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We comnsider a two-stage queueing system where the first (upstream) queue serves
many flows, of which a fixed set of flows arrive to the second (downstream) queue.
‘We show that as the capacity and the number of flows aggregated at the upstream
queue increases, the overflow probability at the downstream queue converges to
that of a simplified single queue obtained by removing the upstream queue from the
original two-stage queueing system. Earlier work shows such convergence for fluid
traffic, by exploiting the large deviation result that the workload goes to zero almost
surely, as the number of flows and capacity is scaled. However, the analysis is quite
different and more difficult for the point process traffic considered in this paper. The
reason is that for point process traffic the large deviation rate function need not be
strictly positive (i.e., I(0) = 0), hence the workload at the upstream queue may not
go to zero even though the number of flows and capacity go to infinity. The results
in this paper thus make it possible to decompose the original two-stage queueing
system into a simple single-stage queueing system.
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1. Introduction

In current telecommunication networks, the link capacity (or bandwidth) at
routers or switches in the network has continued to increase, thus allowing a
large number of traffic flows simultaneously to traverse the network. To analyze
the behavior of a queueing system with a large capacity (where many flows are
multiplexed), various approaches have been used [1,3,4,9,10].

Let us first consider a queue serving N i.i.d. traffic flows in a FIFO manner
with deterministic rate NC. For each arriving flow, A;(s,t), s,t € R represents
the number of customers (or packets) of type i (or flow i) that arrive in time
interval (s,t]. The workload of the queue at time ¢ then becomes

N

¢ (t) := sup [ZAi(s,t) — NC(t - s)], (1.1)
s<t 1

assuming that the system started at —oo. Under this scaling, it is well known
that the behavior of the queue ¢" (¢) is described by the following many-sources-
asymptotic upper bound [1,4,9]:

Under appropriate conditions, we have

1
limsup — log P{¢" (t) > Nb} < —I(b), b>0, (1.2)
N—o0 N
where
I(b) := infsup [§(Ct +b) — log E{efA0N1], (1.3)
9

This result has received much attention and has been widely used as an estimate
of the overflow probability when the number of sources and capacity increase
proportionally. However, (1.2) also reveals another aspect of the behavior of the
workload ¢” (t). For example, suppose that I(0) is positive. Then, we obtain
SR P{gN(t) > 0} < X_; exp(—I(0)N + o(N)) < oo, which implies that, by
the Borel-Cantelli Lemma, ¢¥(¢) converges to zero almost surely as N goes to
infinity for any fized time t. Based on this observation, Wischik has shown, in a
discrete time setting (for which it is always true that I(0) > 0), that the moment
generating function of an output process converges to that of an averaged version
of the arrival processes [14,15]. This work sheds some light on how each traffic
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will be affected by passing through a number of switches with large capacities.
However, due to the large deviation framework used in that paper, the queue
dynamics in the network are described only in a log-asymptotic sense. Further,
all the queues in the network are scaled in the same way (averaged by the number
of sources N) to apply this result. To be specific, an output traffic flow is taken
as the departure from a queue with capacity C, and with input being averaged
over its i.i.d. copies, i.e., % Ef\il A;(s,t). Then, this output traffic flow is again
averaged over its 7.i.d. copies in order to establish the large deviations (many-
sources-asymptotic) for the queue at the next stage. However, in this paper, the
departure flows are taken as is, and they are not independent for any fixed N
due to the interaction among different flows in the upstream queue ¢ (t). (See
Figure 1.)

Previously, we have developed network decomposition types of results when
a large number of the fluid sources are multiplexed at certain queues in the net-
work [7,8]. More recently, again, within a fluid-model framework, the authors
in [11,12] obtained the overflow asymptotics in a network of small buffers with
buffer size o(N) whereas the number of flows and the capacity linearly increases
with N. In particular, when all the sources require the same QoS, they showed
that asymptotically the admissible region corresponds to that which is obtained
by assuming that flows pass through each node unchanged. The common feature
of all of these results [7,8,11,14] is that they have been obtained in a fluid frame-
work, where the large deviation rate function is strictly positive (i.e. 1(0) > 0).

However, in this paper, we assume that each traffic flow is modeled as a
stationary point process. This is a fundamentally different regime from the fluid
model. For example, suppose that each arrival process to the queue ¢V () is
Poisson with rate A, then it is straightforward to see that the distribution of
g™ (t) does not vary with N. More generally, it has been recently shown [2] that
for general stationary point process inputs, ¢ (t) converges in distribution to a
queue-length random variable when the input is Poisson. Hence, for point process
inputs, the queue ¢ (t) does not converge to zero in any sense, thereby implying
that I(0) = 0.

