
O
ak R

idge N
ational Laboratory

C
O

M
PA

R
IS

O
N O

F S
O

M
E PA

R
A

LLE
L K

R
Y

LO
V

S
O

LV
E

R
S  F

O
R LA

R
G

E S
C

A
LE

G
R

O
U

N
D

W
AT

E
R  C

O
N

TA
M

IN
A

N
T T

R
A

N
S

P
O

R
T

S
IM

U
LAT

IO
N

S

	
�


�
�
� 
%�
�
�
&
�
�
#

�
� 
%�#

�!
#
�
!
�
"
&
%�
%�!
 
�
�
�
��� 

��$

�
�
�
�
��
��

�
�
%�!
 
�
�
�
�
�
!
#�
%!
#(

�
�
�
�
���

�
�"
%�
!
�
�
!
�
"
&
%�#

�
��� 

��

�
 
�'�#$�%(

!
�

��� 

!
�$
�
%
�
#�
�
 
�
�
�
�
�
�
"
�
�� 

�
�
��
�
�
�!
���

�

�
�"
%�
!
�
�
�'��

�
 
�� 

��#� 
�

�
 
�'�#$�%(

!
�

��� 

!
�$
�
%
�
#�
�
 
�
�
�
�
�
�
"
�
�� 



O
ak R

idge N
ational Laboratory

O
U

T
LIN

E

�
Introduction
�

K
rylov M

ethods for N
on–S

ym
m

etric S
ystem

s

�
C

ontam
inant T

ransport E
quation

�
Im

plem
entation D

etails
�

N
um

erical F
orm

ulation

�
P

arallelization

�
M

odel P
roblem

s

�
P

arallel A
rchitectures

�
R

esults
�

S
calability

�
P

arallel E
fficiency

�
C

onvergence behavior

�
C

om
parison am

ong parallel platform
s

�
E

ffect of H
eterogeneity

�
E

ffects of C
ourant, P

eclet N
um

bers, increasing problem
 size etc.

�
F

loating P
oint P

erform
ance

�
C

onclusions



O
ak R

idge N
ational Laboratory

K
R

Y
LO

V M
E

T
H

O
D

S

�
K

rylov solvers are iterative solvers used particularly
for large and sparse linear system

s
�

K
rylov subspace m

ethods for solving a linear system
 

A
x=b

 are
iterative

 m
ethods that pick the 

j–th
 iterate from

 the subspace 
xj  ∈

x0  + K
j (A

,r0 ) w
here x0  is the initial guess, 

r0
 the corresponding

residual vector and the K
rylov subspace 

K
j (A

,r0 )  is defined as
K

j (A
,r0 ) 

�
span(r0 , A

r0 , A
2r0,  ..., A

j–1r0 ).

�
A

dvantages
�

R
equires m

uch less storage than direct solvers [
O

(N
) vs O

(N
2)]

�
M

uch few
er operations than direct solvers especially for 3–D

problem
s [e.g., 

O
(N

1.3) vs O
(N

2) for sparse G
E

 and O
(N

1.3) vs
O

(N
3) for full G

E
].

�
M

ost operations can be categorized into saxpy’
s, dot products

and sparse m
atrix vector products; easy to code.

�
D

oes not require m
atrix, can benefit from

 sparsity or m
atrix free

algorithm
s.

�
D

isadvantages
�

C
onvergence is not guaranteed for all linear system

s
�

Low
er floating point perform

ance due to level 1 B
LA

S
 operations;

particularly true for m
em

ory bandw
idth lim

ited m
achines.

P
erform

ance can be 3 to 4 tim
es low

er than dense m
atrix

operations.
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R
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S
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S
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E
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S

�
O

lder M
ethods

�
F

O
M

/A
rnoldi (F

ull O
rthogonalization M

ethod)

�
O

R
T

H
O

M
IN

 (O
rthogonal M

inim
ization)

�
C

G
S

 (C
onjugate G

radient S
quared)

�
G

C
R

 (C
onjugate R

esidual)

�
C

G
N

E
 and C

G
N

R
 (C

onjugate G
radient on N

orm
al E

quations)

�
N

ew
er M

ethods
�

B
iC

G
S

TA
B

 (B
i–O

rthogonal C
onjugate G

radient S
tabilized)

�
G

M
R

E
S

 (G
eneral M

inim
al R

esidual A
lgorithm

)

�
Q

M
R

 (Q
uasim

inim
al R

esidual A
lgorithm

)

�
T

F
Q

M
R

 (Transpose F
ree Q

M
R

)

