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ABSTRACT

Some popular iterative solversfor non-symmetric systemsaris-
ing from the finite—element discretization of three—dimensional
groundwater contaminant transport problem are implemented and
compared on distributed memory parallel platforms. This paper at-
temptsto determinewhich solversare most suitabl e for the contami-
nant transport problemunder varied conditionsfor largescalesimul a-
tions on distributed paralel platforms. The origina paralel
implementation was targeted for the 1024 node Intel Paragon plat-
form using explicit message passing with the NX library. This code
was then ported to SGI Power Challenge Array, Convex Exemplar,
and Origin 2000 machinesusingan M Pl implementation. Theperfor-
mance of these solversisstudied for increasing problem size, rough-
nessof thecoeffi cients, and sel ected problemscenarios. Thesecondi-
tions affect the properties of the matrix and hencethedifficulty level
of the solution process. Performanceisanalyzedintermsof conver-
gence behavior, overall time, parallel efficiency, and scal ability. The
solversthat are presented are BiCGSTAB, GMRES, ORTHOMIN,
and CGS. A simplediagonal preconditioner isusedinthisparallel im-
plementationfor all themethods. Our resultsindicatethat all methods
are comparable in performance with BICGSTAB slightly outper-
forming the other methods for most problems. We achieved very
good scalability in all the methods up to 1024 processors of the Intel
Paragon XPS/150. We demonstrate scalability by solving 100 time
stepsof a40 million element problemin about 5 minutesusing either
BiCGSTAB or GMRES.

BACKGROUND

The groundwater contaminant transport problem commonly in-
volves the solution of the advection—dispersion equation (ADE).
Someof thecommon numerical methodsemployedto solvethe ADE
includestandardfinite—elementsor finite—differences, mixed method
of characteristics, and particle tracking methods. For asingle solute
undergoing equilibrium adsorption and decay the ADE is given by
[Huyakorn and Pinder, 1983; Istok, 1989]

RG =V (D-V)-V- (0 -Re=Glec)

wherevisthe3x1velocity field vector, D isthe 3x3 dispersion tensor
dependent onv, cistheconcentrationfield, Ristheretardation factor,
and g(c—cp)/6 representsthe source term with q being the volumetric
flux, @ being the medium porosity, and ¢y being the injected con-
centration (e.g. frominjection wells). Thevelocity field visusually
obtained from thesol ution of thegroundwater flow equation [Mahin-
thakumar and Saied, 1996]. For saturated flow v is given by

0v = -KVh @

wherehisthe computed head field from the groundwater flow equa-
tion, K is the 3x3 hydraulic conductivity tensor (usually diagonal),
and 0 isthe porosity. The elements of the 3x3 dispersion tensor D are
given by

vy
Dij = aL|v|(§ij + (aL—aT)m + Dm (3)

where i and a7 are longitudinal and transverse dispersivities as-
sumed to beconstant, Dy, isthe coefficient of molecular diffusion as-
sumed to be constant (usually very small), and djj is the Kronecker
delta(if i=j, 6jj=1 elsed;;=0). For linear equilibrium adsorption reac-
tions the retardation factor Ris given by

R=1+ p—Kd “4)

0

where Ky isthe adsorption distribution coefficient and o isthe bulk
density. Ky can be spatially variable for some aquifers.

Inrecent yearslot of attention has been devoted to the numerical
solution of ADE especially for advection (or convection) dominated
problems[e.g. Noorishad et al., 1992]. Asarule of thumb, for stan-
dardfinite—element methodsthetimestepsize(4t) andthediscretiza-
tion should be such that Cr < 1, Pe< 2, or Cr-Pe < 2 to obtain stable
non—oscillatory solutions [Noorishad et al., 1992; Perrochet and
Berod, 1993]. Herethe Courant number Cr isdefined asCr = max (-
Atldx, wAt/dy, v,At/dz), and thegrid Peclet number isdefined asPe=
max (dx,dy,dz)/a,_; wherew, W, v, and d, dy, dzarethevel ocity com-
ponentsand grid spacingsinx, v, zdirections, anda_ isthelongitudi-
nal dispersivity. Theupstreamweighted formulationisaslight modi-
fication of the standard finite element method intended to deal with
advection dominated problems(i.e., largePe's) abeitwith someloss
of accuracy [Huyakorn and Pinder, 1983; Lapidus and Pinder,
1982]. Evenif the Cr and Pe conditions are satisfied, standard finite
element methodscanstill suffer fromnumerical problemsfor aquifers
with highly heterogeneous K—fields (such asthose arising in geosta-



