSE detector to the received signal to get an estimate for the data of interest
(corresponding to the chosen subgroup). Then based on this estimate, we could further apply the group MMSE successive
interference cancellation. That is, we could carry out the MMSE filtering in two steps. It can be shown that this two-step
MMSE filtering is equivalent to the one-step MMSE filtering adopted here. To see this, let us denote the MMSE filters

employed in the two-step case by W, and W, , and denote the one employed in our approach by W. By the orthogonality
principle, we have E{(x, — WlHy)yHWl §=0, E{(x;- WZH(WlHy))yHWIWQ} =0, and E{(x;— Wiyyyiw =0,
where x, refers to the group of data of interest (collected into a |J |K x1 vector), and x;, j€J refers to one of them.

Clearly we have W =W, W, . As the group MMSE successive interference cancellation detector has |J |! different orders

12



of detection, |J |! vertices of the capacity region in the RY! domain can be achieved. As the capacity region of the multiple-

access channel is convex, by timesharing, the group MMSE successive interference cancellation detector can thus achieve

the capacity region spanned by these vertices.

From Lemma III.1, we have the following corollary.

Corollary I11.3:
SRWY) - — Zc(i) . = SRW) ~ SRIOLL —SR(j) (37)
M —sic M —sic M —gmmse M —opt M —opt >
ie
SR]{I/([)}—S[C = SRZ{lg}—gmmse = CM—mmse s (38)
and
SRS = SRi gimse = SR 551" (39)

To achieve some vertex of the capacity region of the Gaussian multiple access channel that corresponds to the
maximum rate for the desired cell (single cell capacity), Lemma III.1 suggests a detection order that puts the detection of

the desired cell last. For example, when the cells are detected in the order of {L,L —1,...,0}, the achieved capacity vertex is

: L 1 0 :
given by (R](\/[Zsic EARRS RI(W)—sic ’ Rg/l)—sic) with

R e ~ SRi" ot = SRyt 1=L,....1 (40)
and
RO ~SRY ~=C (41)
M —sic M —opt S—opt *

Note that, in practice, the success of interference cancellation relies heavily on the correct detection of interference. In
adverse environments where we cannot get good estimates of interference, successive interference cancellation schemes
will worsen the performance instead of improving it [8]. Therefore, to achieve the optimal capacity of (41), MMSE
successive interference cancellation implicitly requires that the data rates of other interfering cells satisfy (40). This is
impractical, as it requires not only joint signaling but also puts the desired cell in a superior position. What is of practical
interest is that all cells are autonomous with identical data rates. This identical rate-tuple can in general be achieved by time
sharing. With this restriction, the following proposition shows the limitations of the group MMSE successive interference

cancellation detector.

13



Proposition 111.3: Assuming that the same data rate is employed in each cell, and that 0 < ¢; <---< ¢ <1, the multicell

spectral efficiency of the desired-cell MIMO system with the group MMSE successive interference cancellation detector

applied to the cells J ={0,1,...,/} is given asymptotically as

SR(I—kH,.“,L; _SR{[H,.“,L;
M —opt Moopt | 1=0,1,...,L. (42)

) .
c\) .~ min
L k

Proof: For any fixed /e€{l,...,L}, assume that the same data rate is employed in each cell, i.e,
R . =R" i=0,1,...,. We then have

SR{K) =|k|R", (43)

for a given set K — J . The above sum rate of cells in set K is bounded by the multiple access capacity region given in (34)

as
|K|RO < SRE) SR, .. (44)
Due to the condition 0<¢; <---< ¢ <1, we can rule out most of the constraints. We claim that for a given |K]|, when
N >,

min(SR(KUj ) _ SR
K

o) = SRy ) = SR = SRy (45)

M —opt M —opt >
i.e., the sum rate of cells corresponding to the largest attenuations has the strictest constraint. This claim is proved in
Appendix I. Therefore, we have

{=IK Ly {I+1,..,L}
SR SRyt

R < Mot X ) (46)
forall 1<K [K|J |=1+/, and thus
SR{[*kﬂ,...,L} _SR(HI,...,L}
R < min Mopt Mopt (47)
k=1,...,0+1 k

We learn from Lemma III.1 that different orders of the group MMSE successive interference cancellation achieve different
vertices of the multiple access capacity region expressed in (34), and the identical rate-tuple can be achieved by time

sharing of different detection orders. Therefore, the rate on the right hand side of (47) is achievable. We then have

14



{I=k+1..Ly _ {I+1,...,L}
SRM—opt SRM—opt

/ .
Ci(t/[)—sic = min

48
k=l,..,041 k ’ (48)

for /e {l,...,L} . Noting that C3 . =C,,_,.. . (42) follows readily.