This paper is organized as follows. In Section 2, we describe our problem
in detail. We next provide some preliminary results and model assumptions in
Section 3. In Section 4, we present our theorem with detailed proofs, and discuss

several issues.
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2. Problem Description

queue of interest

< Scenario | >

A4(s)

ALY

A N (st)

Figure 1. Queueing network: Scenario I

Consider a two-stage queueing system depicted in Figure 1. The upstream
queue (with workload ¢’ (¢) at time ¢) represents a node (or station) that is
capable of serving a large number of traffic flows in a queueing network, while each
downstream queue at the second stage could be a node with only a small capacity,
e.g., anode at the network periphery. In a telecommunication networking setting,
we can view the upstream queue as one of the core routers in the network with
large capacity, and the downstream queue as one of the edge routers with a
much smaller capacity. In Figure 1, after being served at the upstream queue,
the N different flows are routed to many different nodes, each of which serves
only a fraction of flows. Specifically, among the N flows, a fized subset' (non-
empty and not dependent on N) of the flows i (i € I') after being served at the
upstream queue arrives to one of the downstream queues (with workload va (t)
and capacity Cy) with an arbitrary interfering traffic R(s,t), while the rest of
flows are routed to other nodes or depart the system. We can thus write the
steady-state workload at that downstream node as

QY (0) := sup [Z DY (~t,0) + R(—t,0) — Cqt].
t20 jer

! The case where T scales with N could be also important in certain scenarios, for which our
result does not go through. However, it is not the focus of this paper, and hence, we will not
discuss it further.
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We are now interested in estimating the steady-state overflow probability
P{QY(0) > z} for a given buffer level z. In order to do that, we consider a
simple single-stage queueing system shown in Figure 2, a simplified version of
the original two-stage queueing system in Figure 1. In Scenario II, the queue has
the same interfering traffic R(s,t) and the same service capacity Cy as that of
Scenario I, except that the traffic arrival of interest to the queue is now A4;(s,t)
instead of DN (s,t). Specifically, we write the steady-state workload in Scenario
1T as
Qr1(0) :=sup [Y Ai(=1,0) + R(~t,0) — Cyt].
£20er

Thus, we obtain Scenario II if we remove the upstream queue in Scenario I (the
queue with large capacity). Note that Q;;(0) does not depend on N, while
Q¥ (0) does. Also note that under this scaling, the overflow probability at the

downstream queue does not converge to zero as N grows in contrast to the scaling
used in [14].

< Scenario Il >

R(st)
A .
(s Q,® @
icr

Figure 2. Scenario II: a simplified version of Scenario I

In general, the difference between the two random variables QY (0) and
Qr7(0) depends on the entire past history of the previous queue, i.e., ¢"(t) for
all t < 0. Thus, pointwise convergence of ¢ (t) to zero by itself is not sufficient
to establish the convergence of P{QY (0) > z} to P{Q;(0) > z}. However,
in [7], we recently showed that under I(0) > 0 and some technical assumptions,
the overflow probability of the original system (P{Q% (0) > z}) in fact converges
uniformly to that of the simplified system (P{Q7(0) > z}). Further, we showed
that the speed of convergence is at least exponentially fast. In [7], the condition
I(0) > 0, which guarantees the convergence of ¢ (t) to zero, is also shown to be
satisfied for any discrete time model as well as for continuous time models under
“fluid-type” of assumptions. Some examples of the “fluid” assumptions are that
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(i) each arrival traffic has a finite peak rate or (ii) the sample path of A4;(0,t) is
smooth enough to define its derivative (See Proposition 2 in [7]).

In this paper, we can also show that P{Q% (0) > z} converges to P{Qr(0) >
x} for stationary point process inputs, i.e., for non-fluid arrivals. As noted earlier,
for point process inputs, the upstream queue ¢¥(¢) does not converge to zero
in any sense. Nevertheless, in this paper, we show that we are still able to
approximate P{QY (0) > z} by P{Q;(0) > z} with an offset of one packet
(or customer) difference (See Theorem 4.1 in the paper), which allows us to
decompose the network for analysis.

3. Preliminaries

Let A;(s,t) represent the number of packets (or customers) that arrive during a
time interval (s,t] for flow i. We model each traffic arrival A;(s,t) as a simple

stationary point process. A point process is said to be simple [5] when
P{A{t} =0or 1 for any t} =1,

where A{t} (by a little abusing the notation) denotes the number of arrivals at
time ¢. By stationarity, we mean that A;(s,s+1t) is stationary in s. Let A be the
finite intensity of the point process 4;(0,t), i.e., E{A;(s,s +t)} = At. Then, the
following result is a direct consequence of a simple stationary point process from

[5]-

Lemma 3.1. For any simple stationary point process A; with finite intensity A,

we have

P{A;(0,t) = 1} = Xt + o(t) and P{A;(0,%) > 2} = o). (3.1)

Note that, by definition, A;(s,s + t) is non-decreasing in ¢. Throughout the
paper, we assume that A;(s,t), i = 1,2,..., N are independent and identically
distributed.

We define

J(t) := sup [0Ct — log E{e?4(00}], (3.2)
>0
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and also define ¢;(t) as the workload of a queue at time ¢ with capacity C fed by
a single input A;(s,t), i.e.,
qi(t) :== sup [4;(s,t) — C(t — s)], (3.3)
s<t
where C' > \. In this paper, we will impose the following assumptions on each
arrival process A;(s,t).

