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Abstract—Overlaid networks, typically composed of primary
and secondary networks, are emerging as a viable candidate to
resolve the conflict between increasing demand for spectrum and
spectrum shortage. The essential purpose of overlaid networks
is to improve the network spectrum efficiency, which, however,
may not be achieved if the secondary network is inappropriately
configured. In decentralized overlaid networks, the throughput of
the primary network will decrease due to the extra interference
from the secondary network, and its loss may not be compensated
by the throughput gained by the secondary network. This
motivates us to study the overall throughput of the overlaid
networks. In particular, we examine the overall transmission
throughput, which is a variation of the transmission capacity,
a popular metric in the study of decentralized networks. Our
study provides a sufficient condition for the secondary network
setting such that the overall throughput is improved over that
of a stand-alone primary network. In addition both the maximal
allowable secondary density and the optimal secondary density
which maximizes the overall throughput are derived.

I. INTRODUCTION

Overlaid networks have tremendous potential to alleviate the
spectrum shortage problem and achieve remarkable spectrum
efficiency; the inherent spectrum sharing mechanism also pro-
vides a flexible way of spectrum management. One prominent
example is cognitive radio networks, where secondary (unli-
censed) users are allowed to temporarily access spectrum that
is not currently used by primary (licensed) users. It is generally
preferable that the operation of the secondary network is
transparent to the primary network, which requires that the
interference incurred by secondary operations be constrained
within an acceptable level.

It is of great interest to understand to what extent the
secondary network can gain in transmission of its own useful
data, without harming the regular operation of the primary
network significantly. Relevant research in literature mainly
targets either the scaling law of transport capacity [1]-[3] or
transmission capacity with outage consideration [4]-[7]. The
former was proposed in the seminal work [8] and defined as
the maximum bit-meters per second the network can achieve
in aggregate; pioneer work in the capacity study of overlaid
or cognitive radio networks [1]-[3] showed that there is
no performance loss for the secondary network in terms of
scaling law of transport capacity. Nonetheless, asymptotic
analysis on the scaling law only characterizes the (rough)
relationship between capacity and network size, neglecting the
effect of many important system parameters. As an alternative,

transmission capacity [9] quantifies the maximum allowable
spectrum efficiency per unit area under some outage probabil-
ity constraint, and sparks an enormous interest recently (see
[10] for an overview). The outage probability of the secondary
network was studied in [4], [5]. It was pointed out in [7] that
transmission capacity is not very applicable in the secondary
network since the maximal outages for both networks gener-
ally can not be reached simultaneously. Instead, [7] proposed
the concept of the achievable transmission capacity, defined
as the product of the spatial density and the actual outage
probability. The achievable transmission capacity is the metric
of our interest in this work, and renamed as transmission
throughput to avoid possible confusion.

Overlaid networks aim to improve the network spectrum
efficiency by exploiting the “white space” in spectrum. Nev-
ertheless, the secondary network should be configured appro-
priately to achieve its goal; otherwise the overall throughput of
the overlaid networks, i.e., the sum throughput of the primary
and secondary network, could potentially be hurt. In this work
we endeavor to quantitatively characterize the “appropriate”
secondary setting by investigating the overall transmission
throughput of decentralized overlaid networks with outage
constraints imposed on both primary and secondary networks.
Note that the primary outage constraint, which should be satis-
fied by both networks, only guarantees the minimal acceptable
performance for the primary network, and the actual primary
throughput depends on its instantaneous outage probability
and transmitter densities of both networks. Intuitively the
actual primary throughput may decrease due to the additional
interference incurred by the secondary network, and this loss
may not be compensated by the throughput gain achieved in
the secondary network. In [7] the secondary throughput was
optimized with respect to the secondary transmitter density,
while the primary one was ignored. The throughput ratio of
the overlaid networks to the stand-alone primary one was
derived in [6], with no analysis on whether this ratio is always
larger than 1. In contrast, our study yields a sufficient con-
dition for the secondary network configuration such that the
overall (transmission) throughput is boosted over that of the
stand-alone primary network. Additionally both the maximal
allowable secondary density and the optimal secondary density
maximizing the overall throughput are derived.

