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Abstract —In this paper, a variational message passing frame-
work is proposed for Markov random fields, which is compu-
tationally more efficient and admits wider applicability com-
pared to the belief propagation algorithm. Based on this
framework, structured variational methods are explored to
take advantage of both the simplicity of variational approxi-
mation (for inter-cluster processing) and the accuracy of ex-
act inference (for intra-cluster processing). Its performance is
elaborated on a Gaussian Markov random field, through both
theoretical analysis and simulation results.
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less networks

I. INTRODUCTION

Distributed inference is the primary task of a wide range of wire-
less networking applications, like localization, tracking and time
synchronization. In general, the objective of distributed inference
is to compute marginal posterior probabilities through local inter-
actions among nodes, given a set of observations and some un-
derlying graph model. Message passing algorithms, like belief
propagation (BP) [1], are attractive for distributed inference in
wireless networks (WN) due to their energy efficiency, robust-
ness and scalability [2]. However, BP and related algorithms are
known not always to converge in general cyclic graphs, and com-
putationally intractable when continuous variables are involved.
Although sampling methods can be used for approximation, they
are computationally intensive, stochastic in nature and difficult to
analyze.

Variational methods [3], an alternative for approximate inter-
ference, involve the minimization of the Kullback-Leibler (KL)
divergence between the target probability distribution and some
“simpler” variational distribution. Being a deterministic approach,
they are amenable to analysis, computationally efficient, and ad-
mit wide applications regarding the underlying models, whether
acyclic or cyclic, discrete or continuous. Variational message
passing (VMP) was studied in [5] for directed Bayesian networks.
In this paper, we derive a variational message passing framework
for Markov random fields (MRF), which arguably assumes cer-
tain advantages in modeling wireless networks. In particular, we
formulate explicit message passing rules for distributions in the
exponential family, which covers a large class of probabilistic
models.

Distributed inference on a flat infrastructure enjoys the bene-
fits of simplicity and uniformity in message formation, while
higher accuracy and faster convergence can usually be achieved
by organizing the whole network into a more structured one.
However, structured variational approaches are mainly studied in
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the artificial intelligence area [7], and little consideration is given
on their applications in real networks. In this work, we further
investigate exploiting substructures of networks to improve varia-
tional methods in real systems. Thus the simplicity of variational
methods and the high accuracy of exact inference algorithms can
be exploited simultaneously. To our knowledge, this is the first
work to explicitly apply the structured variational methods for
distributed inference in wireless networks.

The rest part of this paper is organized as follows. Section |1
formulates the general variational method and derives its message
passing form for MRF. Structured variational methods are pro-
posed and analyzed in Section Ill. Section IV presents some sup-
porting simulation results. Finally, concluding remarks are given
in Section V.

II. VARIATIONAL MESSAGE PASSING IN MRF
A. Variational Method and Mean Field Approach
Assume X =[X,...,

y=[Y,,.-, Yy 1 is the observation (M is not necessarily equal to

N). The basic idea of variation methods is to approximate the
posterior probability P(X | y) with some variational distributions

Q(X) by minimizing the KL divergence between them:
Q(X)
KLQIIP)= [ Q(X)log Box ) ™ = Q- (108PX 1Y)y @)
Where H(Q) is the entropy of Q(X) and ( ),
pectation with respect to Q(X) . Clearly the best candidate is

Q' (X) = arg(rp)ax{(log P(X | y))Q(X) +H(Q)} . 2

One simple and widely adopted form for variational distribu-
tions is to assume all variables are independent:

Q0 =[x, @3

which is also referred to as the mean field (MF) approach. This
approach yields

(log P(X | ))q, +H(Q)
= [, ITQ(X)1ogP(x | )aX - [, TTQ, (X)X ogQ (X, )X (4

= [, QX {I0gPX ) g, X4 +HQ)+ D HQ).

izk

X, I is an N-dimension random vector and

refers to ex-

It is easy to verify that maximizing the objective function in (4)
with respect to the marginal Q,(X,), vk, gives the standard

Gibbs’ distribution through the following set of fixed-point equa-
tions [3]

logQ; =(log P(X | y)>1‘[. o (x, Heonstant terms , k=1....,N . (5)

B. Variational Message Passing in MRF



Among well known graphical models, Markov random fields
exhibit certain modeling convenience for wireless networks, as
they can be conveniently mapped to real communication graphs
[8]. A pairwise MRF! is an undirected graph (V,E) with maxi-
mum cliques of size 2, where each node i€V is associated with a
random variable X, . Define for each node a local potential func-
tion ¢(X,) , and for each edge (i,j)eE a compatibility func-
tion y; (X, X;), the Hammersley-Clifford theorem [1] indicates
that the posterior probability admits the following product form:

1
P(X|y):_H¢i(xi)HWi,j(xivxj)v (6)
Z ieV (i,j)eE
where Z is a normalization factor (called partition function in
physics).