tistical simulations) where the resulting velocity field obtained nu-
merically canvary strongly fromelement to element. Higher order fi-
nite—element methods, random-walk particle tracking methods
[Tompson, 1993; LaBolleet al., 1996] and mixed methods[Neuman,
1984; Chiang et al., 1989] were devised to deal with some of these
difficulties.

Our focushereisnottoinvestigatetherobustnessand accuracy of
the finite—element method, but to investigate different solvers for
large scdesimulations. A similar analysiswas performed by Peters
[1992] for asimple2-D systemwith varying Cr and Pe numbers. We
should noteherethat in someinstancesof our testsweviolated theCr
and Pe conditions resulting in some numerical oscillations. The de-
gree of these oscillations was monitored by the maximum and mini-
mum concentrations in the solution.

KRYLOV SUBSPACE METHODS

Krylov subspacemethodsfor solvingalinear system Ax = bare
iterative methodsthat pick thej—th iterate from the following affine
subspace

X € x+ Kj(A,rO),

where x,istheinitial guess, r, the corresponding residual vector
and the Krylov subspace K(4,r,) is defined as

K{(A,ry) = span{ry,Ar,...,A™'rg}.

These methods are very popular for solving large sparse linear
systemsbecausethey arepowerful andyet offer considerablesavings
inboth computation and storage. In particular, for three-dimensional
problems, iterative solvers are often much more efficient than direct
(banded or sparse) solvers. Some of the more popular Krylov meth-
ods are Preconditioned Conjugate Gradients (PCG), Bi—Conjugate
Gradient Stabilized (Bi—-CGSTAB), Generalized Minimal Residual
(GMRES), Quasi—Minimal Residual (QMR), and Adaptive Cheby-
chev[Barretetal., 1994; Saad, 1996]. Of these, PCGisusedfor only
symmetric positive definite systems.

NUMERICAL IMPLEMENTATION

Thethree-dimensional formof ADE givenby equationisdescre-
tized using linear hexahedral elements based on the Upstream
Wei ghted Gal erkin Formul ation[Huyakor n and Pinder, 1983; Huya-
kornetal., 1985]. Thetimesteppingisimplemented usingavariable
weighted finite-difference schemewheretheweight w canvary from
0 to 1 (w=0,explicit; =0.5, Crank—Nicolson; »=0.67, Galerkin;
w=1.0fullyimplicit). However, inall theteststhat wereperformedin
this paper weadopted w=0.5which correspondsto the Crank—Nicol -
son approximation. The upstream weighting factor a is assumed be
the samein all three—directions. Although the code has been imple-
mented to handle distorted and non—uniform grids, the tests per-
formed in this paper use only uniform rectangular grids. A compre-
hensivemassbal ancechecker which checksfor massbalancesineach
time step has been implemented as outlined by Huyakorn et al.
[1985]. Themassmatrix andthezeroth order termsareevaluated us-

ing alumped formulation [Huyakorn, 1983]. The full matrix is as-
sembled only during thefirst time step or when the boundary condi-
tions change; only theright hand sideis assembled at all other time
steps. Theprevioustimestep solutionisused asinitial guessfor each
time step.

Thefinite—element approximation of the ADE resultsinamatrix
equation of theform Ax=hb, where Aisasparse, non—symmetric ma-
trix. For a rectangular grid structure and "natural ordering” of un-
knowns matrix A has a 27—diagonal banded non—zero structure. In
thisimplementation the non—zero entries of the matrix are stored by
diagonals. Thisenablesvectorizing compilersto generateextremely
efficient code for operations like amatrix vector product, which are
used in Krylov methods.

