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Abstract

Distributed computing in an N-node noisy broadcast network is considered. Each node holds an n-bit integer as an
input instead of a binary input assumed by most work in literature. The goal is for all the nodes to find out the K
largest values with fault tolerance Q. We focus on protocol designs for the K = o(N?) scenario, and investigate
the communication complexity, i.e., the total number of broadcasts, with respect to various parameters: N, n, K. In
particular, we show that the goal can be achieved by an oblivious protocol of complexity O(nN log g), admitting
linear growth with n and N and sublinear growth with K.

I. INTRODUCTION

How to perform reliable computation among distributed nodes through noisy communication is a critical
issue for emerging wireless networks. In particular, noisy channels impose challenges to traditional designs
of communication protocols. If nodes still follow the noiseless-channel protocols, they will lose consensus
on execution due to discrepancy in individual interpretations of the transmission history, which almost
surely leads to a failure.

While in certain applications such as continuous field monitoring [1], the classical block coding approach
of information theory can be pursued, in many scenarios it is not directly applicable, either due to the fact
that each node holds only finite bits [3], or the dynamic nature of interactive communication [9]. There
is also an error propagation issue for the latter. In general increase in complexity is inevitable for noisy
channels even if constant error tolerance is allowed. For a noiseless-channel protocol with communication
complexity (in terms of the total number of communication bits) of m, one could repeat transmission
of each bit O(log(m/Q)) times and take the majority of the results; this approach, termed standard
amplification in literature, leads to a noisy-channel protocol of complexity O(mlog(m/Q))) with error
tolerance (). Obtaining protocols with less increase in complexity, especially O(m), is highly non-trivial,
and in some cases impossible.

For noisy channels, it is also required that the protocol be oblivious, i.e., the transmission schedule of
nodes is pre-determined, independent of initial inputs and the transmission history; this avoids contention
and out-of-order execution.

In this paper, we will focus on a noisy broadcast network. Communication complexity of distributed
computing in this setting was first considered by El Gamal in [2], where each of the N nodes, holding
one binary input, can broadcast to all others through independent binary symmetric channels. Gallager
presented a protocol of complexity O(N loglog N) (suitable to compute any functions) [3] , which was
shown optimal for the identity function (i.e., the entire input) in [4]. In [5], Yao posed the question whether
there exist nontrivial Boolean functions that can be computed with O(V) broadcasts; this is answered in
the affirmative for the threshold functions in [6] with the independent and identically distributed (i.i.d.)
random noise model, and in [8] for the OR function with the more realistic (and more general) adversarial
model (where a "benign” adversary is allowed to arbitrarily reduce the error probability of each link at the
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beginning, or even dynamically cancel any errors on the fly, so as to prevent the protocols from exploiting
the stochastic regularities of the previous i.i.d. model).

While most work in literature focuses on computing Boolean functions of binary variables, in this paper,
we extend the study to find the K largest integer values (n-bit each), and devise a protocol of complexity
O(nN log(K/Q)) with error tolerance (). For constant K, this is another nontrivial function admitting
linear complexity (while dealing with non-binary input and output).

Our study is motivated by distributed scheduling in wireless networks. A typical scheduling policy
is based on the comparison of certain priority weights, e.g. the product of queue backlog and success
probability in [11] or packet deadline in [12]. While in some circumstances, only the node holding the
largest metric obtains the right of transmission, it is more general to consider the K largest metrics
simultaneously. For example, there may not be a clear cut in metric comparison; if there are K > 1
communication channels available, it may be more efficient to schedule multiple transmissions simulta-
neously. As another application, the scheduler may need to consider multiple factors to make a decision,
including the queue length, packet deadline, link condition, etc. A possible scheduling policy is to find
out a set of /1 nodes holding largest values in one factor and another set of K5 nodes holding largest
values in another factor. The node(s) in the intersection of these sets are given the right to transmit.