(A1): limsup;, log E{?40D} = 0 for any 6 > 0.
(A2): liminf;_, J(t)/logt > 0 where J(t) is defined in (3.2).
(A3): There exists € > 0 such that E{(g;(0))!7¢} < oo.

Assumption (A1) is merely a technical one. In particular, it becomes trivial once
E{e?4(0)} < oo for some ¢ > 0 from the Dominated Convergence Theorem.
Assumption (A3) is quite general in that it includes almost all traffic models
typically considered in the literature. For example, any long-range dependent
traffic model with log P{g;(0) > z} ~ —az?, where o > 0 and 0 < § < 1,
satisfies (A3). In fact, in this case, all the moments of ¢;(0) exist. Also, even if
the workload is Pareto-distributed (i.e., having infinite variance) with parameter
1 < p <2, (A3) still holds with e = (p — 1)/2 > 0. Note that E{g;(t)} does not
depend on i or ¢ due to the stationarity and 4.i.d. assumption on A;(s,1).

Assumption (A2) was first introduced by Likhanov and Mazumdar [9] to
establish the many-sources-asymptotic large deviations results in the discrete
time setting, and (A1) has been used to carry the proof of the result from the
discrete time case over to the continuous time setting [1]. The authors in [9]
showed that (A2) is quite general and even holds for on-off sources with heavy-
tailed on-time distribution. Similarly, for point process models, it has been shown
in [2] that (A2) is satisfied by a large class of stationary point processes. For
example, (A2) holds for (i) any simple renewal process A; whose inter-arrival
distribution X with E{X} = A~! > 0 and (ii) any simple Poisson on-off process
with the on-time and off-time distributions Ton and T g, respectively, satisfying
E{T g} < oo and E{toh¢} < oo for some ¢ > 0. As a consequence, we see that
Assumptions (A1)—(A3) are quite general and include most of the traffic models
studied in the literature.

Lemma 3.2. Under Assumptions (A1) — (A3), we have

Jim E{qg"(t)/N} =0.
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Proof. From Assumptions (A1) and (A2), note that we have the many-sources-
asymptotic upper bound given by (1.2) where the rate function I(b) is as in (1.3).
Since A < C, it follows that I(b) > 0 for any b > 0. Thus, for any given € > 0,

i P{qN(t) > 6} < i e—I(e)N+0(N) < 00

implying that ¢" (t) /N converges to zero almost surely. To show the convergence
in the mean, we use the following result from [6].

Theorem 3.8 in [6]: Suppose X, — X a.s. and there are continuous func-
tions g,h > 0 with g(z) > 0 for large z and |h(z)|/g(z) — 0 as |z| — oo and
E{9(Xn)} < K < oo for all n. Then E{h(X,)} — E{h(X)}.

Together with Assumption (A3) and from the definition of ¢;(¢) in (3.3), we have
for some € > 0 and K < o0,

B{(¢")/n) ") {(%s;g; > (,t)—NC(t—S)])HC}

_E{ (%; (T;E’ [A(s,t) — O(t — s)]))m}

1 N 1+e
NZ_ZIE{(s;i}t) [Ai(s,1) C(t—s)]) }
=E{(q: (1))} = E{(q:(0))""} < K, (3.4)

for any N, where the second inequality follows from Jensen’s inequality and the
convexity of z!7¢. Hence, from Theorem 3.8 in [6] with choices of g(z) = z'*¢

and h(z) = z, the result follows. O

As mentioned in the introduction, however, the workload of the upstream
queue, ¢" (t) does not converge to zero for point process inputs. Specifically,
suppose that there exists 6y > 0 such that F{exp(6pA(0,t))} < oo for every
t > 0. Under this assumption and under (A2), Cao and Ramanan [2] showed
that for each z, P{q"V(t) > z} converges to the tail of the workload distribution
for a corresponding queue with Poisson input.

Before we proceed to our main section, we need the following result, a slight
extension of (3.1) to the superposition of a finite number of arrival processes.



D. Eun, N. Shroff / two-stage queueing system with many point process arrivals 9

Lemma 3.3. Let A;(s,t), i = 1,2,..., be i.i.d. and let each of them be a sta-
tionary simple point process. Then, for any T" with |T'| < co, we have

P{> " Ai(0,t) > 1} = o(t).

i€l

Proof. See Appendix. O

4. Main Results

In this section, we will prove our main theorem as follows:

Theorem 4.1. Suppose that (A1) — (A3) hold for each simple stationary point
process A;, and that (A2) holds for the interfering traffic R(s,t). Then, for any
z > 1 and any given §1,d2 > 0, we have

P{Qr1(0) >z +6;} < 1}@;@{@? (0) > z}

< limsup P{Q} (0) > z} < P{Qus(0) > z — 1 — b5}
N—o00

As mentioned earlier, the difference between Q¥ (0) and Qr7(0) depends on
the behavior of the workload (¢}¥ (—t)), due to flow i, over the entire past history,
i.e., over t > 0. To prove our theorem, we divide the whole interval [0,00) into
[0,T) and [T, ). We deal with ¢!¥ (—t) over each interval to show that the above
convergence holds true for any fixed (independent of N), sufficiently large T > 0.
Then, we will send T to infinity to prove the theorem.

