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Abstract—Distributed detection of a deterministic signal in discrete observations based on the method of types [3], [6]. As
correlated Gaussian noise in a one-dimensional sensor network sensors are packed more C|ose|y together’ it is reasonable to
is studied in this paper. In contrast to the traditional approach ayhact that their observations get more correlated [2]. Several
where a bank of dedicated parallel access channels (PAC) is .
used for transmitting the sensor observations to the fusion recent works have employgd large qlev!atlon theory 'tO Stu_dy
center, we explore the possibility of employing a shared multiple the performance of centralized or distributed detection with
access channel (MAC), which significantly reduces the bandwidth correlated observations [2], [4]. The distributed detection of a
requirement or detection delay. We assume that local observa- constant signal in correlated Gaussian noise and the detection
tions are mapped according to a certain function subject to a of a Gaussian-Markov process are studied in [2], where the
power constraint and transmitted simultaneously to the fusion L . !
center. Using a large deviation approach, we demonstrate that Communlcgtlon channel is assumed to be a PAC. Closed'
with a specially-chosen mapping rule, MAC fusion achieves the form detection error exponent for Neyman-Pearson centralized
same asymptotic performance as centralized detection under the detection of a Gaussian-Markov process is obtained in [4]. In
average power constraint (APC), while there is always a loss this paper, we demonstrate that a Gaussian multiple access
in error exponents associated with PAC fusion. Under the total cyanne| can be used for detection of a deterministic signal in

power constraint (TPC), MAC fusion still results in exponential . . . .
decay in error exponents with the number of sensors, while correlated Gaussian noise, by appropriately choosing the local

PAC fusion does not. Finally, we derive an upper bound on the Mapping rule. The deterministic signal contains the constant
performance loss due to the lack of perfect synchronization over signal as a special case. To the best of our knowledge, this
MAC, and show that the performance degradation is negligible has not been explored by others.
when the phase mismatch among sensors is sufficiently small. — \ye state our assumptions as follows. Sensors transmit local
decisions based on their respective local observations and a
I. INTRODUCTION mapping rule through a MAC or a PAC. Following [3], we
: L , assume that the MAC is perfectly synchronized with identical
.In. thls paper, we St“dY the Q|strlbuted detection of a det. hannel gain to facilitate the analysis. If sensors experience
ministic signal in a one-dimensional (1-D) sensor network wi fferent pathlosses, we assume that sensors have the knowl-

equally-spaced sensors and correlated Gaussian observaél&)éle of their own pathlosses and adjust the transmission power

noise. We use the measure of asympt(_)nc errorexpon 1i:ordingly such that the overall channel gain is kept the same
as the number of sensors goes to infinity to evaluate t

detecti ; Th Cai i all sensors. We assume that uncoded analog communica-
eétection perlormance. 1he error exponent gives an es lm%q] is used for transmission of local decisions. There is a fair

of the 'n.umber. of_sensors required to regch a certain er%dy of literature including [7], [8] adopting this assumption,
probability, which is a useful performance index for densely, " o motivations are similar to theirs: firstly, it is well-
deployed sensor networks [1}-[4]. The traditional approach pf oy that transmitting a Gaussian source directly through

studying the d's‘.t”bUt?d detectpn problem-|s to assume tI:E?tGaussian channel leads to optimal cost-distortion tradeoff
sensors transmit their observations (possibly quantized v . secondly, although distortionless analog transmission is

sions of them) through a parallel access channel (PAC), whi icult to realize in practice, such an idealization enables us

IS mdependentk acrr?ss SEnsors [l],' [2I] [5 lFor Iirge(;sg use the large deviation theory to obtain a good estimate of
sensor networks, this assumption implies a large bandwiqth ., performance.

requirement for simultaneous transmission or a large detecti Prhe transmitted symbols satisfy either an average power

delay. On the other hand, a multiple access channel (MAE%nstraint (APC) or a total power constraint (TPC). We pro-

IS bandW|_dth efficient, but with a MAC, the fu§|on cente ose a mapping rule for MAC fusion based on the observation
only receives an aggregate of sensor observations, whic Sthe optimal decision statistic, and show that 1) under

typically not a sufficient statistic for detection. Nevertheles§<PC our proposed MAC fusion scheme yields the same error
this does not mean that distributed detection over MAC ponents as optimal centralized detection, while PAC fusion

not vyo.r.thy of sf[udy. Several re_cent works hav_e explorgq ﬂ%lﬂNayS incurs a loss in error exponents; 2) under TPC, MAC
possibility of using a MAC for distributed detection with I"'d'fusion still results in exponential decay of the error probability

This research was supported in part by the National Science FoundatWHh thg number of Sensors, while _the error probability of PAC
under Grant CCF-0515164. fusion is not reduced by increasing the number of sensors.




