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ABSTRACT

Inthispaper we present parallel solversfor largelinear systemsaris-
ing from the finite—element discretization of three-dimensional
groundwater flow problems. Wehavetested our parallel implementa
tionsontheIntel Paragon XP/S 150 supercomputer using up to 1024
parallel processors. Our solvers are based on multigrid and Krylov
subspace methods. Our goal isto combine powerful agorithmsand
current generation high performance computersto enhancethe capa-
bilities of computer models for groundwater modeling. We demon-
strate that multigrid can be a scalable algorithm on distributed
memory machines, Wedemonstratetheeffectivenessof parallel mul-
tigrid based solversby solving problems requiring morethan 64 mil-
lionfinite—elementsinlessthanaminute. Our resultsshow that multi-
grid as a stand alone solver works best for problems with smooth
coefficients, butfor rough coefficientsitisbest usedasaprecondition-
er for aKrylov method.

BACKGROUND

In order to determine flow fieldsin a groundwater aquifer, a partial
difference equation (p.d.e) commonly referred to asthe groundwater
flow eguation needsto be solved. For the steady—state saturated case,
this equation is an elliptic p.d.e given by

V(KVh) —q = 0 (1)

where K isthe hydraulic conductivity tensor, histhe head field, and
g represents the source/sink terms coming from injection/pumping
wells. In generdl, finite—element or finite—difference techniques are
used to discretize Equation (1).

For many redlistic problems, the groundwater flow equa-
tion involves rough coefficients (tensor K) resulting from heteroge-
neous hydraulic conductivity fields (or K—fields). Inorder toresolve
fine—scaleheterogeneity effectsonlarge—scal eregiona modelsafine
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discretizationisrequired (e.g. intheorder of few meters) evenfor re-
giona models(e.g. intheorder of kilometers). For such problemsfi-
nite—element orfinite—differencediscretizationsgiverisetoverylarge
linear systems(intheorder of 100’sof millions) that needtobesol ved.

Thematricesthat result from thedi screteapproximation of
Equation (1) are sparse, symmetric and positive definite. The pre-
conditioned conjugategradientsisapopul ar Krylov method (seenext
section) commonly used to solve such systems (Meyer et al 1989;
Mahinthakumar and Val occhi, 1993). For methodssuch asprecondi-
tioned conjugategradients, the number of iterationsrequired for con-
vergence increases with the problem size and the degree of hetero-
geneity when traditional preconditioners such asdiagonal scaling or
incompl ete Cholesky are used. However, we canimproveon thisbe-
havior by using amultigrid method, either onitsown, or asaprecon-
ditioner inaKrylov subspace method. By using multigrid techniques
wecanmaketheconvergencebehavior lessdependent ontheproblem
sizeand theroughness of the coefficients (Alcouffeet al 1981; Behie
and Forsyth 1983; M ckeon and Chu 1987; Ashby and Falgout 1995).
But the difficulty in implementing multigrid techniques on distrib-
uted memory machines has prevented thismethod from gaining pop-
ularity on machines such as the Intel Paragon.

Inthiswork weimplement parallel multigrid based solvers
onthelntel Paragon and comparetheir performancewith diagonally
preconditioned conjugate gradients. Performance is measured in
termsof raw solutiontime, scal ability, parallel efficiency, and Mega-
flop rate. Efficiency of multigrid methods for increasing problem
sizes and increasing roughness is also compared.

KRYLOV SUBSPACE METHODS

Krylov subspace methodsfor solving alinear system Ax = bareit-
erative methods that pick the j—th iterate from the following affine
subspace

X; € xy + Ki(A,ry),

where x,istheinitial guess, r, the corresponding residual vector and

the Krylov subspace K(4,r) is defined as

Ki(A,r) = span{ry, Ary,..., A 'ry}.



These methods are very popular for solving large sparse linear sys-
temsbecausethey are powerful and yet offer considerablesavingsin
both computation and storage. Some of the more popular Krylov
methods are Preconditioned Conjugate Gradients (PCG), Bi—Conju-
gateGradient Stabilized(Bi—CGSTAB), GeneralizedMinimal Resid-
ual (GMRES), Quasi—Minimal Residual (QMR), and Adaptive Che-
bychev (Barret et al. 1994; Dongarraet al. 1991). Of these, PCG is
used for only symmetric positive definite systems.

