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Abstract—Matching techniques are applied to the problem as a special case of the general tracking problem. Assuming
of stabilization of uniformly accelerated motions of mechanical that the symmetry group is commutative, one can represent
systems with symmetry. The theory is illustrated with a simple  4tions for which the component of acceleration in the group
model—a wheel and pendulum system. . . . S

direction is constant as equilibria of the reduced system.
I. INTRODUCTION Stabilization of such equilibria will thus produce orbitally

In this paper we apply the method of controlled La-Stable accelerated trajectories.
grangians to the problem of stabilization of accelerated In this paper we suggest a stabilization strategy using the
motions of Lagrangian mechanical systems with symmetrftamework of time-dependent Lagrangians. We expect this
The method of controlled Lagrangians for stabilization ofnethod to be applicable to more general tracking problems.
relative equilibria (steady state motions) originated in Blochin particular, we anticipate implementing our approach in
Leonard, and Marsden [4] and was then developed in Aucklgroblems of simultaneous tracking of a given trajectory in
[1], Bloch, Leonard, and Marsden [5], [6], [7], Bloch, Chang,the symmetry group and stabilizing of an appropriate shape
Leonard, and Marsden [8], and Hamberg [10], [11]. A similaequilibrium.
approach for Hamiltonian controlled systems was introduced The paper is organized as follows: In Section Il we intro-
and further studied in the work of Blankenstein, Ortega, vaduce a simple mechanical example—a wheel coupled with a
der Schaft, Maschke and Spong and their collaborators (spendulum—that demonstrates unstable accelerated dynamics.
[2], [14], [15], [16]) and the two methods were shown to beThe main results are presented in Sections Il and IV. In
equivalent in [9]. A nonholonomic version of the method ofSection 1l we study a class of time-dependent Lagrangians
controlled Lagrangians was studied in [3], [17], [18]. with uniformly accelerated group dynamics represented by

According to the method of controlled Lagrangians, theelative equilibria. We also discuss an energy-based stability
original controlled system is represented as a new, uncoanalysis for these relative equilibria. In Section IV we derive
trolled Lagrangian system for a suitable controlled Lagrarthe matching conditions and then illustrate the theory using
gian. The energy associated with this controlled Lagrangiahe wheel and pendulum system.
is designed to be positive or negative definite at the (relative) |n a future publication we intend to treat systems with
equi"brium to be stabilized. The time-invariant feedback CONnoncommutative Symmetry as well as Systems with nonholo-
trol law is obtained from the equivalence requirement for thgomic constraints.
new and old systems of equations of motion. If asymptotic
stabilization is desired, dissipation emulating terms are added
to the control input.

In Bloch, Chang, Leonard, and Marsden [8], the problem
of tracking was briefly discussed and, based on some nu

merical evidence and the study of some simple cases, it w3t slipping along a horizontal straight line. A pendulum

proposed that tracking problems could be studied by meafz%;zﬁi;ig ;(r)et?r?e (;ennéfég OgZ) -thn%tgistrljét;hiz gqoen;isguurgcion
of the method of controlled Lagrangians. The idea is to creafom the rod. See Fig. 1 for details. This systemSia(2)-

a time-dependent function that has a minimum at the poi.li — o
one wishes to track. The goal of the present paper is, mvdarlailgt,fthedg;O'LIJp al;:tlotn IS glve? bé“_) qb—;a.'See [12]
fact, to study the stabilization of a certain class of motion nd [13] for details about symmetry in mechanics.

of mechanical systems with symmetry, which one may view V\t/e use the following notation for the parameters of the
system:

II. THE MECHANICAL EXAMPLE

_Consider a homogeneous vertical disk that is rolling with-
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is used instead of(0, 6, ¢).
One can check that the system performs the uniformly
accelerated motion

0="00, =00 (1)
if £ andé, satisfy the condition
kB(6) + Ul(eo) =0.

The value of$ for such a motion isk. Straightforward
computations confirm spectral instability of (1). Below we
discuss how to design a torque actuator that stabilizes (1)
with respect to.