In the subsequent section, we present a result on the behavior of the workload
(gN (—t)) for t > T. This will be used in proving our main theorem. In Section 4.2,
we provide the proof of Theorem 4.1. In Section 4.3 we discuss some issues about
point process inputs versus fluid-like inputs. In Section 4.4, for illustration, we
derive an upper bound on the speed of convergence for the special case when each
input is Poisson.

4.1. Behavior of the workload ¢ (—t) for t > T

We define ¢/ (t) as the workload (number of customers or packets) correspond-
ing to flow i in the upstream queue (with total workload ¢V (t); see Figure 1)
at time t. From this definition, we have ¢V (t) = YN, ¢N(t). Also, from the
i.i.d. assumption on A4; (i = 1,2,...,N), ¢™(t) (i = 1,2,...,N) have identical
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distributions (but clearly dependent on each other due to the interaction among

different flows in the queue), and

N
B (1) = A (4.

by symmetry.
Proposition 4.2. Under Assumptions (A1) and (A3), we have for any ¢ > 0,

Jim P{supy E—— qz mUBS o} =0, (4.2)

T=oo 2T el

uniformly in N, provided that |T'| < oc.

Proof. Since

N gV
P{supzq(t7)>5}<P{ZsuP+ } ZP{sup tt)>|§,|}

t>T2 iel er t>T2 iel (‘,>'I’2

without loss of generality, we only need to show that for each ¢, the following
expression
N N(_42
g (—1) g; (=t
P{sup 2—=>§p =P{supt—5—">9
{ tZ’.II’)Z t } { t2¥ 12 }
converges uniformly (in N) to zero as T' increases.

We first divide the interval [T, 00) into smaller intervals, each of which has

equal length h, and then work within each interval. Specifically, let s, := T + nh

and S(n,h) = [sp_1, Sp] where n =1,2,.... Then, we have
N(_2 N(_42
N(—t N(—t
sup &) (2 ) = sup sup % V%) (2 )
> 1 n>1 teS(nh) U
N(_ .2 N(_2 N(_ .2
N(_ N(_¢ N(_
n>1  Sp n>1teS(n,h) t Sn

For t € S(n,h), we can write t = s, — u, where u € [0,h]. Thus, after simple
calculations, we get

(qgv(_ﬁ) _ QZN(_SEL)> — 25”u_u2 N(_s2)

2 s2 82 (s — u)qu

+ (g (~(sn —w)?) — g (~52)).

(8n —u)
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Since 1/(sn — u)? < 1/(sn — h)? and 2s,u — u? < 2s,u < 2s,h for all u € [0, h),

we have

(qgv(_tQ) . qZ'N(_S%,)) < 82(23nh N(_SZ)

sup q; n
t€S(n,h) t2 s $n — h)2™
1 N 2 N(_.2
o, (@ ) -
(4.4)
Observe that for any s and any positive number ¢, we have
g (s +1) < g7 () + Ai(s, 5 +1). (4.5)
Thus,
sup (g (—(sn —w)?) — g (=52)) < sup Ai(=s2, —(sn —u)?)
u€[0,h] u€[0,h]
= Ai(—sn,—(sn — h)?) (4.6)

since A;(s,s +t) is non-decreasing in ¢.
Combining (4.3) — (4.6), we have

N(_p? N(_g2

>7 2 n>1 82

2sph N, 92 0
where s,, = T 4+ nh. We will now show that, as T increases, each of the RHS of

the above decreases to zero uniformly in N using the following two lemmas. This
will complete the proof of Proposition 4.2. O

Lemma 4.3. Let s, =T + nh where h > 0. Under (A3), we have

N(_.2
lim P{Supw > é} =0,
T—o0 n>1 Sn 3

uniformly in N.
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Proof. From Jensen’s inequality, we have F{X} < (E{X!*¢}) = Thus, from
(3.4), we know that there exists M < oo such that E{¢"¥(t)/N} < M for any N.
Together with (4.1), this means that E{¢¥(t)} < M for any i, N and t. Hence,

N 2 e o] N 2
gi'(=s;) _ 0 gi'(=sz) _ 0
P A on) 2\ < plLl on)
{i‘;e >s}—n§{ 773
> 3 M 4
< - <=

for some positive constant C; < oo, where the second inequality follows from
Markov’s inequality and the fact that s, = T + nh. Thus, the first term on the
RHS of (4.7) goes to zero uniformly in N, as T increases. O

Lemma 4.4. Let s, = T + nh where h > 0. Under (A1) and (A3), the second
and the third terms on the RHS of (4.7) converges to zero, uniformly in N, as T

increases.