MULTIGRID METHODS

Multigridmethodsfor partial differential equationsusemultiplegrids
for resolvingvariousfeaturesof thesol utionontheappropriatespatial
scales (Brandt 1977; Briggs 1988; Holst and Saied 1993). They de-
rivetheir efficiency by not attemptingtoresolvecoarse scalefeatures
onthefinest grid. Thebasicideaof multigridisdepictedinFig 1, for
the two—grid version.
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Fig 1: The Two-Grid Version of Multigrid

Starting with and initial guess, u®®, on the finest grid, we
apply v, iterations of asmoothing method (R;), such asweighted Ja-
cobi or Gauss-Seidel and form the residual r,, of the resulting grid
vector U, Thisis" restricted”” downtothecoarsegrid, whereitisused
asthe right hand side (r,,) of the coarse grid correction equation,
L,C = r,, Where L, isanappropriately defined coarse grid opera-
tor. The solution to this problem ( c,,) isinterpolated back to thefine
grid whereitisadded tothecurrent approximation. Finally anaddi-
tional v, sweepsof thesmoother areapplied to thecorrected approxi-

mation, to obtain up®'. The grid transfersinvolvefineto coarse (re-
striction) and coarseto fine (prolongation or interpol ation) stages. At
thecoarsestlevel, afull matrix solveisperformed beforemovingupto
thenext finer level. The coarse—grid solveisusually doneby PCG or
banded Gaussian elimination.

In practice, thetwo—grid algorithm is applied recursively.
The most common approach is the V—cycle, where an initial guess
must be supplied on the finest grid. The V—cycle can be used onits
own or as a preconditioner to a Krylov method. The Full Multigrid

(FMG) method goes one step further and starting from the coarsest
grid, “bootstraps”’ itself up to the finest grid, before doing the V-
cycle. Inthissense, FM G generatesitsown (usually very good) initial
guessonthefinestgrid. InFig2weschematically illustrateboththese
approaches (the finest grid is at the top).
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Fig 2: V—Cycle and the Full Multigrid

ALGORITHMIC FRAMEWORK

For the three-dimensional isotropic case, Equation (1) reducesto
d oh d oh
EX’ (K(x,y,z) a) + @ (K(x’y’z) a_y)

2
+ aa—Z(K(x,y,Z)%) =4q

where K(x,y,z) isthe hydraulic conductivity value at location (x,y,2).
TosolveEquation (2) weemploy theGalerkinfiniteelement discreti-
zationusing eight—nodelinear brick elements(Istok 1989; Huyakorn
and Pinder 1983). This discretization resultsin amatrix equation of

theform Ax = b,whereAisasparse, symmetricpositivedefinitema-
trix. For arectangular grid structure and " natural ordering” of un-
knownsmatrix A hasa27—diagonal banded non—zerostructure. If the
non—zero entries of the matrix are stored by diagonals, vectorizing
compilerscan generateextremely efficient codefor operationslikea
matrix vector product, which areused in multigrid and Krylov meth-
ods. In our implementation we exploit symmetry and store only the
14 super—diagonals of the matrix.

For the multigrid implementation we use a V—cycle for
each multigriditeration. Inorder to construct therestriction operator
within each V—cycle, we implemented three methods: simpleinjec-
tion, half weighting (7—point), and full weighting (27—point). For the
prolongation operator (or interpol ation) within each V—cycle, weuse
alinear interpolation scheme. The coarsegrid operator for each level
issimply the finite—element global matrix at these levels. For cases
with rough coefficients, the elemental hydraulic conductivity values
at thecoarser level sareobtained by alocal averaging scheme. Weim-
plemented three options to perform this averaging: arithmetic, geo-
metric and harmonic averaging. For most of our test cases, simplein-
jectionandarithmeti caveraging provedto bethebest options. For the



coarse grid solve we used the diagonally preconditioned conjugate
gradient method.

For the smoothing operation we chosetheweighted (or un-
derrelaxed) Jacobi, which, for Ax = band A = D-L-U, isdefined
by

D = [(1-0) + oD YL + U)™ + oD b

wherew istheweightingfactor. Although Jacobi islesspowerful than
methodssuchasGauss-Seidel,itiseasily parallelizedandisgenerally
adequate as a smoother.

Wealsoimplemented optionsto usemultigrid asaprecon-
ditioner for CG and BiCGSTAB methods. Summarizing, our parallel
solvers consisted of the following methods: DPCG (diagonally pre-
conditioned conjugategradients), MG (stand alonemultigridsolver),
MGCG (multigrid preconditioned conjugate gradients), and
MGBICGSTAB (multigrid preconditioned Bi—-CGSTAB).