The remainder of this paper is organized as follows. the system model and some preliminaries are
given in Section II. The special case, computing the max function, is first treated in Section III. General
protocols for finding the K largest integers in a noisy broadcast network are presented in Section IV.
Some discussion about the computation of the mother function, the identity function, is given in Section
V. The conclusion and future directions are provided in Section VI.

II. SYSTEM MODEL AND PRELIMINARIES
A. System Model

We assume a broadcast network of size N. Each node ¢ € {1,..., N} holds an n-bit integer x; and the
goal is for all nodes to find the K largest values (together with their holders), according to a protocol
known to all. The network is synchronized and each node broadcasts one bit ! in a predetermined schedule.
Each broadcast bit is received and identified by all other nodes, through binary symmetric channels. We
adopt the adversarial noise model, so the error probabilities on each link and at each slot need not be
identical, but just independent and bounded above by a constant e.

Given an upper bound on the noise level €, and an error tolerance level () for the protocol, we would
like to design protocols that are efficient in communication complexity, i.e., the total number of broadcasts.
As a common practice for studies in this area, we will focus on the scaling law of this metric with respect
to various parameters: /N, n, K. Clearly we prefer linear or sub-linear growth, rather than super-linear
growth. Note that the exact values of ¢ and () are not important. By the standard amplification approach
mentioned in the introduction, any smaller constant value only incurs a constant multiplicative factor in
the final complexity result. In our following analysis, therefore, e can be assumed arbitrarily small (but
constant) if needed.

B. Overview of Results

Depending on different relations between the system parameters, simpler protocols exist in some scenarios,
and sometimes more efficient protocols can be designed with some efforts. We start by considering different
values of K.

e« K =0(NP) (0 < < 2/3): This is our focus. We will start from K = 1, which admits simpler
designs and yet provides some insights into the more general scenarios.

IThis is a common assumption in the study of communication complexity, since the focus is on total number of communication bits.



— K =1 (Section IIT): We differentiate two cases, n = 2(log N) and n = o(log V), the former of
which admits a simple O(n/N) protocol P; that applies to a general K as well. For the latter,
we present a broadcast protocol P, with complexity O(max(n,log é)N ).

- K = w(1) (Section IV): We focus on the case n = o(log N). Obviously, we can repeat the
protocol for the max function above with error tolerance (/K for K times to obtain one with
complexity of O(max(n,log g)K N). We endeavor to develop a protocol P3; of complexity

O(nN log %), which is uniformly superior for all N,n and K = o(N¥).

o K = Q(NP)2: This is less interesting. Sorting algorithms in literature [15, 16] can be transformed into
a noisy broadcast protocol following a similar approach given below, with complexity O(nN log %)
From discussion of Section V, it is more efficient to directly evaluate the identity function in this
scenario.

Note: As a common approach, we designate a head node in the network, Hj, to coordinate the protocol
execution. This node takes (much) more responsibility besides its normal role as other nodes in the
protocols. The final step of our protocols is to have H, broadcast the results to the whole network (with
the desired fidelity). This typically suffices the need; e.g., the nodes who hold the largest values get the
right to transmit and others hold back. If the corresponding nodes’ identities are also desired, we can
allow extra O(K log N) broadcasts either from the head node or the winner nodes, which are negligible
compared to the main results above.

The following notations are used in the remainder of this paper:

o C'y: the complexity of a protocol.

« ey: the probability of a protocol fails.

C. Preliminaries

We first introduce two known results. The first is a generalization of the Chernoff bound.

1) Hoeffding inequality [13]:
Lemma 1: Let X; (1 <i < n) be n iid. random variables over the interval [a, b]. For the sum of these
variables S = >""" | X, we have the inequity

2ns2

P(S—E(S)>nd) <e v, 6>0.

2) Constant-rate, Constant-fraction Minimum-distance Codes [4, 14]:

Lemma 2: For v € (0, %) there is an integer C; = C'i(vy) such that for each positive integer n, VC' > (1,
there is a binary code I, of size 2" and length C'n, such that for all v,w € I',, with v # w, the hamming
distance d(v,w) > vCn.