Proof.  First, note that for any convex function f, using the property that f(az+
by) < af(x) + bf(y) whenever a +b =1 and a,b > 0, we have

()~ (= () s ()

ot (M0) o (A0

Thus, by taking expectation and from the stationary increments assumption on
A;i(s,t), we see that the function s(t) := E{(A;(0,t))?}/t is subadditive in ¢ > 0
by choosing f(x) = z2. Thus, lim;_,, s(t)/t exists and is finite from Assumption
(A1), which guarantees that E{(4;(0,t))?} < oo for some ¢ > 0. This implies
that there exists V < oo such that E{(4;(0,t))?} < V#? for all sufficiently large
t. In particular, we have

E{(Ai(=sp, —(sn — 1)*))*} = E{(4;(0,2s,h — h*))*}
<V(2s8,h —h?)? < V(2s,h)?
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for all large T' (recall that s, = T + nh). Hence, similarly as before, the second
term on the RHS of (4.7) is dominated by

o0 1 2 e 2 s <V (2s,h)?
nglP{mAz( S, — (S0 —h)%) > 3}§ngl (6/3)2 (sn — h)*
= V(2T +nh)h)?* _ Cy
_n; G2 T+ (- Dh) = T

where the first inequality follows from Markov’s inequality (after taking squares
in both sides) and Cy < oo is some positive constant. Hence the second term
on the RHS of (4.7) also goes to zero as T increases, and so does the third term
by the same method and the fact that E{q¢) (t)} < M. Therefore, the assertion
follows. O

Note that in the proof of Proposition 4.2, we only used the conditions
E{(A;(0,t))?} < 0o and E{g;(0)} < oo, which are much weaker than (A1) and
(A3), respectively. The following lemma will also be used in the proof of our
theorem.

Lemma 4.5. Let z,, > 0 be a sequence converging to zero. Then, there exists a

non-decreasing sequence a, with lim,_,, a, = 0o such that lim,, _, anz, = 0.

Proof. Since z,, converges to zero, for each integer k > 0, we can select Ny (N
is non-decreasing in k and Ny, 1 oo) such that z, < 1/k? for all n > Nj. The
result then follows by setting a, = k for Ny < n < Ngy1. O

4.2. Proof of Theorem /.1

Proof of the lower bound. As before, let ¢/ (t) denote the number of customers
(packets) from flow i in the queue g™ (¢) at time ¢. Then, since (sup f —supg) <
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sup(f — g), we have

sup [ Y A;(—t,0) + R(—t,0) — Cy4t] — sup [ ZDN —t,0) + R(—t,0) — Cyt]

t>0 i t20 jer
< Ay — DN(—
< il;g(z t,0) Zez; V(-1,0))
= sup (Y gM(0) - >N (-1))
20 “jer i€l
< >4 (0). (4.8)
i€l

Thus, from an inequality P{X > z+ 61} — P{Y > z} < P{X —Y > 6}, the
definitions of Q;7(0) and Q¥ (0), and from (4.8) we have

P{Qrr(0) > z+ 61} — P{Q7(0) > z} < P{D_ ¢ (0) > 1 }.

1€l
Since (4.1) holds for any i,t and N, we have
| E{¢"(0)}
P N (o < — | — 7 4.
(C a0 >ap< o A2 S0 (49)
i€l
as N increases from Lemma 3.2. This establishes the lower bound. O

Proof of the upper bound. Let € > 0 be given. We first divide the whole interval
[0,00) into [0,7] and [T, 00) to get

P{OzltlgT[ZDZN(—t,O)—}—R(—t,O)—Cdt] > 2} < P{QY(0) >z}

S
< P{ sup [Y DN(~t,0)+ R(~t,0) - Cat] > =}
0<t<T ot
+ P{su DN (—t,0) + R(~t,0) — C4t] > 0},
{sup [3° DY (-,0) + R(-4,0) - Cut] > 0}

for all z > 0 and T > 0. Similarly,

P{OE?ET[;Ai(—t,O)+R(—t,0)—Cdt] > w} < P{Q1(0) > z}

< P! su A;(—t,0) + R(—t,0) — Cgt] > =z
< {MET[Z; J(~,0) + R(~t,0) - Cat] > a}

+ P{sup 3" Ai(~t,0) + R(~t,0) — Cy4t] > 0}.

t>T iel
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Thus, we have

P{Q(0) > z} — P{Qu1(0) > = — 1 — &2}
< P{sup [} DF(~t,0) + R(~1,0) - Cqt] > 0} (4.10)
2T jer

+ <P{ S [ZDZN(—t,O) + R(—t,0) — Cy4t] > a:}

— P{ sup [ZAi(—t, 0) + R(—t,0) — Cy4t] > z—1— (52}>.(4.11)
0<t<T jer
We will use the following two lemmas whose proofs are deferred to the end
of Section 4.2.

Lemma 4.6. Under the assumption of Theorem 4.1, for any given € > 0, we can
find T; (independent of N) such that

P{sup [ 3" DN(~t,0) + R(~,0) — Cyt] >0} <¢, forall T >Tp.
2T jer

Lemma 4.7. Under the assumption of Theorem 4.1, for any fixed T' > 0, the
expression in (4.11) converges to zero as N increases.