The remainder of this paper is organized as follows. The
system model is given in Section II, followed by discussions



on the allowable transmitter density region for the two overlaid
networks in Section III. The overall transmission throughput
is investigated in Section IV. Finally the conclusion and future
directions are provided in Section V.

II. SYSTEM MODEL

We assume the primary and secondary transmitters are dis-
tributed in the same two-dimensional plane, and their positions
are modeled as two stationary Poisson Point Processes; the
former is denoted by II! = {X,(i)} C R? with density
Aot and the latter by 11! = {X (i)} C R? with density
Ast. Primary (secondary) transmitter ¢ (j) is paired with a
receiver located at Y, (i) (Ys(7)). No cooperation between the
primary and secondary network is allowed and the common
assumptions about their intra-network communications are
given below:

o All the primary (secondary) transmitters use the same
transmission power P, (Ps), which supports a fixed
transmission range [,(ls). And the power ratio between
the primary and secondary network is denoted by 6 = %.
Concurrent primary and secondary transmissions are sim-
ply treated as interference. Thermal noise is assumed
negligible in this interference-limited scenario.

o For both networks large-scale path loss and small-scale
Rayleigh fading are considered. Particularly the channel
power gain for a communication link of length r is given
by g(r) = r~“u, where o > 2 is the path loss exponent,
and u is exponentially distributed with unit mean. The
Signal to Interference Ratio (SIR) at a primary receiver
Yo, To-distance away from its transmitter x,, iS given by

P,g(ro
SIR,(r,) = Ii#, (1)

where I, = Zxo(k)eng\{xo} Pog([|Xo(k) = yoll) (Uso =
>ox. e Psg([|[Xs(k) — yol])) is the sum of interfer-
ence powesr from concurrent primary (secondary) trans-

mitters, and || - || is Euclidean norm. The SIR at a
secondary receiver, STR;, is defined similarly as
SIRS(TS) :Psg(rs)/(js"_-[os)» 2)

where I; (I,s) is the sum of interference power from
concurrent secondary (primary) transmitters to a sec-
ondary receiver, rs-distance away from its corresponding
transmitter.

o The primary (secondary) transmission is successful if
the STR, (SIRy) is no less than a threshold T, (T5),
assumed fixed in our study. The transmission rate is
a deterministic function of this threshold R, = f(T5)
(Rs = f (Ts))

o There are outage constraints imposed on primary and
secondary transmission links, given by

Pr(SIR,(l,) <Tp) < €0, 3)
Pr(SIRs(ls) < Ts) < e, “4)
respectively, where [, and [ are primary and secondary

transmission range and €,(< 0.5) and es(< 0.5) are
predetermined small numbers.

o For convenience of analysis, it is typically assumed that
a primary (secondary) receiver is located at the origin,
which does not change the statistics of homogenous P.P.P.
according to the Slivnyak’s theory [11].

Remark 1: The settings of the primary network such as
its density and power are assumed fixed without considering
the accommodation of the secondary network. In contrast, the
secondary configuration can be tuned to improve the network
spectrum efficiency, provided the primary outage constraint is
satisfied.

In this decentralized framework, the metric transmission
capacity receives increasing interest recently, defined as the
maximum density of successful transmissions subject to an
outage constraint. In our study, we will mainly consider the
scenario where the transmitter density of a network is given,
and thus will use the term “throughput” to avoid possible
confusion. In particular, for a Poisson network with transmitter
density A, a typical link length r, a pre-determined SIR thresh-
old T" and transmission rate R, the transmission throughput is
defined as:

C(\) = RAX1—=0(\1)), (5)

where the outage probability d(\,r) = Pr(SIR(r) < T).
The transmission capacity with outage constraint € [9], [10]
is defined as C = RA.(1 — €), where A is the maximal
density satisfying the outage constraint, i.e., 6(Ac,7) = €. In
general, C' is different from maxy (C'(\)) subject to the outage
constraint d(A,r) < ¢, though they are close to each other
when € is small.

Remark 2: In overlaid networks, transmission capacity may
not be investigated directly since the maximal allowable outage
of the two overlaid networks may not be reached simultane-
ously. In contrast, transmission throughput is well defined in
either homogenous or heterogenous networks, while keeping
the spirit of the transmission capacity.