Based on the above facts, the following result can be derived, which will be extensively used in our
protocol design.

Lemma 3: With O(n) broadcasts over a binary symmetric channel (with error probability bounded
above by a constant €), an n-bit integer can be correctly received by each node with probability of at
least 1-27°", Yo > 0; with O(max(n,log N)) broadcasts it can be correctly received by each node with
probability at least 1 — 5=, Vo > 0.

Proof: The proof follows the lines of Observation 2.1 in [8]. According to Lemma 2, we encode
the n-bit integer by a codeword v € I',, with length Cn. A receiver gets a noisy copy v’ of v and decodes

it as w € T, which minimizes d(v’,w). The decoding error is upper bounded by P,(d(v,v) > 1vCn),

*We assume K < N/2; the case K > N/2 is equivalent to finding the N — K smallest values.



which, by Lemma 1, is bounded above by exp(—2(37 — €)?Cn). Setting v = 4e, this value is at most
2= for C' > ozelz, Yo > 0.

Further more, if n > log N, 279" < ﬁ Therefore taking O(n) broadcasts, the integer can be received
correctly with probability at least 1 — ﬁ If n < log N, we can pad it to the length log /V. [ ]

ITI. PROTOCOL FOR COMPUTING THE MAX FUNCTION

In this section, two protocols P; and P, are proposed to evaluate the max (/X = 1) function with fault
tolerance (), one for n = Q(log V) and the other for n = o(log N).

A. n = Q(log N)

1) Protocol Pq:

(1) Each node encodes its value (n-bit) into a codeword of length O(n) and broadcasts the codeword
once. The head node H decodes all the codewords and finds out the largest value.

(2) Hj encodes the largest value into a codeword of length O(n) and then broadcasts the codeword.

2) Analysis:
Theorem 1: The complexity of P, CX' = O(nN).
Proof: 1t’s easy to check

CN' = O(nN) + O(n) = O(nN).

]
Theorem 2: The error probability of P, eﬁl <Q.

Proof: According to Lemma 3 and the independence of the communication links, at the end of
phase 1 all the codewords are decoded correctly by F, with probability at least 1 — ﬁ for some a > 0.
Similarly, at the end of phase 2 the probability that all the other nodes correctly decode the max value
broadcasted from H, is at least 1 — # Thus, eﬁ,l < % < (@ for suitable «. [ |

Remark 1: The protocol P; also applies to the general K (> 1) scenario after simple modifications.
Namely, after decoding the N codewords, H, finds out the K largest values and concatenates them
into a word, which is then encoded into a codeword of length O(nK) and broadcasted. Following the
same analysis, the complexity is still O(n/NV) and the error tolerance is bounded above by (). The same
conclusion holds even for the identity function.

B. n =o(log N)

When n = o(log N), by the second part of Lemma 3, we can modify P; to obtain a protocol of
complexity O(N log N ). In the following, we present a protocol P, with error tolerance () and complexity
O(max(n, log é)N)

1) Protocol: The intuition behind the protocol P, comes from the sports competition [8, 16]. Assume
N teams participate the game. In the first round, N teams are partitioned into groups of equal size and
each team competes with the other teams in the same group. The winners go into the next round and are
grouped again. The competition continues until the champion stands out in the final. For simplicity, we
assume N = 4% for some integer k. The protocol P, is defined recursively (on the size of the network)
as follows.

Protocol Py: Assume that N nodes are divided into N/4 groups, each of size 4.
(1) Each node encodes its integer into a codeword of length O(max(n, log é)) and broadcasts it.

3A naive protocol with complexity O(nN log(%)) would be to repeat each bit O(log(%)) times and decode it by taking the majority.



(2) For each group, H, compares the four values and determines the index of the maximum value. And
then H, concatenates the N/4 indices (2 bits for each) into a word, which is encoded with an error
correcting code of size O(N/4) and broadcasted.

(3) Let J be the set of winning nodes in (2). The protocol proceeds by executing P, on J for 3 times.
In each time, the head node H, obtains a nominal max value (the result from one execution of the
protocol on N/4 nodes); it takes the majority as the result for the protocol on N nodes.