PARALLEL IMPLEMENTATION

Our parallelimplementationiscurrently restrictedtothel ntel Paragon
architecture. We used the Intel Paragon machines at the Oak Ridge
National Laboratory’sCenter for Computational Sciences(CCS) for
our code devel opment and testing. Therearethree Intel Paragon ma-
chinesat CCS: XP/S5 (66 GP-nodes), XP/S 35 (512 GP—nodes), and
XP/S150(1024 MP-nodes). Althoughweused all 3 machinesinour
development phase, the resultsthat will be presented here pertain to
the XP/S 150. The XP/S 150 has 1024 MP (multiple thread) nodes
connected by a 16 row by 64 column rectangular mesh configura-
tion™™. In our implementation we used these nodes only in single
threaded mode. Insinglethreaded mode, eachnodeistheoretically ca-
pableof 75Mflops(in double—precision arithmetic). Each nodehasa
local memory of 64 Mb (execptfor 64" fat” nodeswhichhave128 Mb
each). Thenativemessagepassing library ontheParagoniscalled nx.
Theinter—node message bandwidth isabout 152 Mb/sfor long mes-
sages (~ 1Mb) with a zero-ength latency of 35 ps.

For theparallel implementationweused atwo—dimension-
al (2-D) domain decompositioninthexandy directionsasshownin
Fig 3. A 2-D decomposition is generally adequate for groundwater
problems because common groundwater aquifer geometriesinvolve
avertical dimensionwhichismuch shorter thantheother twodimen-
sions. For the finite—element discretization such decompositionin-
volves communication with at most 8 neighboring processors. We
note herethat a3-D decompositionin thiscasewill require commu-
nication with up to 26 neighboring processors.

*

* see CCS web page at http://www.ccs.ornl.gov
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Fig 3: Plan View of Two-Dimensional Domain Decomposition

We overlap one layer of processor boundary elementsin
our decomposition to avoid additional communication during the as-
sembly stageat theexpense of someduplicationinelement computa-
tions. There is no overlap in node points. In order to preserve the
27—diagonal band structurewithin each processor submatrix, weper-
form alocal numbering of the nodes for each processor subdomain.
Thisresultedin non—contiguousrowshbeing allocated to each proces-
sor in the global sense. For local computations each processor isre-
sponsible only for its portion of the rows which are locally contigu-
ous. However, such numbering givesriseto somedifficultiesduring
explicit communicationand /O stages. For example, inexplicit mes-
sage passing, non—contiguousarray segmentshadto begatheredinto
temporary buffers prior to sending. These are then unpacked by the
receiving processor. Thisbuffering contributessomewhat tothecom-
muni cation overhead. When the solution output iswrittento afilewe
had to makesurethat the proper order ispreservedintheglobal sense.
Thisrequired non—contiguouswritesto afileresultingin1/O perfor-
mance degradation particularly when alarge number of processors
were involved.

For simplicity we use the same static decomposition at all
multigrid levels. This strategy puts an upper limit on the number of
multigrid level sthat can be used because eventhe coarsest grid prob-
lem hasto bedistributed acrossall processors. However, thisstrategy
isnot alwaysbad sincethe convergence of themultigrid method dete-
riorates with increasing number of levels.

All explicit communications between neighboring proces-
sorswere performed using asynchronousnx calls. System callswere
used for global communication operations such as those used in dot
products. The codes are written in FORTRAN using double—preci-
sion arithmetic.

MODEL PROBLEM

For al thetest simulationswe setup amodel problem asshowninFig
4., Thissetup correspondsto acontaminati on scenario wherethe con-
taminant leaches from a single rectangular source into a naturally
flowing groundwater aquifer.
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Fig 4: Vertical Cross—Section of Model Problem

Theflow field generated from such simulation can be used
asaninput toatransport simul ator to generatethe contaminant plume
(Mahinthakumar 1995). Boundary conditionsfor thissetup areasfol-
lows: Fixed headsof h=L,/100 andh=0 atthefacesof x=0andx =
Lx respectively, arectangular patchof Ly/8x Ly/8centeredat (x = Ly/4,
y=Ly/2,z=L;) withauniformly distributed flux of 0.04 m?/d, and no
flow boundaries else where. For tests involving heterogeneous K—
fields (i.e. rough coefficients), we obtained the spatially correlated
random K—fields by using aparallelized version of theturning bands
code (Tompson et al 1989). Thedegree of heterogeneity ismeasured
by the parameter ¢, which isan input parameter to the turning bands
code.