PARALLELIZATION

Our parallel implementation wasoriginally targeted for the Intel
Paragon machinesat theOak RidgeNational L aboratory’sCenter for
Computational Sciences(CCS). ThecodewasthenportedtotheSGI/
Power Challenge Array, SGI/Cray Origin 2000, and Convex Exem-
plar machines at NCSA (National Center for Supercomputing Ap-
plications) using an MPI (Message Passing Interface)
implementation. Sincemost of our performance and scalability tests
were performed on the Intel Paragon XPS/150 at CCS, we describe
thisarchitecturebriefly here(for easeof referencewereproducesome
of the information already given in Mahinthakumar and Saied
[1996]). The XP/S 150 has 1024 MP (multiple thread) nodes con-
nected by a16row by 64 columnrectangular mesh configuration®. In
our implementation we used these nodes only in single threaded
mode. In singlethreaded mode, each nodeistheoretically capable of
75 Mflops (in double—precision arithmetic). Each node has alocal
memory of 64 Mb. Thenativemessagepassinglibrary ontheParagon
iscalled NX.

For the parallel implementation we used a two—dimensional
(2-D) domaindecompositioninthexandy directionsasshowninFig
1. A 2-D decompositionisgenerally adequatefor groundwater prob-
|lemsbecausecommongroundwater aquifer geometriesinvolveaver-
tical dimensionwhichismuch shorter thantheother two dimensions.
For the finite—element discretization such decomposition involves
communication with at most 8 neighboring processors. Wenotehere
that a 3-D decomposition in this case will require communication
with up to 26 neighboring processors.

[0 overlapping processor regions [0 individual processor regions
(arrows show communication pattern)
Fig 1: Plan View of Two-Dimensional Domain Decomposition
(showing a 4x3 processor decomposition)



We overlap onelayer of processor boundary elementsin our de-
compositionto avoid additional communication during theassembly
stage at the expense of some duplication in element computations.
Thereisnooverlapinnodepoints. Inorder to preservethe 27—diago-
nal band structurewithin each processor submatrix, weperformalo-
cal numbering of the nodes for each processor subdomain. Thisre-
sulted in non—contiguous rows being allocated to each processor in
theglobal sense. For local computationseach processor isresponsible
only foritsportion of therowswhich arelocally contiguous. Howev-
er, suchnumbering givesrisetosomedifficultiesduringexplicitcom-
munication and 1/O stages. For example, inexplicit messagepassing,
non—contiguous array segments had to be gathered into temporary
buffers prior to sending. These are then unpacked by the receiving
processor. This buffering contributes somewhat to the communica-
tion overhead. When the solution output iswritten to afilewehad to
make surethat the proper order is preserved inthe global sense. This
required non—contiguouswritesto afileresultingin|/O performance
degradation particularly when alarge number of processorswerein-
volved.

All explicit communications between neighboring processors
were performed using asynchronous NX or MPI calls. System calls
were used for global communication operationssuch asthoseusedin
dot products. The codes arewrittenin FORTRAN 77 using double—
precision arithmetic.

MODEL PROBLEMS

Two different model problemswere setup for thetests. Thefirst
oneinvolvesasingleextractionwell inthe center of asquaredomain
extractingauniformly distributed cylindrical plume(Fig2). Thissim-
ple problem was chosen since the velocity field for this problem is
analytically known and therefore eliminatesthe need for aflow solu-
tion. Thisscenarioisjustified for test runswhich look at scalability,
parallel performance, and the performance of each solver when the
problem sizeisincreased.

c=0

c=0 c=0

c=0

Fig 2: Plan view of Model Problem 1
(for scalability and performance tests)

Thevelocity field for Model Problem 1 isanalytically obtained
from the simple expression v=Q,/(2zrd). Here Qy is the pumping
rate, r istheradiusfromthecenter of thewel | and distheconstant ver-
tical depth. This solution assumesinfinite boundaries. The pumping
rate Qy andtheinitial radiusof thecylindrical plumerg areset asde-
scribed inindividual test cases.