While perfect synchronization over MAC is a basic assumptidd. Preliminaries
throughout the paper, we study the impact of synchronizationapsolutely Summable Toeplitz Matrix [11]: Let £ be
error on detection performance in Section IV. Itis shown thag, ;, » 1, Toeplitz matrix with entries; € R on thekth diag-

there is little performance loss compared with the perfectlyna| and dimensiom — co. If {t,} is absolutely summable,
synchronized case when the phase mismatch is slight. ¢ S __ |tk] < oo, the spectral density function a&(™)
ey c—=—00 ’

Il. SYSTEM DESCRIPTION ANDPRELIMINARIES is given by

A. Detection Problem S(w) = i e Y _r << @)
We consider a 1-D sensor network, where sensors are
equally-spaced over a straight line, with the location of#tie
nodedy = kd,k = 1,--- ,n. Consider the binary hypothesis
testing problem where the observation at #té sensor is

k=—oc0
Extended Toeplitz distribution theorem [12]: Let {s; }}_,

be a deterministic signal with spectral distributi6tfw). For
an absolutely summable Toeplitz mat&™ with spectral

given by density S(w), let {A\{}7_ be the eigenvalues o™
Hy:zp=sp+uvg, k=12 ,n, (1) contained on the intervalé;,d,], and {¢\"'}"_, be the
Hy:zp=ve, k=12 .,n, (2) normalized eigenvectors o™, then for any continuous

where{s;} is a uniformly bounded signal. The autocorrelatiof"ction (-) defined on[éy, 43], we have

function of {s;} is recovered from the spectral distribution 1 & SR U 2m
G(-) by a Riemann-Stieltjes integral S > RN ) = E/ h(5(w))dG(w). (8)
k=1 0
n 27
R(k) = lim 1 Z Sj4kS; = i/ e dG(w), ©) Gartner-Ellis Theorem [13]: Let {Z,,} € R be a sequence
noeen i 2m Jo of random variables drawn according to the probability law

and if G(.) is absolutely continuous, its derivati#(w) is the ~1#n}. and define

spectral density of s;} [10]. The stationary Gaussian noise A (9) = log E[e??"]. (9)

process{v; } has zero mean and covariance function . o
Assumptions: (1) For eacld < R, the logarithmic mo-

plkr, k2) = E{vpavga} = o®plF17+2l, ment generating function, defined as the limifs) =
hence its covariance matrix limp, .o %A(T”(ne) exists as an extended real number. (2)

1 p el The interior of Dy = {6 € R : A(f) < oo}, denoted byDg,
' _ contains the origin. (3)\(+) is differentiable throughouD3,
s_g2| P 1 . Pl @) and A(-) is steep, i.e.]Jim, o, A'(8,) = oo whenever{d,}
. C is a sequence D¢ converging to a boundary point @{.

et - f Under the above assumptions, the large deviation principle

p PRI p 1

(LDP) satisfied by the sequence §f,,} can be characterized
B. Mapping Rule and Network Communication Channel by the Fenchel-Legendréransform of A(6):

We assume that local observations are first mapped through A*(z) = sup{fz — A(9)}. (10)
a functionU(-) : yx = U(x;) subject to a global power vER
constraint, which may be aaverage power constraint (APC) That s, for any closed sét C R, limsup,, . % log puy (F) <
given by 3" E{|yx|?} < P.., or atotal power constraint —inf,c» A*(z), and for any open setG C R,
(TPC), given by >~ E{|yx|*} < P.o. The mapped signal liminf,, o 1 log p,(G) > — infreq A*(z).
is then transmitted over one of the following channels (the
signal attenuation of the channel is assumed to be absorbed in [II. DETECTION OFDETERMINISTIC SIGNAL IN
U)): CORRELATED NOISE

1) Parallel Access Channel (PAC)consisting ofn. dedi- A Optimal Centralized Detection

cated additive White Gaussian noise channels given b . . . .
g yOptlmal centralized detection, where the sensor observation
Tk =Y+ 2k, k=1,2,---n, (5) vector x is perfectly available to the fusion center, serves
where {z;} is i.i.d. A(0, 1). as a performance baseline for distributed detection strategies.