PERFORMANCE RESULTS AND DISCUSSION

Inthissectionwe present and comparethe performanceof ourimple-
mentationswithrespecttoproblemsize, scal ahility, raw floating point
performance, androughnessof coefficients. Thefollowing selections
were used for al performance tests unless otherwise stated:

e convergence criteriafor matrix solution: two—norm of relative
residual < 108

e coarse grid solve: DPCG with tolerance set to 104

e smoothing: v; = = 3, weighted Jacobi with w = 0.95
¢ homogeneous K—field (constant coefficient case)

e timings are for matrix solution only

¢ number of multigrid levels within each V—cycle = 4

wherevy ,vo arethenumber of pre—and post—smoothing operations
respectively. Timings were obtained by the dclock() system call.
Timingsreported arefor the processor that takesthe maximumtime.

Increasing Problem Size

InTable1lwepresent theiteration countsand solutiontimingsfor MG
and DPCG methodsastheproblemsizeincreases. Astheproblemsize
doubled in either x or y directions, the 2-D processor configuration
was also changed accordingly. NP isthe total number of processors
used. The processor mesh configuration is NPy x NPy,

NP NPxx NPy, nx X Ny X nz MG DPCG

(=NP) Iter Time Iter Time

1 1x1 33x33x65 6 230 98 423
2 2x1 65 x 33 x 65 6 241 147 610
4 2x2 65 X 65 x 65 6 252 151 636
8 4x2 129 x 65 x 65 6 263 245 987
16 4x4 129 x 129 x 65 6 272 242 984
32 8x4 257 x 129 x 65 6 284 358 142
64 8x8 257 x 257 X 65 6 299 429 171
128 16x 8 513 x 257 x 65 6 329 664 260
256 16 x 16 513 x 513 x 65 6 327 756 299
512 32x 16 1025 x 513 x 65 6 404 1203 469
1024 32x32 1025 x 1025 x 65 6 450 1612 670

Table 1: Effect of Increasing Problem Size

As the problem size increased, the DPCG iterations in-
creased dramatically whilethemultigriditerationsremainsfixed. Itis
interesting to note herethat DPCG isalso sensitivetothe aspect ratio
of theproblemwhileMGisnot. For example, theincreaseiniteration
count for DPCG islarger for the 257 x 257 x 65 to 513 x 257 x 65
transition than the 513 x 257 x 65 to 513 x 513 x 65 transition. This
phenomenacan beobservedfor all cases. Althoughwedonot show it
here, wenotethat bothM GCG and M GBiCGSTAB behaved similar-
ly toMG. Wewould liketo note herethat using MG wewereableto
solve a 68 million node problem in only 45 seconds.

Scalability of Multigrid

In this section we analyze the scalability of MG by increasing the
problem size with corresponding increase in the number of proces-
sors. In fact we used the same test results that were obtained for the
previous section. For perfect scalability, the solution time should re-
mainfixed asweincreasetheproblemsizeaccordingly withthenum-
ber of processors. InFig 5weshow thescalingbehavior of our parallel
multigrid implementation. Note that a horizontal line on this plot
would correspond to perfect scalability.

A first glanceat Fig 5 may indicate that multigrid does not
scale very well at al. The solution time for the largest problem
(approximately 68 M nodes) on 1024 processors is approximately
twicethat for the smallest problem (approximately 70 K nodes) on 1
processor. A closer inspection of our timingsreveal ed that most of the
lossinscalability isduetothecoarsegrid solvewhichisperformedby
DPCG. Even though the multigrid iterations remain the same
throughout the scaling process (see Table 1), the DPCG coarse grid
solve iterations increase because the coarse grid problem becomes
larger aswe scale. By the sametoken we can seefrom Fig 5 that all
phasesof theV—cycleother thanthecoarsegrid solveshow very good
scalability.
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Fig 5: Scaling Behavior of Multigrid

Conver gence Behavior for Large Problems

Theconvergencebehavior of each method for the68 M nodeproblem
isshowninFig 6. Notethat inthisfigurewe plot thenorm of therela-
tiveresidual against thetotal time (includesinitial setup, 1/0, matrix
computation and assembly, and matrix solution time). It is evident
that all MG based methods show very good and monotonic conver-
genceratescompared to DPCG. Itisinterestingto notethat MGCGis
performing well eventhough our V—cycle preconditioner isnot sym-
metric.

