The case of an "infeasible input schema”
. {in which xi =X, = e = Xo= 015 infeasible, . -
because atleastone by < Q) -

Problems with an infeasible input schema {e.g., the diet problem) might not
have a feasible solution; so the question of consistency (i.e., whether feasible
solutions exist) must be answered before the question of optimality (i.e., whether
the problem has feasible solutions that are optimal or ~ unbounded),
| We shall now see that the question of consistency can be answered by a
relatively simple modification of the simplex algorithm (praviously developed for
answering the question of optimality). This simple modification is called "phase 1"
“of the simplex method, while the simplex algorithm itself is called "phase 2" of the
simplex method. As with our previous description of phase 2, we initially describe
nhase 1 in contracted form (using schemas).
For purposes of illustration, we use asan example the dist problem with input
schema -
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The corresponding basic solution {(in which X =X, =X = 0} 1s infeasible, because the
distinguished column has three negative elements, Consequently, phase 2 is not
vet meaningful, and will never be meaningful if phase 1 shows that there are no
feasible solutions (and hence no basic feasible solutions or corresponding feasible
schemas reprasenting the problemsy. '

Phase 1 consists of a finite number of repetitions of the following four steps,

- which can be viewed as attempts via pivoting to increase the negative elements in
the distinguished column to nonnegative values while preventing any currently
nonnegative elements from becoming negative, (Parenthetical statements explain
the validity of steps 1 and 2; while steps 3 and 4 are algebraically identical to steps
2 and 4 respectively of the simplex algorithm, and hence are valid by virtue of
elementary linear algebra.)

Sten 1. Chaose any negative element in the distinguished column, Then, in the row
of that negative element, choose any other negative element. {If no such other
negative element exists, the corresponding constraint can clearly never be satisfied
forx 2 0 so the problem is inconsistent.)



Step 2, Suppose step 1 gives negative elements b and ag W in the 'th row and O'th
and k'th columns respectively, Then, clearly the foﬂow lnf two scenarios, and ozﬂvt '
the following two scenarios, can occur:

Scenarig 1 [in w}Lch all positive elements a., in the K'th column, it a0y,
correspond o negative elements by in the distinguished ccmmr} anz all

. ratios b /3. 1y for which both b <0 aud a.., < 0 (including the ratio u /4, > o),
That elemen,., S8Y 8y 4., wmﬁh produces fgm largast positive ratio bh/
the pivat element, (If the largest ratic is not unigue, any element a hgrnm

produces the largest ratio by/a, wcan be used as the pivot ¢ element)

Scenario 2 [in which there is at least one positive element 2 in the k'th
column corresponding to a nonnegative element b, in the disinguished
column], Form all ratios b, /a., for which both b, = 0 and aﬂg 0, That
clement, 38y A which pmgu‘::ﬁ the small %t na"!m:gﬂiw atio b /Cihk‘”
the pivot element. (If the smallest ratio is not unique, any &ﬂxnent ah that
produces the smallest ratio b, /&, | can be used as the pivof element; but the
prevention of circling can not be Tuaz"anteed unless Jexicographic minimization
or some other anti-circling procedure is used to breax the ties)

Step 3, Same as for the simplex algorithm , -'

Step 4. Same as for the simplex algorithm - .- w0

Phase 1, like phase 2, need not produce a unique sequence of schemas from
a given input schema. In particular, each of the f’r_)l}owin_g two sequences of
schemas comes from chaosing the negative element -13 in row 1 of the
distinguished column of the input schema for the given diet problem. Hmvev:;r the
first sequence of schemas comes from choosing in “that row 1 the first negative
element -2 while the second sequence of schemas comes from choosing in that
row 1 the negative element -4, The reader should check the validity and accuracy
of the resulting two solution sequences for phase 1, as follows,
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End of phase 1 End of phase 1
Note that for both schema sequences phase 1 has ended with a feasible input