2) Multiple Access Channel (MAC) Unless otherwise The optimal centralized detection is a threshold test on the
specified, we refer to MAC as a perfectly synchronizeBP'Malized log-likelihood ratio: Choos#, if

i i i 1 P H 1 1
Gaussian multiple access channel given by 1 r(x|Hy) sk lrsig o0
n n =~ Pr(x|Hy) n 2
r= Z Yk + 2, ®) and choose,, otherwise. We can rewrite the test as
k=1
1
wherez ~ NV(0,1). T,=—-s'S'x=>T. (12)
In the following, we use the vector notation = K , )
(s1,---,s,)T, and similarly denotev, x, y, z andr. The spectral density function fa& is S(w) = %.



Proposition 3.1 (Centralized Detectionl)?or the Neyman— 1) Average Power ConstraintUnder APC, the mapping

Pearson (N-P) formulation, when< 7" < - 0% d;f)), the rule can be written agy = axi, wherea = |/ F2is a
error exponent for type | (false-alarm) and type Il (miss) errogpnstant independent of. Let !
are respectively given by , .

L T L (16)
lim — Lloga® = T (13) “ “
oo m 8 B f2“ dG(w) The optimal test becomes

0 S(w)
2 1
1 1 2m dG o T —=10

lim — Llog s = T (T 1 (w)) (14) T, = s"S W 2T 17)
n—oo 1N fO S((uu;) 21 0 S(W)

whereX' = I+ (}—QI is the covariance matrix af . Following
For the Bayesian formulation, the error exponent for th&milar analysis as in Section lll. A, the expressions of error

average error probability’, = moa + 718 is given by exponents are the same as for centralized detection, except
o that S(w) is replaced withS’(w) = S(w) + -5. Consequently
lim —— log P = 1 / dG(w) . (15) under the average power constraint, detection over PAC suffers
n—oo  n 167 S(w) from a loss in asymptotic performance.

T . 2) Total Power Constraint:Under TPC, the mapping rule
Proof: Let 3 = ®A®~, whereA = diag{\, - -, A} b . h B P Th p
is a diagonal matrix containing the eigenvaluesshfand® PECOMESYk = 7Tk, WNeT€a = /orn . Ihenr, =

is a unitary matrix with eigenvectors & as column vectors. @ =z + ﬁz" has covariance matrif” = ¥ + Z1.
Let p = ®”s andw = ®”x. Then it is easily shown that Note that=" is not absolutely summable, hence the theorems
under Hy, {wg} is ii.d. N(0,\x), and underH;, {w} is in Section Il can not be applied to analyze this case. In fact,

i.i.d. N(pg, Ar). Thus we have simulation shows that under TPC, PAC fusion no longer results
. in exponential decay in the average error probability (see
7= L PRk Section IlI. D).
" n P )\k '

C. Distributed Detection over MAC
With a MAC, the fusion center no longer have access to

The logarithmic moment generating functions undgy is

Pn Pl Wl n 92 2 . . . X
Aé”)(ne) — log Ey {ee n_ g—kk} _ Z P individual sensor observations. Therefore, t_he mapping _rule
— 2k should be carefully chosen so that the received signal yields
_ _ a useful decision statistic for detection. Observe that if we
Using the extended Toeplitz Theorem, we have let v = =~ 's, the optimal decision statistic for centralized
- 02 12T ac () detection can be written as
AO(H):hmA() = o) 1
nee T Jo (w) T, = ESTE_IX = 'y X = Z%xk (18)
It can be checked that the assumptions foart@er-Ellis
theorem hold forT;, under H,. Therefore, Assuming sensok is informed ofy;, if sensork transmits a
2 scaled version ofy,xy, the noise-free output of MAC readily
Aj(x) = sup{fz — Ao(6)} = 2 aG@) yields the decision statistic. It can be shown that
OER o S(w)
1 81 — ps2, k= 1,
Similarly, we obtain that forH, Ve = ﬁ . Sp — PSn—1, k=mn,
7 p (14 p*)sk — p(sk—1 + skr1), else.
f27r dG(w)
Al (z) = sup{fz — A, (0)} = %@() _J0 S8 | = Therefore, if sensok knowsp, o2, si_1, sy andsy1, it can
R 5SS 2m compute-yy,.
1) Average Power ConstraintUnder the average power
When0 < T < & 02” dSG(w , the error exponent for type constraint, the mapping rule is given by, = ayy,
| and type Il errors are given b\ (7) and Aj(T). The where a = \/hm,,HxiE‘f,l erEat Note that
Baye&anler;or p{obabllllty Is ggtg)med with the threshile= 13, L Ly E(y722) exists becausds,} is uniformly
limy,—oo 3,8 X778 = 2 o7 5 - B pounded. The exact value afcan be computed for specific

applications—see Section III.D.
Theorem 3.1 (Asymptotic Optimality of MAC Fusion
Under APC): For the mapping rule;, = avyixr, wherea is
For PAC, we assume that each sensor directly transmits @aonstant independent af the threshold test on
amplified version of the local observat|on Denote the average n
power of s, by Py = lim, oo = > 1_, 57 = dG( ) TAPC _ ir 1 kaxk + = (19)
we havelim, .. 2 S7_ E(z}) = 0 + mP " na n na