The exponential family includes a variety of commonly used
distributions in practice, like Bernoulli, Poisson and Gaussian [4].
In the following, we assume that both the potential functions {¢#}

and the compatibility functions {y,;} take this form, given by
¢|(Xi’Y)OceXp{eiTni(xi)"‘gi(ei)}' ()
‘//ij(xiixj)OCexp{eiTjnij(XiiXj)+gij(0ij)}’ 8)
where 0 ’s andn’s are usually referred to as the natural parame-
ters and sufficient statistics, respectively.

To facilitate variational message passing, rearrange
0im; (X;,X,) interms of X, :
eiTj']ij(xivxj):(elij)Tn'ij(xi)1 €))

where 8'; may be a function of X .Letq, (X;) be the union of suf-
ficient statistics n;(X;) and n';(X;) , then the corresponding
terms in (7) and (8) can be rewritten as

O-irni(xi)zé-irﬁi(xi)v (10)

eiTj'lij(Xi’Xj)=(9'ij)T'l'ij(Xi)=éiij]i(Xi)- (11)
We call {éi} and {6”} the extended natural parameters and

{M,(X;)} the extended sufficient statistics.

After some derivation (omitted in the interest of space), it can

be shown that the optimal mean-field approximation Q" is also a

member of the exponential family with sufficient statistics
1; (X;) and natural parameter vector

0 =(6 >]‘[Mo;(xk) " er: (®, >]‘[Mo;(xk) ’ (12)

where T, stands for the neighboring node set of node i. Noting

=0, and <§ij> we can obtain

<0i >Hk:iQk(xk) HkaiQk(Xk) - <eij >QJ(XI) '
the iterative variational message passing rules in MRF for the
exponential family as:
H H . mn _/a .
e Messaging passing: m _<9ij >ogH>(x,) ;

joi

e Parameter updating: 6" =6, + > m{", .
jeT

III. STRUCTURED VARIATIONAL METHODS FOR DIS-
TRIBUTED INFERENCE IN WN

A. Structured Mean Field

! MRF with higher order cliques can always be converted into an equivalent pair-
wise MRF.

Although attractive for its computational simplicity, the naive
mean field approach may not yield sufficient accuracy or fast
convergence due to the independence restriction on variational
distributions. A natural idea for improvement is to integrate exact
or more accurate probabilistic inference algorithms with the naive
mean field method, if some probabilistically tractable substruc-
tures (clusters) can be identified. This approach is referred to as
the structured mean field (SMF) method [6].

Given s clusters identified by some means, denoted as
C,,...,C,, the variational distribution Q for the SMF approach

factors across the clusters as
Q=[]QXs). (13)
i=1

The inter-cluster message updates resulting from the SMF ap-
proximation are analogous to the naive mean field method, which
can be established through our previously proposed variational
message passing framework. Intuitively we can interpret the SMF
method as an MF approach over “mega variables” X . Within a

cluster, any exact or more accurate inferencing algorithms can be
applied, like the junction tree method or (loopy) belief propaga-
tion. As the cluster size increases, exact algorithms are performed
on more nodes, which will result in a better approximation, while
this also inevitably increases the computation burden. So it’s im-
portant to choose appropriate cluster sizes to balance approxima-
tion accuracy and computation complexity.

SMF also requires some overhead for clustering, which can
be done before the network setup and can be adjusted during net-
work operation when necessary. We have designed a distributed
clustering scheme suitable for wireless networks, explicitly con-
sidering nodes’ energy and correlations, whose details are omitted
here due to space limitations.

B. Distributed Inference in Structured Gaussian Markov Ran-
dom Field

We elaborate the structured variational method in a Gaussian

Markov random field, which is a widely adopted model for dis-

tributed inference in wireless networks.

Assume X is a Gaussian pairwise Markov random field and

each node is only associated to a spatial component X, of it.
Each node makes a noisy linear observation
y.=Hx+e¢,i=1--- N, (14)

where channel gain H; is assumed known, and noise ¢; is Gaus-

sian with zero mean and variance R =o”°.