III. DENSITY REGION

Due to the primary and secondary outage constraints,
the primary and secondary transmitter densities are con-
strained; the corresponding feasible density region is defined
as {(Aot, Ast)}. Since the secondary network should remain
transparent to the primary network, it can be easily derived
from Lemma 3.1 in [12] that

—In(1—¢,)

)\ot < )\ot,m = )
K T212

(6)

where K, = m, regardless of the existence of the sec-
ondary network. The secondary network can be accommodated
only when Ay < Aotm; otherwise, there is no chance for a
secondary network to survive. Given Al = Aot — Aot > 0,
it is the secondary network that is responsible for satisfying the
primary outage constraint, as well as its own. To satisfy the
primary outage constraint, the secondary transmitter density

should be bounded above by:

Aot < Astom1 = 07 ANyt (7)



The derivation is given in Appendix A. Note that Ag 1 1S
proportional to the power ratio € and the “white space” A\;.

In order to satisfy the secondary outage constraint (c.f.
Appendix A), the secondary transmitter density should be
further upper bounded by :

)\st < )\st,mQ = Ast,TrL - /\0t62/a7 (8)

—In(1—ey)
K( 2/al2 b
secondary transmitter density in a stand-alone setting (c.f.
Eq. (6)), and the second term accounts for the additional
constraints from the primary network. Intuitively, with in-
creased interference from the primary network, the secondary
transmitter density needs to be decreased to maintain the
communication quality. From Eq. (8) an upper bound for 6

can be deduced:
/\S . a/2
0 < Omax = ( ;’t ) : ©)

Considering both Eq. (7) and (8) a feasible secondary trans-
mitter density should satisfy

where Agt = represents the maximal allowable

>\st S )\st,mm £ min(/\st,mla )\st,m2)~ (10)

Proposition 1: Agt mm achieves the maximum

when 0 = 0,,; = (i‘: e )2,

Proof: Given Aots Ast,m1 increases with 6, while Agt o
decreases with 6. Therefore Ast mm (Aot) is maximized when
)\st,m2()\ot) = )\st,ml()\ot)s which leads to gopt ()\Z : )a/2
independent of A,;. The corresponding maximum value is
obtained after 6, is plugged in. ]

An exemplary density region is shown in Fig. 1, where
T, =3,Ts = 2,1, = 1,7, = 08,6, = €5 = 0.05,a« = 4,
and 6 = 2. We can see that the lines of Ag ;1 and Age o
share the same slope —92/* = —\/2 with respect to A\, and
the density region is determined by Eq. (7) in this case. With
the increase of 6, the curve of Ay ,,,1 rotates around the point
of (Aot,m, 0) clockwise, while that of Ag¢ 2 rotates around the
point of (0, Ast,,) clockwise. When 6 = ( nbon )O‘/2 = 3.66,
two lines coincide (the dashed line in Fig. 1) and Astmm
(as well as the density region) is maximized. Note that the
maximal secondary transmission density can be interpreted
as the secondary transmission capacity when the (constant)
transmission rate and outage probability are left out.

In the following discussion, we assume all densities of
interest (A,¢, Ast) are within the feasible density region.

Ast,m
/\ot,nz AASt

IV. TRANSMISSION THROUGHPUT OF THE OVERLAID
NETWORKS

In this section we optimize the sum transmission throughput
of two overlaid networks, with respect to the secondary trans-
mitter density. Our investigation reveals two interesting results:
1) a sufficient condition for the secondary transmitter density
such that the overall throughput is larger than the throughput
of a stand-alone primary network; 2) the optimal secondary
transmitter density A7 * such that the overall throughput is
maximized.
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Fig. 1: An exemplary density region (Ay¢, Ast)

According to Appendix A, the outage probabilities for the
primary and secondary network are given by:

oMoty lo) = 1 — exp[—K T2/ %12 (A + Aot)],

1
stm

8s(Natsls) = 1 — exp[—K T2/ “12(A\t0?/* 4+ Agy)].