O
Comments: Note that to jointly detect /+1 cells, including cell 0, the set J ={0,1,...,/} is optimal, as any other choice can

only lower the capacity (42) due to the condition 0< ¢; <+ < <1.

D. Adaptive Multiuser Detector

From Proposition II1.3, we see that the group MMSE successive interference cancellation detector is not necessarily better
than the simpler group linear MMSE detector. Likewise, it is not always better to try to detect more cells. These
observations are confirmed in [8]. An (ideal) adaptive detector will always assume the best performance among linear
MMSE MUD and various partial or full interference cancellation detectors. This detector can be approximated by a receiver
that chooses different detection schemes according to some thresholds determined by experiments [8]. For this idealized

multicell detector, we have the following result.

Proposition 111.4: The multicell spectral efficiency of the desired cell MIMO system with the adaptive multiuser detector is

]
CM—adpt = ll’l(’)laXL C](\/[)—sic . (49)

IV. Some Analytical and Numerical Results

In this section, some analytical and numerical results are given as applications of the above derived formulas, from which
we can gain some insights into the behavior of multicell MIMO systems. Unless otherwise specified, we assume a multicell
model having four interferers in two groups of two, in which one group is 6 dB stronger than the other while the users
within each group have the same power. This roughly reflects the essential reality of one-tier hexagonal cellular structure,
as interference from the two farthest adjacent cells can typically be ignored, and simulation results verify that the power of
the two strongest users usually dominates [8]. Therefore, we assume the following parameters for (3): L =4, and

l 1 1
,ul-i—}/1+,82’

2 Ly B a1y 1 1L 1B

1= Uy = a3y =—
ul+y 1+ ul+y 1+ B ul+yl+p

. = (50)
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withy =4, f, =1, and S, =1. Recall that g is the SIR. Further, as spectral efficiencies of MIMO systems grow linearly

with the number of receive antennas N, in our study we are mainly interested in normalized spectral efficiencies per receive

antenna. The reader should keep this in mind when interpreting the overall MIMO capacity from the following figures.
In the following, a single-cell detector is sometimes referred to for comparison. This detector treats intercell
interference as additive white Gaussian noise (AWGN), so its spectral efficiency C,,_, is of the same form as (10), with

L
the noise spectral height replaced by o + Pz aiz =o?(1+ p/ 1) . In the limiting region we have
i=1

1 p
a7 Car—s _G(Aw/u)ﬂ’ﬂ)' 5D

In [8], the performance of a turbo space-time multiuser detector in the interference-limited multicell situation
wasexamined, where exactly the same approximation (AWGN) for intercell interference was made. It was shown that in the
single-cell scenario, this turbo space-time multiuser detector very closely approaches the single-cell capacity, while in the
interference-limited multicell scenario, its performance is greatly degraded, and multiuser detection across the cell can
significantly improve the system performance. Therefore, (51) can be viewed as a guideline for the performance of this
turbo space-time multiuser detector in the interference-limited multicell scenario. The reader is referred to [35] and [4] for
similar and alternative approaches on this topic.

A. Interference-Limited Behavior

Clearly, the single-cell detector of (51) is interference limited, which can be verified through

ALIEJG(%w/y)ﬁ’ﬂ):G(%’ﬂ)' (52)

Evn though for # =1, the group linear MMSE detector was also found to be interference limited [8], we noted that this is

due to the lack of sufficient degrees of freedom at the receiver to suppress the co-channel interference. We believe that if

p is sufficiently small, the group linear MMSE detector is not interference limited. This is verified in Figs. 1 (a)-(c). Here

the SIR is set to be 0 dB, indicating a strong interference environment. It is observed in these figures that the spectral
efficiency of the single cell upper bound (see (14)) and that of the single-cell detector (see (51)) decrease as the system load

f decreases. The single-cell detector is interference-limited, with the limiting value given by (52). The spectral efficiency

of the group linear MMSE detector, both the exact (see (30) and (24)) and the approximate (see (32)), however, increases as
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S decreases, when the SNR is sufficiently large®. Furthermore, when the system load decreases to 1/5, the group linear

MMSE detector is not interference limited. Comparing Figs. 1(a), Fig. 1(c) with Fig. 1 (d), where a more favorable SIR =5
dB is experienced, we can see that all the multicell spectral efficiencies increase as SIR increases. However, due to the
interference-limited nature, the spectral efficiency of the group linear MMSE detector with system load 1 is outperformed
by the same detector with system load 1/5 at a much worse SIR, when the SNR is sufficiently large. This observation is
helpful for multicell MIMO system design. Finally, we observe that the approximate formula well matches the exact one,

thus providing a valuable tool for analysis.