The prior marginal (assumed the same for all nodes) and
joint correlation functions are formulated as®

p, (%)= Wﬁl(ﬂs /UsZ ’1/0-82) ) (15)
pij(xi'X') :Wil(Yij/‘s[lnl]Tinj) , Jely, (16)
where
) :;{ 1 _p”} 17)
Vooi-p)-e 1]

We adopt belief propagation for intra-cluster inference, for which
clearly the messages and node beliefs are all Gaussian distributed.

Z Let Z ~ & (u,Z) be a Gaussian random vector with mean x and positive definite
covariance ¥ . One can define a new set of parameters (6,A) by 6=3"u ,
A =X, and alternatively denote Z ~ & *(6,A) .



Assuming the message mi(j”) and the belief b are parameter-
ized by
My} ~ aL(gm AM M (y) ~ ar-L(g™ WO
mg” (X) Wl(gij AY) and BV (x) ~ V(g W)

we have obtained the updating rules as [8]

o _ P (4 + Zieran O + s Jo L+ py)) s (1)
J 1+03 (1_pi?)(vi +Zkel'i\{j}Af<?7l)) oL+ py)
w_ Vit X wAG Y +Y ot

b l+oi-p)) (Vi + Therp Al )

with
#=Hyl 0" +(@-IT, Das [0 19)
V= Hi2/0'2 +(@-|T, |)/O'szv
and
{ qi(n) =M+ stri ‘9k(in) (20)
Wi(n) =Vi + stri Aﬁ?)'

In the following, we discuss inter-cluster message updates. In
a clustered graph, the posterior probability can be reformulated as

1
P(X |y):_H¢ci(Xci) H '//ci,cj(xcilxcj)v (21)
Z C;eC Cjelg
where C ={C} denotes the entire cluster set, and T is the col-
lection of Markov blanket clusters (MBC) of C,. MBC are de-

fined as the neighboring clusters that intersect with the Markov
blanket (MB) of clusterC,, MB(C;), which is the set of nodes

outside of C, but connected to some nodes inC,. Fig. 1 gives a
conceptual illustration for MB and MBC.

Fig. 1 Markov blanket (shaded nodes) and Markov blanket clusters (shaded
clusters) for Cluster C;. (reproduced Figure 1 in [7])

Regarding the clusters as “mega nodes” and following the
line of [5], we can represent the extended natural parameters of
the cluster potential and cluster compatibility functions as

0, ={y,/20%,ieC} andb. ={-p;X;/2ieC jel}.
(22)
By substituting (22) into the variational message passing rules we

derive in Section 11.B, inter-cluster updating can be readily ob-
tained for the “gateway” node i in the cluster C, as

(M) _ D _ 2 -0\t -1
Vi’ =Y, -0 Z Pi (Wj ) q; .
jeMB(C;)

That is, gateway nodes use the estimates of their neighbors in the
Markov blanket to “update” observations, and use these “new”
observations for the next round intra-cluster inference.

(23)

C. Convergence Analysis

Combining inter- and intra-cluster updates, we can see the inverse
variance updating in belief propagation is independent with the
MF approach. Define function (c.f.(18))

_ Vi + Zierip A +]/Gsz

1+ os (1—,05)(Vi + 2kerngiy A ) ,
where A =[A;]e R*¥ (i, j) € E , then we have
F;(A) is continuous,
forA, >0, V(i, j) eE.

Proof: Following the approach in [9], define function

f(x)=

Fy (A) (24)

Lemma 1: monotonic and bounded

a+x 1 (a_ﬁj 1
B+yx ¥ y)B+yx’
where a =V, +1/0? , f=1+0i(1-p}V,, y =0l(l-p]). Since

(25)

Uy>0anda—pBly=-p;llo;(1-p;)]<0, it's straightforward
to verify that f (x) is continuous, strictly increasing and bounded
by (0,1/y) . This leads to the convergence of the inverse variance
iteration. ]

It is observed that the inverse variance iteration converges
much faster than the message mean iteration. So we can allow the
inverse variance iteration within every cluster to run first till the
variance is sufficiently low. In the following, we analyze the con-
vergence of the mean iteration under this assumption.

Without loss of generality, we assume g5 =0, then the mes-

sage mean iteration in Equation (18) can be rewritten with the
conventional parameter pair ( z; , Z; ) as (c.f. footnote 2)

n -\t (-
Ei(j )pij (Hiyi /o +ZkeN(i)\{j}(2ii l)) /uéi 1))

n-1)\t '

l+og (1_pi]?)(Hiz lo® + ZkeN(i)\{j}(zﬁi 1)) )
(26)

where 1" =[] e R¥ 50 =[50 V] e R¥™ (i, ) € E.