Thus the overall transmission throughput is given by:

62 = éo(Aot) + CVS(ASt)
== Rvot(]- - 60()\0157 lo) + Rs>\9t(

= Roorexp[—K T2/ *12(\

69(Astals))
st o /o 02/a + )\ot)]

+ R exp[— K T2 12 (Aot 4+ Aot)].
In the following we consider C5 as a function of Ay, Ca(Ast),
while fix all the other parameters. Note that Cy(0) > 0 is
the original throughput of the primary network before the
secondary network is deployed, and Ca()\s;) (Mg > 0) is the
sum throughput of the overlaid networks with Ca(00) = 0.
Our goal is to find out what conditions will guarantee that
there exists a Ag¢ > 0 such that Ca (M) > Co(0).
Define
2/a
d=——3 7R, , (11)
Ko To " 12X\ 0t Ry exp(02/2a) 1)

where a = —K,, Tg/al2 + Kan/alf. Our main result is

092/
summarized as follows.

Theorem 1: For any feasible primary and secondary trans-
mitter densities, if d > 1 the sum transmission through-
put is augmented over that of the stand-alone primary net-
work. And the overall throughput is maximized by A%/ b=
min(As¢,mm, A5;), where A%, is the solution of (12), and
Ast,mm 18 given in (10).

Proof: Given that C5(\;) is a continuous function of A,
and Co(0) > 0 while C3(c0) = 0, if there is a single stable
point in the range Ay € (0,00), this point must be a local
maximum. Taking derivative of Cy(\4) on Ay and setting it
to zero, we get after some calculation:

exp(aist) = gt + d, (12)
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Fig. 2: when d > 1, there is only one solution.

where a is given in Eq. (11) and
—T2/*129%/* R,

7oy < 0. It can be shown that Eq.

Ty “12X0t Ro exp(02/“aXot)
(12) has one single positive solution when d > 1, as
illustrated in Fig. 2. In contrast, there is no positive solution
when d < 1,¢ < a, as illustrated in Fig. 3. The remaining
case, d < 1,a < ¢ < 0, is more complex, and so is not
further discussed (see Fig. 4 for an illustration).

In summary, d > 1 is a sufficient condition for the im-
provement of the overall transmission throughput per unit area.
Considering the outage probability setting for both primary
and secondary network, the total throughput is maximized by
setting Mgy = min(Asg mm, A5 [ ]

Fig. 5 shows the overall throughput for different secondary
transmitter densities. The common network setting for these
two sub-figures is ¢, = 0.1,¢, = 0.1,7, = 3,15 = 3,1, =
1,R, = log(l1 + T,),Rs = log(1 4+ T5), Aot = 2/3Not,m-
0 =2/, =05 and § = 04,l; = 2 for the left and right
sub-figure, respectively, corresponds to d = 23 and d = 2.9,
both larger than 1. We can see that, in both cases, the overall
throughput increases with the secondary transmitter density
(note \°P* = Ast.mm for both). Moreover the right sub-figure
implies that it is feasible for the secondary network to accom-
modate long distance transmission (I; > [,,) with higher power
(6 < 1) in practice, as long as the primary outage constraint
is satisfied. In contrast, Fig. 6 demonstrates a ‘bad’ network
setting where €, = 0.4,¢;, = 04,7, = 3,1, = 3,l, = 1,1, =
2, R, =log(1 +Tp), Rs = log(1 + T5), Aot = 2/3Aot.m and
6 = 0.03. In this case d < 1, and it is shown in the figure
that the throughput decreases with the secondary transmitter
density. Although the network setting in this example may
hardly be adopted in practice, it indicates that an inappropriate
configuration could hurt the overall network throughput.

Among secondary parameters, I, Ts(R) and € are usually
application-specific. Thus, the power ratio 6 becomes a vital
parameter to determine the secondary or overall throughput.
In the following, we endeavor to specify the power ratio range
© such that d > 1. Set z = %/ and rearrange d as a function
of x:

C =

- R, T
- Nexp(—N)R, exp(Mz)’

d(x) (13)
where N = K T2°12A,; and M = K.T?*12\,. By
checking the first and second differential of d(z), we get its
properties as follows: 1) d(z) is maximized at z* =
2) d(x) is concave when x < 2/M and convex, otherwise.
Therefore if d(z*) > 1 there exist x1,22 (1 < 2% < x3)

