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Abstract— Existing works on distributed averaging explore
linear iterations based on reversible Markov chains. The con-
vergence of such algorithms is bounded to be slow due to the
diffusive behavior of the reversible chains. It has been observed
that certain nonreversible chains lifted from reversible ones mix
substantially faster than the original chains [1], [2]. We show
that the idea of nonreversible lifting lends itself naturally to a
fast distributed averaging algorithm, where each node maintains
multiple estimates, corresponding to multiple lifted states in the
Markov chain. We give a rigorous proof that it is possible to
achieve an ε-averaging time of Θ(k log(1/ε)) on a k × k grid.
For a general wireless network, we propose a Location-Aided
Distributed Averaging (LADA) algorithm, which utilizes local
information to construct a fast-mixing nonreversible chain in
a distributed manner. We show that using LADA, an ε-averaging
time of Θ(r−1 log(1/ε)) is achievable in a wireless network with
transmission radius r.

I. INTRODUCTION

The average of node values is desired in many network
applications, such as computing the sufficient statistic for
distributed detection and estimation, as well as network op-
timization. The distributed averaging problem where nodes
try to reach consensus on the average value through iterative
local information exchange has been vigorously investigated
recently [3]–[5]. Compared with centralized counterparts, such
distributed algorithms scale well as the network grows, and
exhibit robustness to node and link failures. Distributed aver-
aging through deterministic linear iteration is studied in [3].
The randomized gossip algorithm studied by Boyd et al [4]
realizes averaging through iterative pairwise relaxations, and
allows for asynchronous operation. In both fixed and random
algorithms studied in these works, a symmetric weight matrix
is used, hence the convergence time of such algorithms is
closely related to the mixing time of a reversible random
walk, which is Θ(n2) on an n-path, and Θ(k2) on a k × k
2-dimensional (2-d) grid. Moreover, it has been shown in [4]
that in a wireless network with common transmission radius r,
the optimal gossip algorithm requires Θ

(
r−2 log(1/ε)

)
time

for the relative error to be bounded by ε. This means that for a
small radius of transmission, even the fastest gossip algorithm
converges slowly.

In this work, we explore distributed averaging algorithms
based on nonreversible random walks, thereby considerably
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improving the averaging time. In the literature on Markov
chain sampling, the constructed Markov chain is usually re-
versible, as they are more mathematically tractable–see [6] and
references therein. However, it is observed by Diaconis et al.
[1] and later by Chen et al. [2] that certain nonreversible chains
mix substantially faster than closely related reversible chains,
by overcoming the diffusive behavior of the reversible random
walk. Our work is directly motivated by this finding. Firstly,
we show that indeed it is possible to design a distributed
averaging algorithm that has averaging time Θ(k log(1/ε)) on
a 2-d k × k grid. This is achieved by allowing each node to
have multiple copies of the estimated average value at any
time, one corresponding to each direction the value will be
transmitted in the next slot. The underlying random walk is
more likely to keep its direction than making a turn, thus the
diffusive behavior of a simple random walk is suppressed.
Subsequently, for a general wireless network, we propose
a Location-Aided Distributed Averaging (LADA) algorithm,
which requires for each node, a loose knowledge of the relative
location of its neighbors. A fast-mixing nonreversible chain
is constructed in a distributed manner based on the local
information. The constructed chain does not naturally possess
a uniform stationary distribution, thus every node needs to
keep a weight estimate in order to produce an average estimate.
We show that an ε-averaging time of Θ(r−1 log(1/ε)) is
achievable with the LADA algorithm in a wireless network
with common transmission range r.

Our paper is organized as follows. In Section II, we formu-
late the problem and discuss several important related works.
In Section III, we propose distributed averaging algorithms
based on nonreversible chains on a 2-d grid, and study its av-
eraging time. In Section IV, we introduce the LADA algorithm
for general wireless networks, and analyze its performance. We
conclude the paper in Section V.