Let us turn to the normalized approximate formula for the group linear MMSE detector, given as

- N a o pPA+1/ 1) Al P p)
]\IIILEOCMmmve/NNR(puunﬂ)_G( ﬂ(L-f—l) nﬂ(L+1)j G[ ﬁL 9ﬂLJ9 (53)

to study the interference-limited behavior of the group linear MMSE detector. In Appendix II, we show that

. B 3 1 3 b 1
;l—IEoR(p’ﬂ’ﬂ) =log(l+ ) +(1 ,B(L+l))log(l ﬂ(L+1)]+(ﬂL l)log[l ﬂLJ when f> L (54)
and
. 1
31_130/?(,0,#,/)’)—00 when ﬁﬁm- (55)

The analytical results of (54) and (55) agree with the numerical results of Fig. 1 very well. Thus the “magic” number 1/5 is
not found by chance but rather is determined by the system behavior.

B. Adaptive Detection
We continue to study the behavior of the group MMSE successive interference cancellation detector (see (42)) and the
adaptive multiuser detector (see (49)). The asymptotic spectral efficiencies given in this subsection are calculated with the
exact formula (24). In the following figures, we use “Group MMSE SC-/” to denote the multicell spectral efficiency of the
desired MIMO system with the group MMSE successive interference cancellation detector applied to the

cells J ={0,1,...,/—1} . The group linear MMSE detector corresponds to “Group MMSE SC-1”, and the adaptive detector

achieves the best among these detectors.

From Figs. 2 (a) and (b) we see that, for a fairly high SIR (5dB), the simpler group linear MMSE detector is the best;

but in a strong interference environment (0 dB), group MMSE successive interference cancellation proves to be useful. This

¥ For a fixed SNR, there is an optimal £ for the linear MMSE detector for the single cell case (see [32]).
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verifies the well-known fact that detection of the interfering users is optimal only in the strong-interference case; for weak
interference, it is better to simply treat the interference as ambient noise. It is also observed that, in the scenario of
sufficiently high SNR, the group MMSE successive interference cancellation detector applied to all the cells eventually
stands out, but for other cases, trying to detect more cells actually lowers the possible achieved capacity. This is more

evident in Fig. 2 (c), where a one-dominant-interferer scenario with y =3.5,4, =6,53, =1 (the power of the strongest

interferer is 3 dB higher than the power sum of the remaining interferers) is assumed. We find that for low to medium SNR,
detection of only the strongest interferer is the best, while the MMSE successive interference cancellation applied to all the

cells is the best in the high SNR regime.

In Fig. 3 (a), we show the spectral efficiencies of the ideal adaptive detector for different SNR and SIR scenarios. We

assume the model of (50) with y =4, 5, =1,5, =1, and system load 1. We also show the single cell upper bound and the

spectral efficiencies of the single-cell detector for reference. We see that multiuser detection across the cell is most useful in
the strong interference environment. Its advantage over the single-cell detector diminishes as SIR increases. In the strong
interference environment, even though multiuser detection across the cell brings substantial gain over single-cell detection,
there is a substantial gap between the achievable capacity and the single cell upper bound. These observations are not true
for sufficiently low system load, as is shown in Fig. 3(b). There we see that multiuser detection across the cell is useful in
all interference environments, and MUD capacity approaches the single cell upper bound quite well. However, as the
system load is reduced, the achievable capacity is also reduced. Therefore, there is a tradeoff among system load, energy,

receiver complexity and achievable capacity for multicell MIMO system design.

V. Conclusions

In this paper, we have studied the spectral efficiencies of multicell MIMO systems with several multiuser detectors. The
large-system asymptotic (non-random) expressions for these spectral efficiencies have also been explored. Simple
relationships have been found among these capacity formulas, and all of them can be well approximated with standard

functions, which makes theoretical analysis of multicell MIMO systems more expedient.

As applications of these theoretical bounds, we have verified the following results from [8] about multicell MIMO
systems. Group linear MMSE detection and group MMSE successive interference cancellation are two effective techniques

to combat co-channel interference, each of which may outperform the other for different settings. Based on this
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observation, an adaptive detector was explored to attempt to achieve the better performance of the two. For full system
load, multiuser detection across the cell is most useful in strong interference environments, offering substantial gain over
traditional single-cell detectors. However, there is still a substantial gap between the achievable capacity and the single cell

upper bound in this case.
Further, conditions for non-interference-limited behavior of the group linear MMSE detector have been found. Based
on this result, it is suggested that with sufficiently low system load £ < Tl where L is the number of effective interfering
+

cells, better performance than that of the fully loaded system may be attained in the strong interference environment with

sufficiently large signal power.
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Appendix I: Proof of Claim in Proposition Ill.3

First let us consider the fixed point solution given in (21). Forany z <0, let x = m(z) and define a function

1
hx) = ——— s (56)
-z+ !
ﬂzl+a X A];11+afx'
Following an approach similar to that of Proposition 3.2 of [28], it can be shown that the function
K ol x L a’x
f()———( 2)x+p ’ (57)
h(x) z ] 121;1 1+ a

is a continuous, strictly increasing function for z < 0. It can also be shown that x = 4(x) has a unique fixed point x >0,
corresponding to f° (x")=1, and for any x, x> x if and only if x > h(x) (corresponding to f(x)>1).