Hence, from Lemma 4.6 and 4.7, and from the inequality in (4.10)—(4.11),
we can choose T sufficiently large such that

limsup (P{Q¥ (0) > 2} — P{Qr1(0) > z — 1 — §5}) < 2e.

N—o

Hence, the upper bound follows by taking ¢ | 0. This completes the proof of
Theorem 4.1. O

From Theorem 4.1, the original overflow probability at the downstream
queue (P{QY(0) > =z}) can be approximated by that of a single queue
(P{Qrr(0) > z}) when N is large. Note that the error between the upper and
the lower bound becomes negligible as = increases. For instance, suppose that
the distribution of Q;(0) satisfies

1
Jim —51og P{Qr1(0) > 7} = —a,
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for some «, 8 > 0. Then, we immediately have

o Jog PQu(0) > —1}
z—oo  log P{Qrr(0) > z}

See Figure 3 for a graphical interpretation of Theorem 4.1.

P{Q>x} . P{Q,(0)>x-1}

limiting probability of
PLQ\(0) > x}

0 1 X

Figure 3. Illustration of Theorem 4.1

Proof of Lemma 4.6. First, we pick n1,7m2 > 0 such that Cy—n1 —no is still larger
than the mean arrival rate to the queue Qr7(0), i.e., A|T'|+7 < Cyg—mn1 —1m2 < Cy—
m < Cq, where A = E{A(—t,0)/t} and 7 = E{R(—t,0)/t} is the mean arrival
rate of the interfering (or crossing) traffic. Since DY (—t,0) < A;(—t,0) + ¢ (—t)

for any ¢ and N, we can write

P{ sup [iez;D,?V(—t, 0) + R(~1,0) - Cqt] > 0}

gP{fgr)[Zqu(—t)+2Ai(—t,0)+R(—t,O)—Cdt] > 0}

el i€l
<P{ sup [ Ai(~t,0) + R(~t,0) = (Ca — m)t] > 0} (4.12)
2T jer
+ P{ sup [ZqZN(—t) —not] > 0}. (4.13)

2T jer
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By splitting A;(—t,0) into A;(—t,—T) + A;(—T,0) for ¢ > T (similarly for
R(—t,0)), we see that the RHS of (4.12) is equal to

{sup ZA —t,0) + R(—t,0) — (Cq — m2)t] > O}

>T o7
= {sup[ZA T)+ Y Ai(-T,0) + R(-T,0)
t2T " jer 1€l

—(Ca—m —m)(t—T) — mt] > (Cqg—m — 772)T}

< P{ap[ S At =D+ Rt =D~ (Camm —m)-T)] > T}
+ P{ > Ai(=T,0) + R(-T,0) > (Ca—m —m)T}. (4.14)
el

From the stationary assumption on A;(s, s+t), the first term of the RHS of (4.14)
is equal to

{sup ZA —t,0) + R(—t,0) — (Cq — m — m2)t] > mT}, (4.15)
t20  jer

which decreases to zero as T increases since Q7(0) (with service capacity Cy
replaced by Cy—n1—n32) is stable. Similarly, it is not difficult to see that the second
term of the RHS of (4.14) also decreases to zero as T increases. To see this, choose
two positive numbers Cy and Cg such that |I'|Ca+Cr = Cyg—n1—n2 with A < Cy
and 7 < Cg. This is always possible since A\|I'| + 7 < Cy —n1 —n2 = C4|T'| 4+ Cr.
Then, we have

P{>" Ai(~T,0)+ R(-T,0) > (Ca—m —m)T}
i€l

<P{) Ai(-T,0) > [T|CaT} + P{R;(—T,0) > CrT} (4.16)
el

<|I|exp ( - Sali}g [0C AT — log E{eaAi(O’T)}])

+ exp ( —sup [0CRT — log E{efROTD) }])
>

by Markov’s inequality. From Assumption (A2), we know that the first term of
the above expression is bounded by

IT|exp(—alogT) = |T|T™“
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for some positive constant « and for all sufficiently large 7. Similarly, the second
term also decreases to zero as T increases. Thus, we have shown that the RHS
of (4.12) goes to zero as T increases.

For (4.13), observe that

P{sup | Zqz —mot] > 0} =P{sup| Zqz > m),

t>T t>T i€l

which goes to zero (uniformly in N) as T increases from Proposition 4.2. Hence,
given € > 0, we can find Ty (independent of N) such that (4.10) is less than e for
all T > Ty, i.e.,

P{ sup ZDN —t,0) + R(—t,0) — Cyt] > 0} <e forall T >T,. (4.17)
T i

This completes the proof of Lemma 4.6 g
Proof of Lemma 4.7. Similarly as in (4.8), observe that

sup [Y DN(—t,0) + R(~t,0) — Cqt] — sup [ Ai(—t,0) + R(—t,0) — Cyt]