For tests investigating the efficiency of each solver when the
roughness of the coefficientsisincreased (i.e., increasein the spatial
variability of the velocity field and reaction coefficients) wechosea
different model problem (Model Problem 2) showninFig3. Thisset-
up corresponds to a contamination scenario where the contaminant
leaches from a single rectangular source (80 x 80) into a naturally
flowing groundwater aquifer. Thedimensionsof theaquifer arefixed
at 1600 x 800 x 20 with auniform rectangular grid of size2x 2x 1.
Thereforetheproblemsizeis801x401x21whichresultsinamatrix of
size nn = 6.75 million.
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Fig 3. Vertical Cross—Section of Model Problem 2
(for convergence testing with velocity field variability)

The velocity field for Model Problem 2 is generated from the
solution of the steady state groundwater flow problem [Mahinthaku-
mar and Saied, 1996]. Boundary conditions for this problem are as
follows: zero Dirichlet boundary at upstream end (x= 0) and freeexit

boundary (9c/0x=0) at downstream end (x= 1600) vertical boundary
faces; constant Dirichlet concentrations of ¢ = 100 at the rectangular
patch and ¢ = 0 elsewhere on the top horizontal boundary face; no
flow boundarieselsewhere. Initial conditionisc=100at thetoprect-
angular patch and c=0elsewhere. For testsinvolving heterogeneous
K—fieldsor Kq—fields(i.e.roughcoefficients), weobtainedthespatial -
ly correlated randomfieldsby usingaparallelized version of theturn-
ing bandscode[ Tompson et al, 1989]. Thedegree of heterogeneity is
mesasured by the parameter o, whichisaninput parameter totheturn-
ing bands code.

PERFORMANCE RESULTS AND DISCUSSION

Inthissectionwepresent and comparetheperformanceof ourim-
plementati onswithrespecttoproblemsize, scal ability, androughness
of coefficients. Thefollowing selections and notationswereused for
all performance tests unless otherwise stated:

e convergence tolerance = 1.e-10 (two-norm of relative residu-
al)

e restart parameter for GMRES = 10, ORTHOMIN = 5 (reason:
ORTHOMIN takes up twice the memory as GMRES for the
storage of restart vectors)

e upstream weighting factor o = 0.5, bulk density o = 1.0, po-
rosity 6 = 0.3, decay coefficient 4 = 0.005, longitudinal and
transverse dispersivities ¢ =4.0 and a1=0.05, adsorption dis-
tribution coefficient Kg = 1.0.



¢ timings were obtained by the dclock() (when using NX on
XPS/150) or MPI_wtime() (when using MPI on other sys-
tems) system calls. Timings reported are for the processor that
takes the maximum time.

e For dl the tests the following parameter values are noted
alongside tables or figures: nn = size of matrix or number of
unknowns ( = nx-ny-nz), np = number of parallel processors,
nt = total number of time steps for which the results are re-
ported.

Increasing Problem Size

This test was performed solely to test the performance of each
solver whentheproblemsizeisincreased. Model Problem 1wasused
inthistest with ro=L/4, and Q,=L/10 (set arbitrarily). The problem
size was increased from L=60 to L=1920. The vertical zdimension
was fixed at 10. Grid spacing was fixed in all three directions with
dx=dy=dz=1m; i.e., theproblemsizewasincreased from 60x 60x 10
for the 1 processor caseto 1920 x 1920 x 10 for the 1024 processor
case. Asthe problem size doubled in both x and y directions, the 2-D
processor configuration wasal so changed accordingly (i.e., problem
size60x 60 x 10 correspondsto 1 x 1 processor configuration, 120 x
120x10t02x 2, ...,and 1920x 1920 x 10t0 32 x 32). In Table L we
present thetotal iteration countsand sol utiontimingsfor thefour Kry-
lov methods asthe problem sizeincreases. Thetimingsandtheitera-
tion counts are for the first 100 time steps of the simulation.