. DPCG

Norm of Relative Residual

T HWTW HHUTW HHUTW HHWW T HUUW T HUW T HWTW HHUTW TTTTm

T I R A

200 300 400 500 600 700 800
Execution Time (secs)

o
[}
(s}

Fig 6: Covergence Behavior as Function of Total Time
for the 1025 x 1025 x 65 Problem

Parallel Performance for Fixed Problem Size

Wemeasuredtheparallel performancefor afixed problemof size257
x 257 x 65 (3.9M nodes) by increasing thenumber of parallel proces-
sorsfrom64t01024. TheresultsareshowninFig 7. For themultigrid
based methods 3 multigrid levels and 2 pre— and post— smoothing
passes were used.
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Fig 7: Parallel Performance for Fixed Problem Size
From Fig 7 we can see that the MG based methods do not
speed upaswell asDPCG. Weattribute thisbehavior to greater over-
headsin the coarse grid operations asthe problem size per processor
becomes smaller. Wewould liketo note herethat eventhough DPCG
hasbetter parallel efficiencyitisstill lowerthanM Gfor all processor
numbers except for NP=1024.

InFig8wecomparetheparallel efficiency of thetotal time
to the matrix solution and explicit inter—processor communication
times. Timings are for thefixed size problem (257 x 257 x 65) using
the MG solver. Thetota timeincludesinitial setup, finite—element
matrix assembly, matrix solutionand I/O. From Fig 8 wecan observe
that even though the MG solution has subpar parallel efficiency, the
total time has a reasonabl e speed up behavior. The explicit commu-
nication time decreases dlightly in the beginning and then starts to
gradually increase asweincrease NP. We attribute theinitial dropin
communication time to messages becoming shorter (message band-
width limited) and theincrease near the end to the latency overhead.
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Roughness of Coefficients

Theroughness of the coefficients of Equation (2) ismeasured by pa-
rameter o whichrepresentsthedegreeof heterogeneity of theK—field.
In Table 2 we show the effect of increasein o on the convergence be-
havior of our solvers. Theresultswe present arefor a257 x 257 x 65
problem on 256 processors. The multigrid based methodsused 31 ev-
elsand 2 pre—and post—smoothings. Theresults show that multigrid
isbest used apreconditioner whentheheterogeneity ishigh. Examin-
ing Table 2 reveals that the convergence of MGCG and MGBIiCG-
STAB islessaffected by o than DPCG. Thisisinteresting becausewe
did not use operator based restriction and prolongation for the MG
based methods in our implementation. We believe thisis somewhat
related to the robustness of our coarse grid operator.

o MG MGCG MGBIiCG DPCG

Iter  Time Iter Time Iter Time Iter Time
0.0 9 18.7 8 21.7 4 204 256 334
0.5 10 23.2 8 24.2 5 269 366 49.2
1.0 13 30.7 10 28.1 5 270 609 811
15 25 586 13 346 7 360 1043 137
20 Diverged 20 506 10 497 1489 195
25 Diverged 29 713 16 775 1844 242

Table 2: Effect of K—field Heterogeneity

Floating Point Performance

We estimated the Mflop ratesfor our solversusingaMATLAB rou-
tine which computes the number of floating point operations as a
function of various V—cycle parameters. The peak performance for
theMG solver isabout 4.2 Gflopscomparedto 10.3for DPCG. These
numbers are for the largest problem shown in Table 1. For the MG
solver the Mflop per processor ranged from 7.8 for the single proces-
sor problemin Table 1to 4.1 for thelargest problem on 1024 proces-
sors. Weshould keepinmind that thesenumbersarefor sparsematrix
operationsthat usually do not give good floating point performance.
For double precision floating point operations involving sparse ma-
trices, 15Mflopsper processor isusually considered very goodfor the
Portland Group Fortran compiler on the i860 chip.

CONCLUSIONS

Wehaveimplemented multigridfor thesolution of thefinite—element
equations for the 3-D groundwater flow problem on distributed
memory machines. Of the solverswehaveimplemented weconclude
that multigrid solvers are the most efficient for solving very large
groundwater flow problemson the Paragon. For example, for the 68
M nodeproblem, DPCG would havetorunat 150 Gflopsto solvethe
problem as quickly as multigrid. The performance of our multigrid
solverscould befurther improved by optimizing thesingle processor

performance of major loops. For exampleby using callsto optimized
BLASroutinesfor the saxpy and dot product operations. Therobust-
nessof our multigrid solverswith respect toincreasing heterogeneity
might be enhanced by using operator based interpolation and semi—
coarsening. That is, for increasing heterogeneity the number of V—
cyclesthat isrequired for convergence will not change appreciably.

Inthiswork wehavedemonstrated that by combining pow-
erful algorithmsand current generation high performance computers
thecapabilitiesof computer model sfor groundwater modelingcanbe
substantially enhanced.
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