II. PROBLEM FORMULATION AND RELATED WORKS

A. Problem Formulation

Consider a network represented by a connected graph G =
(V, E), where the vertex set V contains n nodes and E is
the edge set. Let vector x(0) = [x1(0), · · · , xn(0)]T contain
the initial values observed by the nodes, and x̄ = 1

n

∑n
i=1 xi

denote the average value of x(0). The goal is to compute x̄
in a distributed and robust fashion. Let x(t) be the vector
containing node values at the tth iteration. In this paper, we
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focus on synchronous algorithms without gossip constraints,
i.e., at each time slot, every sensor updates its value based on
the neighbors’ values in the previous iteration. However, the
proposed algorithms can also be realized in a deterministic
gossip fashion, by simulating at most dmax matchings for
each iteration, where dmax is the maximum node degree [7].
Without loss of generality, we consider the set of initial values
x(0) ∈ R+n, and define the ε-averaging time as

Tave(ε) = sup
x(0)∈R+n

inf {t : ‖x(t)− x̄1‖1 ≤ ε‖x(0)‖1} (1)

where ‖ · ‖1 denotes the l1 norm.

B. Related Works

Xiao and Boyd [3] derived necessary and sufficient condi-
tions for the weight matrix W such that the linear iteration
x(t + 1) = Wx(t) asymptotically computes x̄1 as t → ∞,
where W is graph comformant, i.e., Wij 6= 0 only if (i, j) ∈
G. They formulated the fastest linear averaging problem as a
semi-definite program, which is convex when W is restricted
to be symmetric. Finding the optimal symmetric W with non-
negative weights is closely tied to the problem of finding the
fastest mixing reversible Markov chain on the graph.

The gossip algorithm proposed by Boyd et al. [4] realizes
distributed averaging through asynchronous pairwise relax-
ation. At each time instant, a random node i chooses one of
its neighbor j randomly with probability Pij , where P is a
graph comformant stochastic matrix. Node i and j both update
their values by averaging their values. For symmetric P, the
authors show that the absolute 1/nk-averaging time (k > 0)
of the gossip algorithm is related to the mixing time of the
reversible chain P as Θ(log n + Tmix(P, ε)).

Recently, Moalleimi and Roy [5] proposed consensus prop-
agation, a special form of Gaussian belief propagation, as an-
other alternative for distributed averaging. By avoiding passing
information back to the neighbor from which the message
is received, consensus propagation suppresses to some extent
the diffusive nature of a reversible random walk. However,
the gain of consensus propagation over gossip algorithms is
expected to diminish as the graph gets better connected, i.e.,
the node degrees become much larger than 1, in which case
the diffusive behavior is not effectively reduced.

Upon submission, we became aware of the independent
work by Jung and Shah [7], which also explored the idea
of using nonreversible chains for fast averaging. However,
our work differs from theirs in several aspects. Firstly, their
algorithm is based on the lifting proposed in [2], which is
difficult to construct for large-scale networks and requires
global knowledge of the network. One the other hand, the
chain used in our algorithm is formed in a distributed fashion
using only local information. As a result, our algorithm is
scalable while theirs is not: when a node joins or leaves the
network, only its neighbors need to update their local process-
ing rules using our algorithm; while using their algorithm, the
entire chain needs to be re-calculated. Secondly, our algorithm
enjoys significant computational advantage: every node needs
to maintain 4 values, in contrast to as many as n2 values in

their algorithm. In conclusion, the LADA algorithm is suited
for large-scale networks with frequent topological changes.

III. FAST DISTRIBUTED CONSENSUS ON A GRID

It has been observed by Diaconis et al. [1] and Chen et
al. [2] that non-reversible chains constructed on a “lifted”
graph mixes substantially faster than related reversible chains.
In this section, we show a nonreversible chain on a 2-d grid
lends itself naturally to a fast distributed averaging algorithm
on the grid. The study of the grid case is motivated by its
close connection with a 2-d geometric random graph often
used to model wireless networks [8], which will be discussed
in Section IV.