0<t<T o7 0<t<T ot
< sup (D g (=)= g (0)
0<t<T (iEI‘ i€l )
< sup qj-V —t).
i, (-0

Thus, again from the inequality P{X > z} — P{Y >z —a} < P{X - Y > a},
(4.11) is bounded by

{ sup ZqZ )>1 +(52} (4.18)

0<t<T ;

We will show that (4.18) converges to zero as N increases for any fixed T > 0.
We now divide the interval [0,7'] into smaller intervals, each of which has
equal length ey. Let S(T,en) :={1,2,...,|T/en] + 1}. Note that

sup Zqu(—t)S sup (ZqZ —neN)

+ sup (ZqZN( ZqZ —NEN ))

(n—1)en <t<nen " jer iel
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and from (4.5),

sup (Z%N —> g (—nex ) < sup Y Ai(—ney,—ney +1)

(n—l)en<t<nen " jcr i€l 0St<en jer
< ZA —nen, —(n — 1)en).
el

Thus, we can bound (4.18) as

{ sup ZqZ >1+(52}

0<t<T

i€l
< Z (P{ZqZ —NEN) >(52}+P{2A neN,—(n—l)eN)>1}>
neS(T,en) 1€l ier
<1+ T/eN)mEé# +(1+T/en)P{ Y Ai(0,en) > 1}, (4.19)
i€l

where the last inequality follows from Markov’s inequality and the fact that
E{¢N ()} = E{¢"(t)}/N = E{¢"(0)}/N for all N and ¢ by symmetry, and
the stationarity of A;(s,t).

Since, from Lemma 3.2, E{¢"(0)}/N decreases to zero, Lemma 4.5 as-
serts that there exists a non-decreasing sequence ay (any 1T oc) such that
anE{q"(0)}/N decreases to zero. The first term of (4.19) now can be shown
to go to zero by choosing ey = 1/ay. Since ex | 0 as N 1 0, the second term of
(4.19) also decreases to zero from Lemma 3.3. Hence, we have shown that (4.11)
goes to zero as N increases for any fixed T O

4.8. Point processes vs. fluid-like processes
In the proof of Theorem 4.1, we invoke the simple point process property only

through Lemma 3.3. For non-point processes (e.g., fluid-like processes), suppose
that we are able to show that

P{A;(0,1) > 8} = o(t), (4.20)

for any given 0 > 0. We can then rewrite Theorem 4.1 to be of the following

form:
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Proposition 4.8. Suppose that each arrival A; satisfies (4.20) and (A1)—(A3),
and that R(s,t) satisfies (A2). Then, for any > 0 and any given d1,d2 > 0, we
have

P{Qrr(0) >z + 01} < lgri)ioréfP{Qﬁv(O) >z}

< limsup P{QY (0) > z} < P{Qr1(0) > z — &2},

N—o0

i.e., QY (0) converges to Q;7(0) in distribution.

Proof. The proof is identical to that of Theorem 4.1 except that the LHS of the
inequality in (4.19) now becomes

P{ sup ZqZN(—t) > 52}.

0SIST i

This term also decreases to zero as N increases by noting that

P{3" A4i(0,) > 8} < 3" P{A:(0,2) > 6/[T[} = o(t)

1€l i€l

from (4.20). Hence, the result follows. O
For example, if there exists a peak rate of the input process, i.e., 4;(0,%) <
Pt for some P < oo, (4.20) then follows by noting that P{A4;(0,t) > 0} <

E{(A4;(0,1))%}/6% < (Pt)?/6%. In this case, as mentioned in the introduction, 1(0)
becomes positive and, with other assumptions, P{QY (0) > z} in fact converges
to P{Q¥ (0) > z} uniformly in z [7]. Further, the speed of convergence is at least
exponentially fast. In contrast, for point process inputs, obtaining the speed of
convergence appears to be much more challenging. We are only able to obtain
an upper bound on the speed of convergence for Poisson inputs (see Section 4.4).
We find that this bound is quite slow. It could be that this is because the bound
we obtain is conservative, or this is in fact the price we have to pay for ¢V (t)
itself not converging to zero in the case of point processes.

Note that the one packet “offset” for the upper bound in Theorem 4.1 does
not appear in the fluid case (Proposition 4.8) and can intuitively be explained
as follows: For a simple point process, on its sample path basis, a packet (or
customer) can arrive at any time instant. Putting it in a different way, this means
that no matter how small an interval we choose, the “amount” of traffic that
arrives during this interval does not always decrease to zero due to the discrete
nature of point processes (for instance, see Lemma 3.1). Thus, the sample path of
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g (t) jumps up and down like a staircase, implying that the departure D} (s, t)
and the arrival A;(s,t) can differ by one packet at any time instant, and so can
Q7 (0) and Qrr(0).

Our result can also be generalized to the case of non-simple point processes
including batch arrivals, provided that there exists some positive constant K with
P{3;cr Ai(0,t) > K} = o(t) and that E{q"(t)/N} decreases to zero. In this
case, the offset for the upper bound in Theorem 4.1 will be K.