B. Distributed Detection over PAC



TABLE |
SCALING FACTORS AND BAYESIAN ERROR EXPONENTS
p=05m=0=1,wy=m7/4, Pay =2,AND Pt = 10

achieves the same error exponent as optimal centralized de-
tection, and the error exponents do not depend:.on
Proof: For TAPC, we have forH,,

" (p b ) " p2p2 92 Centralized| PAC-APC | PAC-TPC | MAC-APC | MAC-TPC
_ 0 jo1 B E+2)| _ k N/A 1.15 2.58 1.47 330

A (n6 —loE{e k=1 "X “}— + a

o (n0) &0 z_:l 2k 2a2’ EXp 0.0905 0.0586 N/A 0.0905 0.0803

Since Ag(0) = lim, o }A(”)(ne) the second term;’—

vanishes asymptotically, ant)(6) is the same as for optimal error exponents for various detection schemes approach the

centralized detection, and similarly féf,. Therefore the error predicted values as the number of sensors becomes larger.

exponents are the same as for optimal centralized detemionThe MAC fusion scheme achieves similar performance as
Theorem 3.1 suggests that, with a properly chosen mappitentralized detection under APC. Under both APC and TPC,

rule, detection over MAC can be asymptotically optimathe MAC fusion scheme significantly outperforms PAC fusion.

provided that the total transmit power scales with the numbker particular, under TPC, the error probability for MAC fusion

of sensorsn. In contrast to PAC, the effect of channel noisstill decays exponentially with the number of sensors, while

on MAC is washed out asymptotically under APC. the error probability for PAC fusion does not decrease with
2) Total Power Constraint:Under the total power con- the number of sensors.

straint, the mapping rule is given hy, = \%'ykxk, where

m=0=1, p=0.5, u)c:rlm, Pav:2' P‘Dt:lO

a = T = 025 ‘ ‘ ‘ ‘ ‘ : : ‘
limp oo 7 & E(’y T ) — centralized detection

Theorem 3.2 (MAC Fusion Under TPC) For the mapping T, MAC under APC

rule y, = “=~rx, Wherea is a constant independent of 02k e PASuncer APC

the threshold test on

1 1 z
TTPC — _— = = E — 20
" \/ﬁar n & Vek + Vna (20)

error exponent

yields suboptimal asymptotic performance: when the threshold
0<T <L [ dG((w‘“)) the error exponent for type | and type
Il errors are respectively given by

. 1 T2 % 20 0 40 50 60 70 8 s 100

lim —— log O[(n) = 3 4G () N (21) number of sensors n
n—oo n 1 ™ w 1

2(ﬂfo 5(w) +zT2) . . N
; Fig. 1. Error exponents for detection of a sinusoid signal= 1, o = 1,
1 27 dG(w) p=0.5, wg =7/4, Paw =2, Prot =10
. 1 (TL) 27 JO S(UJ)
lim ——log '™ = ) (22)

The Bayesian error exponent is achieved with =
L 02” dSG(( in the above expressions.
The proof is omitted due to the space constraint. Note thatAn important assumption for the proposed MAC fusion
the asymptotic optimality of MAC fusion is lost if each sensoscheme to achieve the predicted asymptotic performance is
is forced to use diminishing power as the number of sensar® perfect synchronization among sensors. The sensor syn-
increases. Nevertheless, MAC fusion is still preferred undehronization required in our application can be achieved with
TPC as it results in exponential decay in error probability. essentially the same strategy as described in [14], but instead
of taking a star topology, we assume that the synchronization
head is a node located at coordinate 0 on the line, thus every
sensor needs to transmit a delayed signal with a phase shift
according to their respective distance to the synchronization

sk = V2mecos(wok), k=1, ,n. (23) he_ad. The synchronization error is mgnifested by t_he_phase

mismatch among sensors. In this section we study its impact

The spectral density of this signal@ (w) = 7m?[§(w—wo)+ on detection performance under the average power constraint.
§(w — (27 — wo))]. Fig. 1 plots the simulated Bayesian error penote the phase error for theth sensor aspy,. We
exponents for centralized detection and various distributed @gssume that{y,} is i.i.d. and independent ofz;}. The
tection schemes, wherey = 1 = 1/2, p=0.5,m =0 =1, received baseband signal at the fusion centerris=
wo = 7/4, P, = 2, andP,,; = 10. Note that in this example Re {azk . VRzpel P + Z} where z ~ CN(0,1), and the
we havelim, . £ 37_ E(v323) = 1 30, yk(sk +0?), decision statistic is given by
from which the scaling factor for MAC fusion can be obtained. n
The scaling factors as well as the theoretical Bayesian expo- 7 — ir _ 1 Z%xk cos x + Re(z). (24)
nents are given in Table I. It can be seen that the simulated na ni na