Consider a k×k grid. For each node i, denote its east, north,
west and south neighbor (if exists) respectively by N0

i ,N1
i ,

N2
i and N3

i . Each node maintains four copies of estimate
corresponding to the four directions. The east, north, west and
south values are denoted respectively by y0

i , y1
i , y2

i and y3
i ,

and all are initialized to xi(0). At each time instant t, the east
value of node i is updated with

y0
i (t + 1) =

(
1− 1

k

)
y0

N2
i
(t) +

1
2k

(
y1

i (t) + y3
i (t)

)
. (2)

That is, the east value of i consists of a fraction of 1− 1
k of

the east value of the west neighbor, and a fraction of 1
2k of the

north value as well as the south value of itself. If i is a west
border node (with no west neighbor), y0

N2
i
(t) is replaced with

y2
i (t) (i.e., the west value is “bounced back” when it reaches

the boundary). Similarly, the north value of i is a weighted sum
of its south neighbor and itself in the previous iteration, with
majority coming from the north value of the south neighbor,
and so on. Node i estimates x̄ with

xi(t) =
1
4

3∑

l=0

yl
i. (3)

Denote ŷ = [yT
0 ,yT

1 yT
2 ,yT

3 ]T , with yl =
[yl

1, y
l
2, · · · , yl

k2 ]T . The update of ŷ can be expressed with
ŷ(t + 1) = PT ŷ(t), where P defines a doubly stochastic,
irreducible and aperiodic Markov chain, as illustrated in Fig.
1. For ε > 0, the mixing time of a Markov chain P with
stationary distribution π is defined as

Tmix(P, ε) = max
i

inf
{

t :
1
2
‖P (i, ·)− π‖1 ≤ ε

}
. (4)

Since the random walk of interest most likely keeps its
direction, occasionally makes a turn, and never turns back,
it mixes substantially faster than a simple random walk. A
slightly different nonreversible chain on a 2-d torus has been
studied in [2]. It is shown that an optimal stopping rule takes
Θ(k) time in order that the state distribution of the random
walk is approximately stationary. In this paper, we provide
a result of the mixing time of P in terms of the standard
definition in (4) on a 2-d grid.

Lemma 3.1 The mixing time of the chain P is Tmix(P, ε) =
Θ(k log(1/ε)).

The proof is given in Appendix I. The key is to show that by
time t = 6k, the random walk starting from any state visits ev-
ery state i with probability at least Cπi with C = 2−15. Then
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Fig. 1. Nonreversible chain used in distributed averaging on a k × k grid:
outgoing probabilities (solid lines) and incoming probabilities (dotted lines)
for the east state of the central node are depicted.

by a well-known result in Markov chain theory [9], we have
that for all t = 1, 2, · · · , ‖P (s0, ·)t−π‖1 ≤ (1−C)xt/6ky. This
implies that the mixing time is Tmix(P1, ε) = Θ(k log(1/ε)).
The former argument is shown by enumerating the possibilities
of all ending states if the random walk makes 2 turns or 3 turns
towards given directions and their corresponding probabilities.

Theorem 3.1 is immediate from Lemma 3.1 and the con-
vexity of the l1 norm (i.e., the l1 norm is maximized when
the initial distribution is a point mass).

Theorem 3.1 On a k × k grid using the updates (2)-(3),
Tave(ε) = Θ(k log(1/ε)).

IV. LOCATION-AIDED DISTRIBUTED CONSENSUS IN
WIRELESS NETWORKS

Inspired by the tremendous speedup of the convergence
of distributed consensus on regular graphs, we propose a
distributed averaging algorithm for wireless sensor networks,
which utilizes location information of the neighborhood to
“orient” the information flows to accelerate convergence. We
will use the celebrated geometric random graph introduced by
Gupta and Kumar [8] to model the wireless sensor network. In
a geometric random graph G(n, r(n)), n nodes are uniformly
and independently distributed on a unit square [0, 1]2, and r(n)
is the common transmission range of all nodes. It is known

that the choice of r(n) = Ω
(√

log n
n

)
is required to ensure

the graph is connected with high probability [8].

A. Neighbor Classification

We assume that each node i knows the locations of its
neighbors with respect to itself. Let the coordinates of the
ith node in the complex form be Xi = Re(Xi) + iIm(Xi),
node i classifies its neighbors based on their locations w.r.t.
itself: a neighbor j of i is said to be a Type-k neighbor of
node i, denoted as j ∈ N k

i , if

∠(Xj −Xi) ∈
(

kπ

2
− π

4
,
kπ

2
+

π

4

]
k = 0, · · · , 3. (5)