A, +d
O+ epla,)
eglad,)
[\ N A
d<l c<a<C d<l a>(
@)
A, +d
A+ )
RS | A
d<1l c=a<0 d<l a=c>0

Fig. 3: when d < 1, ¢ < a, there is no solution.
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Fig. 4: when d < 1,a < ¢ < 0, there is zero, one and two
solutions.
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such that d(z1) = d(z2) = 1 and d(x) > 1, Vo € (21, z2).
Since «x is a monotonically increasing function of § for 6 > 0,
we can conclude that if d > 1 at 0* = 11, there exist 01,
0y (01 < 0" < 6) at whichd=1,and d > 1, VO € (91,02).
Letting 6,,;, = 61 and noting that 6, < 6" for e, < 0.5 (see
Eq. (9)), we have © = (Oin, Omax) if Omin < Omax; otherwise
0= ¢.

The lower bound of ©, 6,,;,, does not admit a closed-form
expression. In the following we derive two analytical upper

bounds 6/, and 67/, . for Oiy.
Proposition 2: Oy, < 00, < 6., where Q;I?n =
New=MR Y2 g gr (2n0-c)(-e)r, )
(1—es)Rs > and by = R.(1—€q) .

Proof: 1t is desired that
d>1 & Nexp(—N)exp(M6¥*)R, < R0,

where NV and M are given after Eq. (13). According to Eq. (15)
the secondary outage probability 6(0,1s) < 0(Ast,ls) < €5
for @ < Omax, which leads to exp(M6?/*) < 2. 0/, is
thus obtained. Consider the function y(N) = N exp(—N).
It is easy to check that y(N) monotonically increases with
N when N € (0,1). According to Eq. (6) and its following
discussion, N < —In(1 —¢,) < 1 for €, < 0.5, which results
in y(N) <y(—In(l —€,)). Then 6/, < 6. isproved. W

In summery, in order to design an optimal secondary net-
work, in terms of overall throughput, the following procedures

may be taken:

1) choose I, T, and €, so that d > 1 at 6 = O,y

2) choose 6 € [0, Omax);

3) find the optimal transmitter density according to The-
orem 1, and calculate the corresponding maximal
throughput;

4) repeat 2) and 3) until the maximal throughput is ob-
tained; an exhaustive search on power ratio may be used

if applicable.

V. CONCLUSIONS AND FUTURE WORK

We have made some quantitative study on the transmission
throughput of the overlaid networks subject to the outage
constraints on both the legacy network and the secondary
network. The feasible region of the primary and secondary
transmitter densities is explored and the maximal allowable
secondary transmitter density is derived. As our main contri-
bution in this paper, a sufficient condition is obtained for the
secondary setting such that the sum throughput of the primary
and secondary network is improved over that of the stand-
alone primary network. As part of our future work, we plan
to explore multi-hop transmission throughput in secondary
networks.

APPENDIX A
DERIVATION OF OUTAGE PROBABILITY

Overlaid with the secondary network, the probability of
a successful primary transmission, Pr(SNR,(l,) > T,), is

given by:

P,y
P 2o | >1T,
() =)

Il
g
-
/7~
S
vV

I
=
~
/\bﬂ
I
N——

where I = I, + I,,, with pdf f;, and v (¢) is the Laplace
transform of f;. Due to the independence of I, and I,

’ T2\ T,lo T2
"\ P, - P, P,

Yr, ( )t ( ) (14)

P 2/a
exp —KaTOZ/Oélg Aot (J;) + Mot ||,

where 5 (i) = exp [fKa)\ot(Poi)Q/o‘], vr,, (1) =
exp [—Ka/\st(Psi)Q/ﬂ (K, is defined after (6)). Eq. (7) is
obtained by solving Pr(SNR,(l,) > Tp) > 1 — ¢€,.

Following the same line above, the outage probability of the
secondary network can be calculated as follows:

Pour™®
Pr{=2— <T,
' (IS FIps = )

P 2/«
= 1l-—exp —Kan/ar2 Aot <PO> +Xst ||,

S

I(Ast,T) (15)

where r is the transmission distance between a secondary
transmitter and its corresponding receiver.
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