‘schema for phase 2. We suggest that the reader apply phase Z {the simplex
algorithm) to each of these two schemas to answer the (now relevant} question of
‘optimality, We also suggea that the reader repeat phase 1 by still choosing
element -13 in row 1 of the distinguished column of the infeasible input schema,
“but now choosing in that row 1 the second negative element -2, in order to see that
~ the required number of iterations in phase 1 depends not cmlv on the problem, but

also on the pivot selection,



| 'Exemses 1. Prove that each nonnegative b, s replaced :by'a nonnegatwe b{l A

- “after step 3. { Hmt Consxder each’ scenario sepa.rately, and pattem your proo s after L o

- the analogous proof gwen in the te;xt for the sxmplex algontlun ) Tl

. 2 Whmh of the two scenarios in step 2 tends o produce the most
progress ‘toward a feasible schema and why? (Hmt Which scenario guarantees that .
~ ~atleast one nega‘ave b is replaced w1th a positive b‘ after the resulmng pwot '

.,_stepB? : o R

N Can y nu desmbe a type of mfeamble schema ar 15112” in ph«ﬁe 1 th
'reqmres only one iteration to producé & feamble input schema for-phase 2?7 (Hint;
Suppose that scenario 1 occurs in such a way that a; WS 0 for each i for which b <0
- a situation that occurs, for emmpie when the praviously suggested repetmon of

phase 1 for the diet- prob em example is performed )

4, Why does scenario l in st.ep 2 niot need an a.n’tl**ClI‘CImQ pmcedure t@
break the ties that could oceur in determmmg the pivot row? (Hint: Think about

‘the consequences of eherCise 2. In pamwlar tth about the extreme case alluded SR

~ toin exercise 3. }

-5, If Ieuc:ographm mmmnzatzon is used to break the UES that could occur in

determining the pivot row dunng scenario 2 in step 2 (and Hence prevent cirding):
-a. Which rows need to be Iexmogmphmally positive in the input tableau?

b. Which row always chaﬂges in the same lemcogmphm dxrecuon and

what is that direction? :
. Doesrow O aiwavs change in the same le}ﬂCOGI aphic direcnan { asit

- doesin the mmplex algonthm whern lemcographxc minimization is used to break the -
* ties that could occur in determmmcr the pwo‘c row in step 257

Terfninatiqn."of Phase 1

Since there are only a fxmte number of possible schemas, if c1rchng does not
occur {which is guaranteed tc be the case if an anticircling procedure isused in
scenario 7), phase 1 must terminate after a finite number of repetitions of steps 1
through 4. In partlcular phase 1 tennmates at elther steg 1lor mth a fea¢.1b1e
schema, _ :

If phase 1 terminates at step 1, no fmlble solu‘clon @xzsu and hence the
problem is m*"onszstenf so phase 2 is irrelevant,




o If phase 1 termindtes W1th a'feasmle schema, a'basm feaslble so'ut:tg 1
R i-'obtamed (by settmg the termn‘»a.l fionbasic. vanables tn zem) a.nci the feaalbie
. _-sahema can serve as the mnut schema for nhase 2 -' SEEIPIE

-f .

. Observaﬁéns a‘nd Comﬁients :

_- Note that phawe 1 can be perfoxmed wﬂhout an nb)ectwe functm‘q - simply
by omitting row 0 in the schemas {or tableaus). We shall evenitually see that such
a phase 1 can be used to determine the consistency of any finite system of linear

i equations and/or linear mequahtles -- an important extension of the Gaussian

elimination or row reduction that is the key’ to the study of "linear algebra" (whmh
-deals only with hnear equations). :
If phase 1-is performed in uncontracted form (uszng tableaus), pwot
matrices B and their products Q. can be used ina "revised vprsmn" 1o reduce
data-storage reguirements and camputatmnai effort. '

. Other versions of phase 1 (including the original version using ”artiﬁmal
variables® that is probably still used in many, if not all, commercial computez
software pac}xages) can also be used, but they are not as easﬂy motivated, .

. described, or validated as the version given here. A combination of phase 1 and
- phase 2 using artificial variables, called the "big M method", actually goes through
~the same pivotsas a phase 1 followed by a phase 2 and hencehasno

: -(:omputatmnal advantage over other versions of the simplex method. In Tact,
certain scenarios can oceur that, to the best of the author's knc;wledge, prevent the
construction of a pmof of termination in a ﬁmte number of 1temt1cms 50 the b1g M
method actually seems to be mfermr to the other methc)ds '