That is, each neighbor j of i belongs to one of the four regions
each spanning 90 degrees, corresponding to east (0), north
(1), west (2) and south (3). When dealing with the geometric
random graph, we remove the edge effects by considering the
following modification, as illustrated in Fig. 2. A boundary
node is a node within distance r from one of the boundaries.
For an east boundary node i, we create mirror images of the
neighbors of i with respect to the east boundary. If a neighbor
j has an image located within the transmission range of i,

i

j

East boundary

Mirror nodes

Virtual east neighbors

E(0)

N(1)

W(2)

S(3)

Fig. 2. Illustration of neighbor classification and virtual neighbors for
boundary nodes.

node j (besides its original role) is considered as a virtual
neighbor of i, with direction being determined by the image’s
location with respect to the location of i. Denote the set of
virtual east, north, west and south neighbors of node i by
Ñ0

i , · · · , Ñ 3
i . Let dl

i be the number of (physical and virtual)
neighbors in direction l, i.e., dl

i , |N l
i | + |Ñ l

i |. Thus, every
type-l neighborhood has an effective area πr2

4 .

B. Algorithm

The LADA algorithm works as follows. Each node i holds
four pairs of values (yl

i, w
l
i), l = 0, · · · , 3 corresponding to

the four directions. The values are initialized with

yl
i(0) = xi(0), wl

i(0) = 1, l = 0, · · · , 3. (6)

At time t , each node i broadcasts it four values. It updates
its east value y0

i with

y0
i (t + 1) = (1− p)

∑

j∈N 2
i

y0
j (t)
d0

j

+
1
2
p

(
y1

i (t) + y3
i (t)

)
(7)

where p = Θ(r) is the probability of turning left or right,
which will be justified later. If d2

i = 0, then
∑

j∈N 2
i

y0
j (t)

d0
j

is

replaced with y2
i (t). The north, west and south values, as well

as the corresponding w values are updated in the same fashion.
Node i computes its estimate of x̄ with

xi(t) =
1
4

3∑

l=0

(yl
i/wl

i). (8)

Denote ŷ = [yT
0 ,yT

1 yT
2 ,yT

3 ]T , and similarly denote ŵ. The
above iteration can be written as ŷ(t + 1) = PT

1 ŷ(t) and
ŵ(t + 1) = PT

1 ŵ(t), where P1 is a stochastic matrix.
Theorem 4.1: The LADA algorithm converges to the true

average of node values on a finite connected 2-d graph.
Proof: The Markov chain P1 is irreducible since the

underlying graph is connected. On a finite 2-d graph, we can
always find some boundary node i and direction l such that
dl

i = 0. Suppose l = 0, then there exists transition from the
east to the west state of i, which implies that P1 is aperiodic.
Therefore, P1 has a unique stationary distribution π, which is
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Fig. 3. Performance of distributed averaging algorithms on G(1000,r(1000))

in general not uniform since P1 is not doubly stochastic. It is
obvious that limt→∞ ŷ(t) = 4nx̄π and limt→∞ ŵ(t) = 4nπ.
It follows that limt→∞ x(t) = x̄1.

It is clear that wj serves to estimate the scaling factor 4nπj

at each iteration. Alternatively, we may assume that sensor j
has perfect knowledge of 4nπj (e.g. through a pre-computation
stage). Then only the y values need to be communicated.

C. Performance in Wireless Networks
To study the performance of the LADA algorithm in wire-

less networks modeled with a geometric random graph, we
make the following modification of the updating rule for
boundary nodes. If i is a west boundary node, then the
term

∑
j∈N 2

i

y0
j (t)

d0
j

in (7) is replaced with
∑

j∈N 2
i

y0
j (t)

d0
j

+
∑

j∈Ñ 2
i

y2
j (t)

d2
j

, i.e. the west values of virtual west neighbors
are also used to form the east value of i.

Lemma 4.1. On a geometric graph G(n, r), Tmix(P1, ε) =
Θ(r−1 log(1/ε)).

Proof: See Appendix II.
Theorem 4.2 On the geometric random graph G(n, r),

the LADA algorithm has ε-averaging time Tave(ε) =
Θ(r−1 log(1/ε)).

Proof: See Appendix III.
We simulated the performance of LADA, fixed iteration

with optimal constant edge weights [3], as well as randomized
gossip [4] where a node chooses one of its neighbors with
equal probability (for a fair comparison, the absolute averaging
time of the asynchronous gossip is used). Fig. 3 illustrates the
relative l1 error decay on a G(1000, r(1000)), where r(n) =√

2 log n
n , which shows that LADA significantly outperforms

algorithms based on reversible chains.