�
Q

M
R

C
G

S
TA

B
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N
U

M
E

R
IC

A
L IM

P
LE

M
E

N
TAT

IO
N

�
T

hree–dim
ensional advection–dispersion equation

w
ith first order reactions

�
G

alerkin finite–elem
ents w

ith hexadhedral (8–node)
elem

ents
�

27–point stencil –>27–diagonal non–sym
m

etric m
atrix

�
upstream

 w
eighted form

ulation

�
variable w

eighted finite–difference for tim
e derivative

�
Logically rectangular grid structure assum

ed using
”natural ordering” of nodes

�
K

rylov solvers (diagonal preconditioning for all
solvers)
�

B
iC

G
S

TA
B

�
G

M
R

E
S

(m
)

�
O

R
T

H
O

M
IN

(k)

�
C

G
S
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PA
R

A
LLE

L
 IM

P
LE

M
E

N
TAT

IO
N

�
Tw

o–dim
ensional dom

ain decom
position

�
com

m
unication w

ith at m
ost 8 neighboring processors

�
natural node ordering for individual processor regions

�
E

xplicit m
essage passing required to exchange

inform
ation at processor boundaries especially during

assem
bly and m

atrix–vector product stages
�

N
X

 com
m

unication library for Intel architectures

�
M

P
I for other architectures
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PA
R

A
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L
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O
M

A
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E
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O
M

P
O

S
IT

IO
N

P
lan V

iew
 of Tw

o–D
im

ensional D
om

ain D
ecom

position
(show

ing a 4x3 processor decom
position)

overlapping
 processor

regions
individual processor
regions

(arrow
s show

 com
m

unication pattern)
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PA
R

A
LLE

L
 A

R
C

H
IT

E
C

T
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E
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S

E
D IN T

H
IS S

T
U

D
Y

�
Intel P

aragon X
P

S
/150 (C

C
S

 – O
R

N
L)

�
1024 nodes

�
64 M

b/node

�
80 M

flop/node peak (in single threaded m
ode)

�
S

G
I P

ow
er C

hallenge A
rray (N

C
S

A
)

�
162 nodes total (m

ax 32 allow
ed at one tim

e)

�
360 M

flop/node peak (R
10000 processors)

�
256 M

b/node

�
C

onvex E
xem

plar (N
C

S
A

)
�

64 nodes total (m
ax 32 allow

ed at one tim
e)

�
360 M

flop/node peak (R
10000 processors)

�
128 M

b/node

�
S

G
I/C

ray O
rigin 2000 (N

C
S

A
)

�
128 nodes total (m

ax 64 allow
ed at one tim

e)

�
390 M

flop/node peak

�
256 M

b/node
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M
O

D
E

L P
R

O
B

LE
M

S

�
C

om
parison of solvers based on tw

o hypothetical
m

odel problem
s

�
M

odel P
roblem

 1: S
ingle extraction w

ell rem
ediating a

cylinderical plum
e

�
U

sed for tests involving scalability
, parallel perform

ance, and
effect of problem

 size

�
S

ize varied from
 61x61x1

1 (1 processor) to 1921x1921x1
1 (1024

processors)

�
M

odel P
roblem

 2: C
ontam

ination from
 a rectangular patch source

�
used for tests involving roughness of coefficients, C

ourant and
P

eclet num
bers

�
S

ize fixed at 801x401x21 using 242 processors (
nn

=6.75M
,

np
=242)
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lan view

 of M
odel P

roblem
 1

(for scalability and perform
ance tests)

L

r0

Q
w

L
c=

0
c=

0

c=
0

c=
0
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C
ontam
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P

lum
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N
atural G
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F
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Vertical C
ross–S

ection of M
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 2

x

y
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B
A

S
IC

 M
O

D
E

L PA
R

A
M

E
T

E
R

S

�
P

aram
eters related to p.d.e

�
C

rank–N
icolson tim

e stepping (
�

=0.5)

�
U

pstream
 w

eighting (
�=0.5)

�
C

onstant M
aterial P

roperties:

�
P

orosity 
� = 0.3

�
B

ulk density 
� = 1.0

�
D

ecay coefficient 
� = 0.005

�
A

dsorption distribution coefficient 
K

d  = 1.0

�
P

aram
eters related to solvers

�
C

onvergence tolerance =1.e–10 (tw
o–norm

 of relative residual)