4.4. Speed of convergence for Poisson inputs

We pointed out that, in contrast to the case of fluid traffic arrivals, the speed of
convergence in Theorem 4.1 may be quite slow depending on specific models for
arrival processes. In this section, using the proof of Theorem 4.1, we provide an
upper bound on the speed of convergence when each arrival is Poisson. However,
as noted before, unlike in the case of fluid arrivals, this upper bound on the speed
of convergence is quite slow.

We assume that each arrival A; is a stationary Poisson process with mean
rate A < C. We also require that the interfering traffic R(s,¢) behave nicely in
the following sense:

(A4):
(a) E{sup;>o[R(—t,0) — Cgt]} < oo, whenever Cg > 7 := E{R(-t,0)/t}.

(b) There exists H € [0.5,1) such that limsup,_,., Var{R(0,#)}/t*# < 0o

Proposition 4.9. Suppose that each A; is a stationary Poisson process with
mean A < C and that (A4) holds. Then, for any given 41, d, > 0, we have

P{Qu(0) > 5+ 81} - 0 (1) < P{QY(0) > 2}
<P{Qu0) > 5 —1-6}+0 (%) .

where O(t) here means limsup,_,q O(t)/t < oo, and 7 is given by

, {1 2 2H }
= mins -, ———————( -
7 6" 2(3_ 2H)

Remark 4.10. Assumption (A4)(a) means that a single queue with capacity Cg
fed by input R(s,t) has a finite expectation whenever it is stable. The parameter
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H in Assumption (A4)(b) is called the Hurst parameter in the literature, and
used for modeling the long-range dependence of the process when H > 1/2.

Proof of Proposition 4.9. Observe that if A; is a stationary Poisson process, the
distribution of ¢"V (#) in (1.1) is well-known [13], and depends only on its utilization
parameter p = A\/C. Clearly, in this case, we have E{¢" (t)} := M < oo for all
N and t. The lower bound then directly follows from (4.9).

For the upper bound, note first that (4.15) is bounded by O(1/T) from
Assumption (A4)(a). Since supgsq [0CAT — log E{e?4i(®T)}] = kT for some
constant k > 0 when A; is Poisson, the first term in (4.16) is dominated by
IT|e=*T. From Chebyshev’s inequality and (A4)(b), we see that the second term
in (4.16) is bounded by K/T? 2% for some constant K < oco. Similarly, from the
proof of Proposition 4.2, we know that

N
q; (—t) K2
P 2o s i< =
tw >0 <7

for large T and some constant K. Thus, (4.13) is less than K5/+/T. Hence, we
see that (4.10) is bounded by

ITle T + K/T? 21 Ky /TS, (4.21)

Next, we note that P{} ;.- 4;(0,) > 1} = O(t?) for sufficiently small ¢
since the finite superposition of i.i.d. Poisson processes is also a Poisson process.
Then, from (4.19) and the fact that E{q" (t)} = M < oo, we get

T 1
RHS of (419) < Bo— — + B3Tep, (422)
en N

for all sufficiently large N and en (ex | 0), where By and Bj are finite constants.
We now set ey = 1/N® and T = N¥, where

(a,8) €D :={(e,8) : 0< <@ and a+ <1}

With this choice of @ and £, (4.21) and (4.22) clearly decrease to zero as N
increases. Since e™*T decreases much faster than 1/T¢€ as T increases, from
(4.10)—(4.11) and (4.21)—(4.22), we can write

P{QT(0) > 2} — P{Q1(0) > z —1 b5}
< BO Bl BQ B3
=~ NB/2 + NP(2-2H) + N1-(atB) N
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for all sufficiently large N, and for some constants B;, ¢ = 0,...,3. Since we can
freely choose (@, 3) € D, it turns out that the RHS of the above is bounded by
B/N7 for some constant B < oo and for all sufficiently large N, where -y is given
by

v := max (min{g,ﬂ@ —2H),1— (a+8),« —,8})

(a,8)eD

Direct calculations yield

. £
]_ — — = =
Juax (minfg8, 1= o+ B), o= B}) = 5o g5 = u(O)
for any ¢ > 0. Hence, we have v = min{y(1/2),y(2 — 2H)}. This completes the
proof. O

Appendix

Proof of Lemma 3.3. Consider an event Jy that there is no jump (arrival) during
(0,¢]. Similarly, let J; denote an event of one jump in the same time interval.
Then, clearly from (3.1), P{Jy} =1 — At + o(t) and P{J1} = At + o(t). Hence,

we have

P{>" 4,(0,¢) = 0} = P{there is no jump for all 4, i € r}
el

= ({31,

and

P{Y 4:(0,1) = 1}

i€l
= P{there is exactly one jump for some i, i € I' and no jump for 5 # z}
= [C|P{J1}(P{Jo})

Combining all of the above yields

Tl=1

P{> Ai(0,t) >1}=1- 21: P{> " A;i(0,t) =k}

el k=0 el
=1— (1 =Xt +o())T = D)\t + o(2)) (1 — At + o(2)) "1
=o(t).
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