IV. IMPACT OF PHASE ERROR ONDISTRIBUTED
DETECTION OVERMAC

D. Numerical Example: Detection of A Sinusoid Signal
Consider a sinusoid signal over a straight line:



constant signal, m=1, 6=0.5, p=0.5, Pyl

The asymptotic logarithmic generating function is then given
by (note that the noise term vanishes under APC):

P,
{69 k=1 YkTk COS Yk }
)

0.7

T T T T

— Centralized detection

—=— PAC

0.6r - - MAC, perfect synchronization |:

_ . MAC,0=0.1m

«- MAC,0=0.21t
o

- MAC,0=0.51
o

1
= lim —logFE;

n—oo N

(25)

Ai(0)

0.5

wherei € {0,1}. Note that sincel;, is a random variable
generated by and ¢, the expectation should be taken with
respect to both variables. It can be shown that, unjgss the
same for allk, i.e., sensors are perfectly synchronized, there
is always a loss in the Bayesian error exponent.

In the following, we assume that, ~ N(O,ai), where
o, is small, and we seek an upper bound on the performance
loss due to phase mismatch. Taking expectation with respect
to ¢ and using the approximatiasin o, ~ ¢y, for small oy,

error exponent

number of sensors n

Fig. 2. Error exponents for detection of constant signal under average power

P, ©3
0 k=1 vkTE 1= constraint,m = 1, 0 = 0.5, p = 0.5, Payp = 1

p’ll
E‘P {69 k1 VETk Cossok} ~ Ego e

V. CONCLUSION

k=1 /1 + Oypro? Distributed detection of a deterministic signal in correlated
) _ ] _ noise is studied in this paper. We demonstrate that with a
Since zy, is Gaussian, there exists a constansuch that gpecially-chosen mapping rule, MAC fusion is asymptotically
the probability of|6y,zx03| > ¢ is negligible. Then We €an optimal under the average power constraint, and outperforms
obtain a constanfi/, > 1 with which (1 + 9%%03,)_5 < PAC fusion under both average and total power constraint. We
Mge—ée%w; holds. Therefore we have also remove the assumption of perfect synchronization over
P MAC, and show that the performance degradation is negligible
{e"(l—%oi) Z:lwck} +log M,. (27) when the phase mismatch among sensors is small.

(26)

n 0Tk

~ 1
A;(0) < lim —log E;

n—oo N
It can be shown that the Fenchel-Legendre transform of the
first term on the right-hand-side of (27), A5 (ﬁ) with g
A¥(z) being the rate function governing the LDP ‘associated

with T,,. It follows from the definition of the Fenchel-Legendre 2]
transform in (10) that

- x (3]
Aj(@) 2 A | =15 | —log M,. (28)

Note that the Bayesian error exponent is achieved at tlﬁe]
intersection of both rate functions’(7) = Aj(T). Denote
the Bayesian exponent under perfect synchronizationBby [
and that under phase error B, we haveB > B — log M,
and the relative loss in Bayesian error exponent is bounded 18]

. < logMQ.
B

29

Generally, little performance loss can be ensured with a
relatively smallo,,. To illustrate this we take the detection of a[g]
constant signad, = m as an example. Ignoring the probability

+3'm] e 9

2
of |zx| > |m|+30, we havep = 0.502 {(";') . | 5

[m]

Thus, when— = 2, p = 0.5, 0, = 0.17, we obtaing =
0.1648, M, = 1.0077, B = 0.1667, and the relative loss <
4.6%. Wheno, = 0.1 with other parameters kept the same11]
the relative loss is only < 0.06%. Fig. 2 depicts the simulated
error exponents withp =7 =1/2,m=1,0 =0.5,p=0.5
and P, = 1. We observe that whes, = 0.1, there is only
a slight loss in the performance of MAC fusion compared with3!
the perfectly-synchronized case. Wheg = 0.2w, however, [14]
the performance degrades significantly, but MAC fusion still

largely outperforms PAC fusion.

(10]

(12]
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