V. CONCLUSION

Motivated by the idea of accelerating mixing of random
walks on a grid through lifting, we propose a Location-Aided
Distributed Averaging (LADA) algorithm for general wireless
networks, which constructs nonreversible random walks based
on the location of the neighbors. We show that the LADA
algorithm offers tremendous performance improvement over
algorithms based on reversible chains.

VI. APPENDICES

A. Proof of Lemma 3.1
We will show that by time t = 6k, the random walk starting

from any state visits every state with probability at least C
4n

with C = 2−15. Denote the state space of the chain P by S ,
and the set of east, west, north and south states respectively by
SE , SW , SN and SS . For each state s ∈ S , let xs and ys (0 ≤
ys, xs ≤ k− 1) respectively denote the horizontal and vertical
index of the node the state corresponds to. Then a state s ∈ S
can be represented as a three tuple s = (s0, s1, s2) with s0 ∈
{+1,−1} s1 ∈ {0, 1, · · · , k− 1} and s2 ∈ {0, 1, · · · , 2k− 1}
defined as follows: 1) if s ∈ SE

⋃SW , s0 = 1, s1 = ys and

s2 ,
{

xs s ∈ SE

2k − xs − 1 s ∈ SW

2) if s ∈ SN

⋃SS , s0 = −1, s1 = xs and

s2 ,
{

ys s ∈ SN

2k − ys − 1 s ∈ SS .

In other words, s0 indicates whether the state is a horizontal
(east/west) or a vertical (north/south) state; s1 indicates the
vertical index of a horizontal state, or the horizontal index
of a vertical state; s2 indicates the particular state within the
row or column specified by s1, where states are numbered
circularly. Define the function g(x) = min(x, 2k − x − 1).
For a horizontal state, g maps the horizontal state index to the
horizontal index of the corresponding node, and similarly for
a vertical state. We use a similar argument as in [1], but the
following analysis is a nontrivial extension of that for the path
case. Without loss of generality, we assume that the chain starts
from some horizontal state s0 = (+1, a, b). Let T1, T2, · · · ,
(1 ≤ T1 ≤ T2 ≤ · · · ) be the times that the random walk makes
a turn. Let st be the state the random walk visits at the tth
step, and At be the number of turns made by the random walk
up to time t. We must look two cases, At = 2 and At = 3,
with the former ensuring that any east or west state could be
reached with probability at least C

4n at time 6k, and the latter
ensuring the same is true for any north or south state.

Given At = 2, we have s0
t = +1,

s1
t =

{
g(a− T1 + T2 − 1 (mod 2k))

g(−a− T1 + T2 − 2 (mod 2k)).

with probability 0.5 each, where the choice is determined only
by the direction of the first turn, and

s2
t =

{
b + t + T1 − T2 − 1 (mod 2k)
−b + t− T1 − T2 (mod 2k)

with probability 0.5 each, where the choice is determined only
by the direction of the second turn. Therefore, for any target
state s with s0 = +1, we have when t = 6k,

Pr{st = s} ≥ Pr{st = s,At = 2}
≥ Pr{a− T1 + T2 − 1 = s1 (mod 2k),

−b + t− T1 − T2 = s2 (mod 2k), At = 2}
+Pr{−a− T1 + T2 − 2 = s1 (mod 2k),
−b + t− T1 − T2 = s2 (mod 2k), At = 2}

≥ 1
4k2

(
1− 1

k

)t−2

≥ 2−15

4k2
.
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The third inequality follows from the existence of at least one
pair of values (T1, T2) with 1 ≤ T1 ≤ T2 ≤ t for which
both T2 − T1 = x (mod 2k) and T1 + T2 = y (mod 2k)
are satisfied for any x, y with the same parity in the range 0
to 2k − 1. (Both two cases above must be considered for the
parity reason.) The last inequality is due to (1 − 1

k )k ≥ 1/4
for k > 2.