Lemma 2: G; () is a contraction mapping.

#ﬁ”) = Gij (ﬂ(n_l)) =

Proof:
2 2m 2 (-1 \t )

Let K™D — 0 Os (@ pij)<zki ) (n _ zij piniyi

kiv(jy — 2 2112 2 v Jip T T2 2192 2y !
o +osH; (1_/3"') o +ogH, (l_pij)
2.(.")/)..
and v{" =—-—- then Equation (26) can be reformulated to
os(1- Pi )

(n) (n) (n-1)  (n-1)
Yij© T U Z Kiv; i

keN(i)\j

1+ > KLY

keN(i)\]

/ui(jn) = Gij (/J(nil)) =

(27)

) - 1 i _ 7 }
DEfIne )/ign Y :—M y D(n D = d|ag(7/(n 1))6 RZ‘E‘ Z‘E‘ ,
1+ > Kag
keNDOWi}

V® = diag (v ) e R and y" =[y"] e R’ Further de-

fine a stochastic matrix P e R2%%E with

Ks(?e_')lt)i(e')\{d(e)} v v

- VR , s(e)=d(e") buts(e") =d(e)
Pe’ = s(e)d(e)\d (&)}
’ e"s(e")eN(s(e))\d(e)
0, otherwise.

(28)

The iteration (27) can be written in a vector-matrix form as
4" = DOy 4y ® (, _ D(n—l))ﬁ(n—l)ﬂm—l)’ (29)



which leads to
[et-elul, =V (1-D2)Pe (u-s)

< (1-072)(u-u)

o

” (30)
=V (1= )] (-,
<nf(u=-w),

with7 <1. The last inequality comes from the fact that for suffi-

A 1
oll-pp) =
maximum-norm contraction mapping and hence has a unique
fixed point. This proves the convergence of the mean in Gaussian
belief propagation. O

Now taking inter-cluster updating into account, the change in
observations (23) will only reflect on y™ , which will be can-

celled out inG; (1) —G; (1) . So Lemma 2 still can be applied. In

conclusion, we have:

Theorem 1: In a Gaussian MRF, the structured variational
method using Gaussian BP as the intra-cluster inference algo-
rithm converges.

IV. SIMULATION RESULTS

We compare the performance of BP, MF and SMF on the same
network. Note that BP and MF can be viewed as the two extremes
for SMF, with one cluster, and clusters of size 1, respectively. We
consider a Gaussian MRF estimation as discussed in Section 111.B,
and adopt a similar simulation setting as in [10], with 150 nodes
being randomly distributed in a unit plane. The estimation mean
square error (MSE) is used as the comparison metric, defined by

MSE =&, [ /][, (31)
with X denoting the estimation vector at the mth iteration,

and X being the exact estimation (the MMSE solution).

Fig. 2 compares the convergence rate of these three ap-
proaches, where the number of clusters is set to 65 and 15 respec-
tively for SMF. The results verify that BP converges faster than
the other two. But we also observe that even when the network is
divided into very small clusters (65 clusters, corresponding to 2-3
nodes per cluster on average), SMF can still significantly speed
up the convergence; in this case there is not much increase in
computational complexity as compared to MF. A fairly large
cluster size (15 clusters, corresponding to 10 nodes per cluster on
average) achieves almost indistinguishable performance to that of
BP.

ciently large n, ie. vV <1.Thus, G(u) isa
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Fig. 2 Mean square error of estimation versus iteration number

Another important factor for wireless networks is the energy
consumption. This comparison is illustrated in Fig. 3, where we
assume for simplicity that the communication energy is propor-
tional to the message complexity, and the computation energy is
neglected. Note that compared to MF, BP exchanges more mes-
sages per round but converges faster. It is interesting to observe
that for this simulation setting SMF consumes the least communi-
cation energy to obtain the same estimation accuracy, which indi-
cates its potential superiority in practice.

10%}
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...

Mean Square Error
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Fig. 3 Mean square error of estimation versus communication energy

Fig. 2 and Fig. 3 also indicate that an appropriate cluster size
should be selected for SMF depending on applications, involving
tradeoffs among estimation accuracy, convergence rate, computa-
tion complexity, and energy efficiency.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we develop a general variational message passing
framework for distributed inference in Markov random fields.
Structured variational methods are explored to achieve a nice
tradeoff among various aspects of system performance and com-
plexity. Our future work includes exploring its application in
other scenarios (e.g. non-linear estimations) and more in-depth
analysis.
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