To complete the description of the protocol, consider the execution on a group of N = 4 nodes. First,

phase 1 above is executed. Then H, decodes each codeword and determines the largest one.

Py ends up with H knowing the maximal value. To share it with others, , employs a code of length
O(log N). The protocol Ps is non-oblivious. In Section IV-B, we’ll discuss a general approach to translate
a non-oblivious protocol to an oblivious one.

2) Analysis:

Theorem 3: The complexity of P, O3> = O(max(n, log %)N ).

Proof: Clearly, when N = 4, C1? = 40(max(n, log %)) Assume that C72 < 4mO(max(n, log Q))
then*

1
C’Zf1 = 4mO(max(n,log é» + 3052
< 16mO(max(n, log %))
1

= 4-4mO(max(n,log é))

Therefore we conclude C3? = O(max(n, log é)N ). n

Theorem 4: The error probability of P e% < Q.
Proof: By Lemma 3, it is easily proved that in a group of 4, H fails to get the correct max value
with probability at most 4Q2, which is less than Q for sufficiently small (. In particular, we have ;2 < Q.
Assume EEM < (@, then

2 <407 + 3(eN/4) <7Q* < Q.
||

Remark 2: While we ignore the broadcast by Hj in the above analysis, both its complexity O(/N) and
incurred error logN (for sufficiently large «) are negligible.

I'V. PROTOCOLS FOR FINDING THE K LARGEST VALUES

As we discussed in Section III-A, P; also applies to the general K scenario when n = Q(log N). Therefore
we focus on n = o(log V) in this section. A protocol P; with O(nN log g) broadcasts is presented to
find out the K (K = o(N?)) largest values with error tolerance of ().

Intuitively, P5 exploits the idea of “heapsort”, which is considered as one of the most efficient sorting
methods. The “heapsort” algorithm [15, 16] can be briefly described as follows:

(1) build a binary tree on the given N numbers, with the values at the parent nodes no smaller than

those at the children;

(2) extract the root, which is the largest number;

(3) rebuild the heap;

(4) repeat (2), (3) until all the K largest numbers are found.

“Note that we induct on N.



A. Protocol Ps

1) Protocol: The protocol P; simulates the “heapsort” algorithm in a noisy network by three phases:
build up an initial heap in phase 1, rebuild the heap in phase 2 and distribute the result in phase 3. In
phase 1 we apply the truncation procedure to decease the complexity, following the ideas in [16]. These
three steps are described in detail below.

Initialization of Protocol Ps°: H, maintains a local binary tree, with each input element arbitrarily assigned
to a node on the tree. H also keeps a counter for each element, which is initialized to 0. Define a constant
q °. Each element encodes its integer into a codeword of length O(max(n, log 3))7. Set Sp ={1,2,..., N},

t =

2 (log() +2) and d = 1 log(gy) for some v > 3°.

Phase 1 of Protocol Ps3: Denote by S, the set of elements remaining in the tree in round 7.

Competition: H, partitions these elements into triplets according to their positions in the tree: if r is
even (odd), each triplet consists of an element at an even (odd) level of the tree and its two children.
Each element broadcasts its codeword once. H, decodes these codewords and compares the three
integers of each triplet °. If the element originally placed on the parent node wins in a triplet, its
counter is increased by 1; if it loses but its counter is larger than 0, its counter is decreased by 1; if
it loses and its counter is 0, it switches the place with the winner, whose counter is set to 0.

Truncation: After r = jt(j = 1,2, ..., LlogtN |) rounds, elements at the leaves of the current tree are
discarded. H labels each element of .S, as follows: the elements remaining in the tree are labeled with
‘1’ and the others with ‘0’. Then, H, distributes these labels through O(|S,|) broadcasts. Elements

labeled with ‘1’ go into the next round.