Now let us consider two sets K,K,cJ={0,1....I} with |K,|HK,=HK|, ap >ai ---Zaf(w, and

11 12

a,zfzj = a,z_le, Jj=L...,|K|. Clearly, we have
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2 2 .
ak, Zasz, Jj=L..,|K]|.

Denote
1
h(x) =
’ K o L
ij J
_Z+'le 2 +'le 2
= +0!ny s +a_/-x

fori=1,2. Let x: =hi(xj) fori=1,2, forany z <0.Then we have

x; =h2(x;) = hl(x;)a

with the fact that

2 2
g, - a,,

1+ a,%ljx 1+ a,%zjx
for j=1,...,| K|. Therefore, we conclude from (60) that
x; =mgy(2) 2 xl* =mg (2)
for every z <0 . Reflecting on (24), it is readily shown that
SRE1ST) o gR(KaD)

M —opt M—opt

and (45) follows.

(58)

(39

(60)

(61)

(62)

(63)

This claim can also be verified through the approximate formula (26). Note that the function G(x,z) defined in (15) is a

strictly increasing function of x, as

0 F(x,z)
—G(x,2z)= >0.
ox (x Z) 4x2

Appendix lI: Derivation of Equations (54) and (55)

First let us examine the limiting behavior of the three parts of G(x,z) in (15):

lim Flna) =min(z,1),
xoo  4x
lim 1+x—1F(x,z) = lim ! = .1 ,
X—>0 4 ’ X0 _ F(x, Zy 1- mln(z, 1%
4zx z

(64)

(65)

(66)
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1 1
lim 1+ xz -1 F(x,z) = lim = )
Xm0 4 (x.2) x—)ool_F(x,Zy 1 —min(z,1)
4x

We see that when z <1, (66) goes to infinity, and when z > 1, (67) goes to infinity.

Expanding (53), we have

R(,D,,U,ﬂ):R1(p,ﬂ,ﬂ)+R2(p,ﬂ,ﬂ)+R3(p,,u,ﬂ),

where
F(x,z;) F(x,,z
fﬂ(p,ﬂ,ﬂ)==—10ge[ t2) 2 2)j,
X 4x,
Ry (p, 1, B) = z; log(1+ x, —%F(xl,zl))—zz log(1+x, _%F(Xzazz)),
and
R3(p,y,ﬂ)=log(l+xlzl—%F(xl,zl))—log(1+x222—%F(xz,zz)),
- p(+1/p) P/ 1)
Wlthxlzm,zlzﬂ(L+l),x2= ﬂL ,andzzzﬂL.

Ifﬂ>% ,thenz >1,andz, >1. By (65) we have

lim R, (p, 1, 8)=0.
p—®©
By (66) we have

1 1
lim R, (p, 1, ) = S(L+1)log————— BLlog————.
e = Vo -V

lim R5(p, i, B)is in the form of logf . By L'Hopital's rule, we have
p—>0 0

0 1
l+xlzl—%F(x1,Zl) L 5(14—)(121_2,:(3%21))

lim 1 = 0
poo l+x,2y =4 F(Xy,2,) P (1432, — L F(x,,2,))
op

(l+1/,u)(Zl_1)
4

- >

1/
7'”(22 -1
2

where we use the fact that

lim i(l‘i‘xlzl —%F(xl,zl))zzl—l
x>0 OX;

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74

(75)
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when z; > 1. Equation (54) follows after simple calculation.

IfﬂSL,thenz1 <1,andz, <1. We have
L+1

xl_%F(xlazl)

. 1+
glil:o/?z(psﬂ»ﬂ) =(z1 —zy)log(1+x, _%F(xlazl))"‘zz log( 1

1+ x, —ZF(xz,zz) '

Similarly,

a 1
ey ~1FGz)  gpt T TafA)

R )

(A+1/ 1)

—(1-z7)
_ 4
RV ’
7'”(1_22)
2

where we use the fact that

lim i(1+x1 —%F(xl,zl)) =1-z
x1—>ooaxl

whenz, <1.Asz > z,, by (66) we have
lim R, (p, 1, ) =0,
p—©

and (55) follows.

(76)

)

(78)

(79
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