Similarly, given At = 3, we have s0
t = −1, and we can

write out the expressions of s1
t (2 possibilities) and s2

t (4
possibilities), which are independent. It can be shown that,
for any target state s with s0 = −1, there are at least 2k
sets of values for T1, T2 and T3 (1 ≤ T1 ≤ T2 ≤ T3 ≤ 6k)
with corresponding turning directions such that s6k = s. The
probability of this event is at least 2k 1

8k3

(
1− 1

k

)t−3 ≥ 2−15

4k2 .
(The details are omitted due to the space constraint.)

B. Proof of Lemma 4.1

Denote the state space of the chain P1 by S . A state s ∈ S is
represented as s = (s0, s1, s2), where s0, s1 and s2 are defined
in the same way as for the grid case, except that xs and ys

now specify the horizontal and vertical coordinates instead of
the indices. Similar to the grid case, we will show that by the
time t = 6k + 1, for any state s ∈ S , Pr{st = s} ≥ c1πs for
some positive constant c1.

Consider a movement of the random walk that keeps the
direction. Denote the distance traveled in the direction of
movement, and orthogonal to the direction of movement at
time t respectively by αt and βt, as shown in Fig. 4. Since
nodes are randomly and uniformly distributed, it can be calcu-
lated that E(αt) = 4

√
2

3π r , µα, and E(βt) = 0. Let the turning
probability p = µα = Θ(r), and k = 1

µα
. For simplicity of

exposition, we assume that the random walk starts from some
horizontal state s0 with s1

0 = i0µα and s2
0 = j0µα. We can

write out the expected location E(st) of the random walk at
time t by assuming that αt = µα and βt = 0 for all t in which
it moves to a state of a neighboring node. Then E(st) depends
only on the times of turns and turning directions, and evolves
according to the same nonreversible chain P on the grid as in
Section 3. Thus, from the proof of Lemma 1, at t = 6k, for any
s0 ∈ {+1−1}, i ∈ {0, 1, · · · , k−1} and j ∈ {0, 1 · · · , 2k−1},

we have Pr{E(s0
t ) = s0, E(s1

t ) = iµα,E(s2
t ) = jµα} ≥ 2−15

4k2 .
Consider a target set of states Ŝ consisting of states of the same
type in any given square of side µα in the network. Note that as
n →∞, the conditional distribution of s2

t given E(s2
t ) = jµα

is simply a shifted version of that given E(s2
t ) = 0. Therefore,

by the property of modulo-2 operation and the Bayesian rule,
it can be shown that at t = 6k, Pr{st ∈ Ŝ} ≥ 2−15

4k2 .
Now, consider for example an east state of node i, denoted

by ŝ. The west neighboring region of i contains a square of
side µα, and let the set of east states in this square be the target
set Ŝ, as depicted in Fig. 4. By the uniform convergence in the

law of large numbers [8], when r = Ω
(√

log n
n

)
, dl

i ≤ nπr2

2

for any node i and direction l w.h.p., thus we have

Pr{s6k+1 = ŝ} ≥ 1
2

∑

s∈Ŝ

Pr{s6k = s}
dmax

≥ 1/2
nπr2/2

2−15

4k2
, c2

4n
.

It can be shown that the stationary distribution of P1 is
approximately uniform, i.e., for any s ∈ S , c3

4n ≤ πs ≤ c4
4n

for some positive constants c3 and c4. Therefore, Pr{s6k+1 =
s} ≥ c2

c4
πs , c1πs.

C. Proof of Theorem 4.2
For any ε ≥ 0, from the proof of Lemma 4.1, there exists

some τ , Tmix(P1,
c2ε
2 ) = Θ(r−1 log(1/ε)), such that for

any t ≥ τ , we have ŵj(t) ≥ c2 for all j, and
4n∑

j=1

| ŷj(t)
ŵj(t)

− x̄| =
4n∑

j=1

|ŷj(t)− ŵj(t)x̄|
ŵj(t)

≤ 1
c2




4n∑

j=1

|ŷj(t)− 4nπj x̄|+
4n∑

j=1

|ŵj(t)− 4nπj |x̄



≤ 1
c2

(c2ε

2
‖ŷ(0)‖1 +

c2ε

2
4nx̄

)
= ε‖ŷ(0)‖1.

It follows that ‖x(t) − x̄1‖1 ≤ 1
4

∑4n
j=1 | ŷj(t)

ŵj(t)
− x̄| ≤

1
4‖ŷ(0)‖1ε = ‖x(0)‖1ε.
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