Phase 1 ends after d rounds and then phase 2 starts.
Phase 2 of Protocol Ps:

H, extracts the value from the root and the root becomes a vacant node (called vacancy below).
Hj concatenates the indices of the vacancy’s children into a word, which is encoded into a codeword
of length O(log N) and broadcasted. The vacancy’s children encode their integers into codewords
with size O(log V) and broadcast them. H, decodes the codewords and compares the two integers,
moving up the winner to fill the vacancy in the tree.

repeat (2) until the vacancy moves to the the bottom level of the tree, which takes log N steps.
repeat (1)-(3) for K — 1 times.

After phase 2, H, obtains K values, the nominal K largest values.

Phase 3 of Protocol Ps:
Hy concatenates the K values into a word and encodes it into a codeword of length O(max(Kn,log N)),
then broadcasts it.

2) Analysis:
Theorem 5: The complexity of P C%* = O(nN log g)

Proof: In the first @ rounds of phase 1, due to the truncation, the number of broadcasts for

distributing the codewords is at most

O(n)(N + (N +1)/2+ (N +1)/4 +..)t = O(nN log g).

5To avoid confusion between nodes of the network and nodes of the computing structure, the binary tree, nodes of the network are
identified with the input elements they hold.

Sinterpreted as the desired probability that the largest element in a triplet wins

"This is to guarantee that the largest element in a triplet wins with probability g.

Sinterpreted as the average moving speed of an element on the tree

°As discussed above, the true largest element of a triplet wins with probability g.



And the number of broadcasts for Hy distributing the labels is O(Z Log 577 J(|Sit|)) = O(N). The number
of elements left in the tree after IO%N rounds is N/ 21%57), which is O(N ) for constant (). Therefore the
complexity of phase 1 is O(nN log( )). In phase 2, each re-heaping takes O(log N log N) broadcasts,
so altogether O(K log N log N) broadcasts are needed, which is O(N) for K = o(N?). The complexity
of phase 3 is O(max(Kn,log N)), which is O(N) according to the assumptions that K = o(N”) and

n = o(log N). Summing up the complexity of phase 1, 2 and 3, we conclude C%* = O(nN log g)

]
Theorem 6: The error probability of Ps eﬁ‘”’ < Q.
The protocol P errs if
(1) not all the K largest elements are at their correct positions in the heap °at the end of phase 1;
(2) the heap is not rebuilt successfully for at least one time in phase 2;
(3) the codeword from H is not decoded correctly by the whole network at the end of phase 3.

For the convenience of description we analyze the probability of the last two errors first and then discuss
the first error. To rebuild the heap once in phase 2, all the nodes decode the codeword from H; correctly
in log N steps with probability at least 1 — hj\}g—iv for some o > 0 and H, decodes the codewords from
at most 2log N elements correctly with probability at least 1 — 21]‘3,%1]\[ according to Lemma 3. Thus, the
probability of the second error is at most K (logN + 21°gN ). Similarly, the probability of the last error is
bounded by . Consequently, the probability of the last two errors is K (€N 4 202Ny 4 L < Q/4 for

suitable «.

As for the first error, the K largest elements do not stay at their correct positions after d rounds due to
two reasons, (A) either they are truncated during the truncation process or (B) they stay at somewhere else
in the tree. We’ll show the probabrhty of the former one is bounded by < (Lemma 5) and the probability
of the latter is smaller than £2 (Lemma 6), Wthh is less than Q for K = o(N"). Therefore, the total
error probability of Ps eh? < Q J4+Q/2+Q/4 =

To analyze the probability of event A we consider the heap building process as random walks taken by
different elements. We define the speed of one element, denoted by v, as the average levels it moves in
each round from its initial position in the tree to its correct position in the heap. Take the maximal element
for instance. In two successive rounds of phase 1, the maximal element goes up at least one level if it
wins both rounds, at most goes down one level if it wins either of the two rounds and at most goes down
two levels if it loses both. Therefore, on average it at least goes up ¢ —2(1—q)qg—2(1—¢q)? = ¢*+2q—2
levels every two rounds. Thus v > (¢* + 2q — 2)/2 for the maximal element.