m  np  BICGSTAB  GMRES(10)  OMIN(S) CGS

iter  time iter time Iter time iter time

40K 1 1237 568 2464 681 2349 741 1505 679
160K 4 1516 582 3284 926 3068 978 2097 940
640K 16 1645 766 3348 965 3105 1013 2442 1103
2.5M 64 1109 538 2043 613 1933 664 1816 851
10M 256 632 323 1073 329 1062 387 969 472
40M 1024 538 305 859 286 856 346 932 497

Table 1: Effect of increasing problem size for Model Problem 1
(total iterations and time in seconds for 100 time steps)

FromTablelitisapparent that theconvergencebehavior doesnot
deteriorate with theincreasein problem sizefor all themethods. The
iterationsincreaseslightly inthebeginning and then decreaserapidly
astheproblemsizeincreases. Weattributethistothefact that theprob-

lem actually becomes easier for larger problems since av/dr at the

front (r <rp) decreases.
Scalability Test

The scalability test is performed by increasing the problem size
accordingly withtheprocessor count.i.e. nn/npiskept approximately
constant. Model Problem 1isused with rg=20 and Q,=10for al the
problems. Thisissimilar tothetest performedintheprevioussection
except for thevalues of rp and Q, which are kept fixed here. When
these arefixed wefound that thetotal iteration count for each method

remained approximately constant asthe problem sizewasincreased
thusproviding agoodtest for scalability. TheresultsareshowninFig
4. ItisevidentfromFig4, that all methodshavesimilar scalability be-
havior. Thisismainly because the solution timesfor all the methods
are dominated by the matvec times (about 82% for BICGSTAB and
CGS, and 71% for GMRES and ORTHOMIN) and they all usethe
same matvec routine.
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Fig 4: Comparison of Scalability of Each Method
(nn/np maintained constant, times for 100 time steps)

Conver gence Behavior

Convergence behavior for each method is shown in Fig 5 for
Model Problem 2 witho = 4.0 (see Table 2). Note that the horizontal
axisdenotesthe CPU timeand not theiteration count. Except CGS, all
the methods seem to exhibit asmooth convergence behavior for this
problem. We should noteherethat the Courant number conditionwas
violated in this test case giving oscillatory solutions.
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Fig 5: Convergence behavior for Model Problem 2
(np = 242, first time step corresponding to o = 4.0 in Table 2)

Parallel Performance for Fixed Problem Size
We measured the parallel performance of each solver for afixed
problem of size481 x 481 x 11 (2.5 M nodes) by increasing the num-

ber of parallel processorsfrom 64 to 1024. Theresultsare shownin
Fig 6.
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Fig 6: Speed up behavior for fixed problem size
(nt =100, nn = 2.5M problem in Table 1)

From Fig4weseethat all methodshavevery similar speed up be-
havior for thecasetested here. BiCGSTAB and CGSseemto speed up
dlightly better than either GMRES or ORTHOMIN.

Comparison with other machines

In Fig 7 we compare the performance of BiCGSTAB on various
machines. Timingsarereported for model problem 1 with size 241 x
241 x 11 using 16 processors. This problem isthe same problem re-
portedinrow 3of Table1. Thetotal timeincludesinitial setup, finite—
element matrix assembly, matrix solution and I/O.

explicit communicationtimeisinsignificant for all the machinesfor
the 16 processor case.

Roughness of Coefficients

Theefficiency of each solver asweincreasethevariability of the
K—field (denoted by parameter o) isshownin Table2. Model Problem
2 (problem size 801x401x21) is used in this study with afixed time
step sizeof 100 daysfor all casesusing a22x11 processor configura-
tion (np=242). Thetimingsreported arefor 10timesteps. o=0corre-
sponds to ahomogeneous K—field and o = 4.0 correspondsto an ex-
tremely heterogeneousK—field withmorethan 4 ordersof magnitude
differenceinsomeadjacent cell K—values. Asweincreasedo fromOto
4, themaximum Courant number alsoincreased from 0.8t0500. The
case with ¢ = 4.0 did not produce an acceptabl e solution exhibiting
very high numerical oscillations. We attribute these oscillations not
simply totheviolationof theCr condition but al so dueto thedisconti-
nuities in the velocity field. We note here that additional runs per-
formed for thiscasewithamuch smaller timestep (0.1 day instead of
100 days) also exhibited some oscillatory behavior even though the
convergence of the Krylov solvers greatly improved.