�
R

estart param
eter for G

M
R

E
S

 =10, O
R

T
H

O
M

IN
 = 5
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S
C

A
LA

B
ILIT

Y

C
om

parison of S
calability of E

ach M
ethod

(nn/np m
aintained constant, tim

es for 100 tim
e steps)
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C
O

N
V

E
R

G
E

N
C

E B
E

H
AV

IO
R

C
onvergence behavior for M

odel P
roblem

 2
(np =

 242, first tim
e step corresponding to �

=
 4.0)
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S
P

E
E

D U
P B

E
H

AV
IO

R
 F

O
R F

IX
E

D P
R

O
B

LE
M

 S
IZ

E

S
peed up behavior for fixed problem

 size
(nt =

 100, nn =
 2.5M

, M
odel P

roblem
 1)
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E
F

F
E

C
T O

F C
O

U
R

A
N

T N
U

M
B

E
R

E
ffect of C

ourant N
um

ber for M
odel P

roblem
 2

(nt =
 10, np =

 242, nn =
 6.75M

, C
r =

 v�
t/�

x)
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C
O

M
PA

R
IS

O
N A

M
O

N
G

 PA
R

A
LLE

L
 P

LAT
F

O
R

M
S

0

200

400

600

800

1000

1200

1400

X
P

S
/150

S
G

I–P
C

E
xem

plar
O

rigin 2000

Time (secs)

 P
erform

ance of B
iC

G
S

TA
B

 on four parallel platform
s

(np =
 16, nn =

 640K
, nt =

 100)

total

solution

com
m

unication



O
ak R

idge N
ational Laboratory

E
F

F
E

C
T O

F K
–F

IE
LD

 H
E

T
E

R
O

G
E

N
E

IT
Y

�
T

he K
–field heterogeneity (

�) for the flow
 equation w

as
increased from

 0 to 4 resulting in increased variability
in the velocity field; i.e., rough coefficients for the
transport equation

�

B
iC

G
S

TA
B

G
M

R
E

S
(10)

O
M

IN
(5)

C
G

S
�

Iter
T

im
e

Iter
T

im
e

Iter
T

im
e

Iter
T

im
e

0.0
109

40.2
195

47.5
194

51.4
113

41.1

1.0
257

91.6
454

109.1
457

119.8
298

103.7

2.0
356

125.8
648

155.1
649

165.3
479

164.8

3.0
449

157.7
807

189.7
813

206.1
664

227.4

4.0
515

180.8
861

219.5
985

249.1
786

268.9

E
ffect of K

–field H
eterogeneity

(� =
 degree of heterogeneity, nn =

 6.75M
, np =

 242, nt =
 10)

�
C

onvergence behavior of all m
ethods deteriorate w

ith
increasing 

��
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O
T

H
E

R E
F

F
E

C
T

S

�
V

ery little im
pact on convergence as problem

 size w
as

increased. T
his is contrary to the steady state flow

problem
 w

here the convergence behavior of conjugate
gradient deteriorated as the problem

 size w
as

increased.
�

N
o significant effect of G

rid P
eclet N

um
ber (P

e=
�

x/
�

L )
on convergence behavior
�

N
o significant effect of K

d –field variability on
convergence behavior

. T
his is different from

 the result
of K

–field variability
.
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F
LO

AT
IN

G
 P

O
IN

T P
E

R
F

O
R

M
A

N
C

E

�
F

loating point perform
ance for all the m

ethods w
ere in

the range of 10–15 M
flops per processor on the Intel

P
aragon X

P
S

/150. T
his is w

ithin the norm
al range for

sparse m
atrix applications.

�
T

he explicit com
m

unication tim
es on X

P
S

/150 w
as on

the order of 5–10%
 of the total tim

e. T
he

com
m

unication tim
e on other architectures w

ere
slightly higher

.
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C
O

N
C

LU
S

IO
N

S

�
A

ll m
ethods exhibit good scalability up to 1024

processors. Largest problem
 consisted of m

ore than
40 m

illion nodes and took less than 3 seconds per tim
e

step.
�

B
iC

G
S

TA
B

 perform
s slightly better than other m

ethods
for m

ost problem
s tested.

�
T

he perform
ance of all the m

ethods are w
ithin a factor

of tw
o of each other

.
�

T
he convergence behavior did not deteriorate as

problem
 size w

as increased.
�

T
he iterations per tim

e step w
as in the order of < 20

iterations for m
ost problem

s tested using B
iC

G
S

T
A

B
.

�
W

e see very little advantage in using a m
ethod such as

m
ultigrid for this problem

 because the K
rylov m

ethods
already perform

 very w
ell.
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