The following lemma states that with high probability the random walks of the K largest elements are
independent before the end of the truncation process.

Lemma 4: Before the end of the truncation process, the probability that any two of the K largest
elements meet is negligible.

Proof: Denote by L the set of leaves in the tree after
log N

10g N log N

rounds, at

rounds. During the first
most levels are truncated (at most one level is truncated in each round), which leads to |L| > 1N 3
At the beginning of the protocol, more than one largest elements are located at the same subtree rooted
at VIl € L with probability at most

2 2 2
b < 1_%]\73(%]\[3—1)...(%]\[3 K+1)
(3N9)K
K-1
< 1-(1—-—3)F
v

1%Every element should be at an appropriate position in the tree to make a heap. This position is called a correct position of that element
in the heap.



The last equality is due to the fact that K = o(N?)(0 < 3 < 2/3). [

Since with high probability the random walks of the K largest elements are independent during the
truncation process, their speed v is the same. In the following proofs, we need v > 1/3, which can be
satisfied by making ¢ large enough since v is a function of q.

Lemma 5: The probability that at least one of the K largest elements is truncated from the tree is less
than <.
2

Proof: The proof bears the same spirit as Lemma 4.4 in [16]. Consider one such element M. During

r=jt (j=1,2, ..., Y] rounds, M moves up at least vr levels. According to Hoeffding inequality

3t
in Lemma 1, the probability that A/ moves up less than j levels from the bottom of the tree is

r(2(vr - j)/f)2>

p = exp(—

1-(=2)
K 3
= exp(—jlog(—= +2)=[2v(1 — ———)]?
K 1
< exp(—jlog(—=+2)) for v>_
Q 3
Q
< K2i+17
which indicates the probability of losing M due to the truncation is
1 Q@ Q @ Q
—(t=+t=+..)<—=.
K(4+23+24+ ) 2K
Therefore the K largest elements survive the truncation procedure with probability at least 1 — % [ |

The Lemma below states that any one of the K largest elements ) arrives at its correct position in
the heap after d = 13 log(gy) (Vv > 3) rounds with probability at least 1 — Q

Lemma 6: v > 3, after d = 17¥ log(¢;) rounds, any of the K largest elements )/ appears at its correct
Q
N.

Proof: The proof follows the lines of Lemma 4.3 in [16]. Denote by p(M) the correct position of M
in the heap. In d rounds, the M moves vd levels averagely. Thus, for v > %, according to the Hoeffding

inequality, the probability that M/ moves at least %vd levels is

position with probability at least 1 —

2(1}(1—%1}(1) )2

d(=

(2

p = 1—exp(—

= 1 —exp(—4log gv)
Q

> 1—-—.
N

Assume some element, say, M’, stays at p(M) all the time until it is compared with M in the triplet
including p(M). The number of such comparisons is at most 2. To keep staying at p(M), M’ must win
M in at least % rounds.

In the worst case, M needs at most log N moves “walking” from its initial position to p(M). The
additional gvd —log N levels are used to decrease the counter of M’. Since gvd —log N > 4, the element
M’ can not stay at p(M) after d rounds in this case (with probability at least 1 — %). [ |



B. Translate Ps to an oblivious protocol

The protocol Ps is non-oblivious since the set of elements to broadcast in each round depends on previous
transmissions. As we mentioned before, non-obvious protocols may cause chaos in protocol execution. The
“helper” idea of [8] can help solve this problem if the number of elements in each round is predetermined,
which is briefly described below. We may describe the protocol P5; by a sequence of nodes in the network
Q= {w;} ={So, S1, ..., St}, where ¢ is the total number of rounds. Since both |S;| and ¢ are fixed, so is
|€2|. We arbitrarily assign an element ¢ in the network to w;. If it’s the turn of w, to broadcast, the element
¢+ will broadcast the integer held by the element w;. The question remains how the element ¢ knows the
integer of the element w;. The answer is letting each element broadcast its integer though O(n) broadcasts
before the protocol starts so that each element contains noisy copies of integers owned by all the other
elements.