1400
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D total
- solution

o BiCGSTAB  GMRES(10) OMIN(5) CGS
Iter Time Iter Time Iter Time Iter Time
0.0 109 402 195 475 194 514 113 411
10 257 916 454 1091 457 1198 298 103.7
2.0 356 1258 648 1551 649 1653 479 164.8
3.0 449 157.7 807 189.7 813 2061 664 2274
4.0 515 1808 861 2195 985 2491 786 268.9

Table 2: Effect of K—field Heterogeneity

- communication

XPS/150 SGI-PC  Exemplar Origin 2000

Fig 7: Performance of BiCGSTAB on four parallel platforms
(np = 16, nn = 640K, nt = 100)

From Fig 7 we can observe that the SGI/Cray Origin 2000 gives
thebest overall performance. However, considering that each proces-
sor of the Origin 2000 isat | east 3 times more powerful than the Intel
Paragon X PS/150, thisperformanceisnot that good. We should note
herethat no additional effort wasexpendedin optimizingthecodefor
architecturesother thanthel ntel Paragon. Fromthisfigurewecanalso
observe that the matrix solution time will dominate thetotal time as
longassufficienttimestepsaretaken (inthiscase100timesteps). The

(nn =6.75M, np = 242, nt = 10)

Itisevidentfromtheabovetabl ethat all methodsshowed difficul -
ty inconvergenceaso isincreased. Although BiCGSTAB performed
slightly better than the other methodsthedifferencesarewithinafac-
tor of 2 of each other.

We also performed some tests with variable Kg—fields (in equa-
tion(4)) generatedinasimilar fashionwithorangingfrom0Oto4. The
convergencebehavior of al thesolversinthiscasedid not changeap-
preciably with o. This behavior can be attributed to the fact that any
variationsin Ky would simply add randomly variable positivevalues
tothediagonal entriesof thematrix thusadding noadditional difficul-
ty to the linear system solution.

Floating Point Performance

The floating point performance of all the methods were in the
range of 10-12 Mflops per processor on the XPS/150. For thelargest
problem we obtained performances close to 10 Gflops on 1024 pro-
Cessors.

CONCLUSIONS

Our resultsindicate that al the solvers perform reasonably well
for most of thetest problems. i.e., Theoverall performanceiswithina



factor of 2 of each other. Within these closelimitstheperformanceis
in the following decreasing order for most problems: BiCGSTAB,
GMRES(10), ORTHOMIN(5), and CGS. All the methods exhibit
very good scalability up to 1024 processors. Thisisdemonstrated by
thefact that weareableto solve 100timestepsof a40 millionelement
problem in around 300 seconds using either BiCGSTAB or
GMRES(10) (see Table 1). For all the methodstested, convergence
behavior is not sensitive to the problem size. Thisresult isdifferent
compared to the diagonal preconditioned conjugate gradient solver
(DPCG) used in the steady state groundwater flow problem [Mahin-
thakumar and Saied, 1996] wherethe convergence behavior deterio-
rated withincreasing problemsize. Sincethenumber of iterationsper
time step is aso generally small for all the methods (compared to
DPCGinthesteady stateflow problem), wedo not see any major ad-
vantage in using amethod such as multigrid for this non—-symmetric
transport problem [see Mahinthakumar and Saied, 1996]. Thisresult
can be attributed to the fact that a steady state problem is generally
moredifficulttosolveinthelinear algebrasensethanatransient prob-
lem. Convergence behavior of all the methods deteriorated when the
variability of the velocity field was increased or when the Courant
number wasincreased. However, these conditions affected the accu-
racy andtheoscillatory behavior of thesolutionmorethantheconver-
gence behavior of each solver.
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