V. COMPUTING THE IDENTITY FUNCTION

Identity function is fundamental for computing, the complexity of which can serve as a baseline of
comparison for other functions. In this section, we derive a protocol for the n-bit identity function, which
i1s an extension of the work in [3, 4].

A. Protocol P,

The nodes are partitioned into groups of size t = log N. For a group g, assuming that its members are
ordered from 1 to ¢, the protocol is executed in two phases:

(1) Each node in the group ¢ encodes its integer into a codeword with size O(max(n,logt)) and
broadcasts it.

(2) After decoding the codewords from all other nodes in its group, each node concatenates all the
results (including its own integer) into a word and encodes it into a codeword with size O(nt),
which is equally partitioned into ¢ blocks. Then each node 7 € ¢ takes turn to broadcast the ith
block of its codeword. The head node H| collects all the blocks from this group and decodes it.

B. Analysis

Theorem 7: The complexity of P, C3* = O(N max(n, loglog N)).

Proof: 1t’s easy to check the communication complexity for each group is O(max(n,logt))t +
O(nt) = O(max(n,logt)t). Therefore the total complexity is O(max(n,logt)t)N/t = O(max(n,logt)N) =
O(max(n,loglog N)N).

]
Theorem 8: The error probability of Py eh* = 2/(N log N).
Denote by U the set of nodes in a group which don’t decode all the codewords in its group correctly,
for which we have the following result.
Lemma 7: Pr[|U| > et] <47t 12

Proof: According to Lemma 2, assume that each n-bit integer is encoded by a codeword v € I',
with length C} max(n,logt). The decoding error of any n-bit integer at any node is bounded above by
exp(—2(37 — €)*Cy max(n, log t)). Summing over the ¢ integers,

1
Prlie U] < texp(—2(§7 — €)2C} max(n, logt))
1
< texp(—2(§7 —¢)%Cy logt).

""The additional O(nN) broadcasts are needed for the oblivious protocol.
I2Recall that € is the upper bound of the noise level, which can be assumed arbitrarily small.



Therefore

1
PrilU| > et] < w2t < 471 for w< (5)1/67

where w = texp(—2(57 — €)>Cy logt). The last inequality can be achieved with sufficiently large C.

In phase 2, we encode the nt-bit word by a codeword vy € I with length Cynt. The decoding error
at the head node is upper bounded by P,(d(v},vs) > 37Cont) = P,(d(vh,vs) > 3eCaont) for v = 6e.
The decoding error occurs as the blocks of bits from some node ¢ € U may be erroneous or bits may be
corrupted by noise during transmission. Therefore, we have

P, (d(vh,v9) > 3eCynt)

< Pr[Cyn|U| > Cynet] + Pr[N, > 2nCyet]
< 47" 4 exp(—2nCye’t)

247" for Cy>1/é

= 2/N?

where N, is the number of bits corrupted by noise. By the union bound, the total error probability is
2/(Nlog N), which completes the proof of Theorem 8.

Remark 3: The protocol P3 admits the complexity O(nN log(%)), while the complexity of the protocol
Py is O(max(n,loglog N)N). When K = o(log N) and n = o(loglog N), finding out the K largest
integers directly in Ps is more efficient than evaluating the identity function in Pjy.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper we have studied the communication complexity of protocols to find out the K largest values
(n-bit) in a noisy broadcast network of size /N with error tolerance (). We have considered various settings
for K, n, N, and derived some efficient distributed protocols for them. Some interesting future directions
are listed below:

1) Lower bound on complexity: A general non-trivial lower bound for the complexity of finding the

K-largest integers is lacking. The same is true for the n-bit identity function. The lower bounding
techniques in [4] depends much on the binary assumption (each node owns a binary bit), and is not
readily extendable to the n-bit case.

2) General network setting: Some relevant work on the random planar network can be found in [17,

(1]
(2]

(3]
(4]

(5]
(6]
(7]
(8]

(9]
(10]

(11]

18]. Many problems remain open.
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