IIl. TIME-DEPENDENTLAGRANGIANS AND

ACCELERATEDDYNAMICS

Fig. 1. The disk with inverted pendulum. .
g P A. Accelerated Motions

Consider the following class ofmoving systemLa-

A = the principal moment of inertia of the disk grangians:
[ = the rod length 1

m = the bob mass L(r, 7, 5,t) = 3 (gaﬁ(r)f“o‘fﬂ + 29aa ()78 + 5abé“$b)

The kinetic energy of this system is + (aa(r)i® 4+ ba(r)s*)t = U(r*). (2)
K = 1 (A(9)92 + 23(9)% + C¢§2), See [13] for details about moving systems.
2 Here and belowy, 3,7,... =1,...,m anda,b,c, ... =
where 1,...,n, and summation over repeated indices is understood.
A=A+ MR?+m(R? + 2Rl cos 0 + 12) Remark. The variabless are cyclic. Without loss of gen-

) ) 7 erality, we assume that the quadratic form obtained from the
B= A+ MR”+m(R” + Rlcosb), kinetic energy of the system by setting = 0 is 154,575,
C=A+ MR?+mR?. (One can find an-dependent basis in the commutative Lie
algebraR™ that takes any positive-definite quadratic form

Th ntial energy i . .
e potential energy Is gap(1)$%5" to0 its canonical formg,;,5?5°.)

V(6) = mgl cos. We intend to study here accelerated motions of the form
The Lagran_gian_ equals thellfinetic mi_ngs potential energy, r =1, § = 3. 3)
K — V. To simplify the exposition, we divide the Lagrangian
by C, i.e., we put The forces and/or torques that influence such motions are
o 1 ) S produced by the time-dependent terms in the Lagrangian.
1(0,6,9) = 3 (a(9)92 +26(0)00 + ¢2) —U(9), The dynamics is governed by the Euler—Lagrange equa-
tions
where d oL 0L d oL
a(8) = A)/C, 5(6) = BO)/c, U©)=V(H)/C drore ores o dtose
or
Assume there is a constant torgkeapplied to the disk. 19 9
The equations of motion are iBag go— (29960 _ 9908\ 1oy
Jab Jaa 2 Ore orY
d ol ol d ol 99 99
_—— =, - =K. ﬁa_ aa 20 ca
dtog 06 dt 9¢ + (87"”‘ P ) 7§
This dynamics can be rewritten in the form of the Euler— . dag  Oaa 158
Lagrange equations e g ) T
d oL 0L doL b, . oU
dt 96~ 08’ dt 9 =0 + 5ath —aa(r) - g0 @
if a new, time-dependent Lagrangian Goal™ + 0aps” + bat = pa. (5)

L(0,6,p,t) =1(0,6,) — kot Equation (5) represents the momentum conservation law.



Substituting (3) in (4) and (5), we obtain The reduced energy associated with (8) is

5 = 0" (py — by(ro)t) 9R )
) E:~a7-_R:7 o _5abaa aﬁ+U
85 = —6""by(ro), " i 5 (9ap Jaagpy) 7T
~Gaa(70)0"" by (70) = 2&5”(1% — by(ro)t)t Its flow derivative ' equals
Toz
—aqn(ro) — 88% —(aa + 5ab9aakb)7'”a.
The last equation implies Assuming that the one-form
Ob,
re (TO> = 0. (aa + 5abgaakb) dr
The latter can be satisfied by settihg(r) = —k, = const, g closed, define the modified energy by

which is assumed in the rest of the paper. The accelerated

motions become £—F4 /(aa 6% gy dr®. )

T =To, ga = kaa (6)
The modified energy is flow-invariant and thus can be used

wherer, is determined from .
as a Lyapunov function.

oUu
gan,(ro)éabkb + aoz(TO) + 7(7’0) =0.

re IV. MATCHING AND STABILIZATION OF UNIFORMLY
Assuming that (6) is unstable, we impose a control input ACCELERATEDMOTIONS
u in the group direction in order to stabilize (6) with respect ) -~
to the shape variable. A. Matching Conditions
B. Reduced Dynamics and Stability Analysis Giyen the Lagrangian (2), one writes the controlled dy-
namics as
Recall that, () = —k,. Sinces® are cyclic variables, the
reduced dynamics is d 0L oL d oL
— o = o, oo =g, (10)
d 8R aR . dt 87104 (3'7’"‘ dt 850‘
dt ore ~ Ore’ 0 Consider the controlled Lagrangian

where the RouthiaR is

1/ _
Lir,7,5:8) = 5 (Gas ()i + 2aa(r)i®s® + 6,5°5")

1
R<ra7 ,';a7pa’ t) =3 (gozﬁ - 5abgaagﬁb) 7;o¢7;6 2
+ (A (1) — ke $Mt —U(r*). (11)

2
+ (5abgaa (pb + kbt) + aat) 7

- %Z(pa + ko t)? = U. (8) We require that the dynamics determinedby

Since p, are the flow-invariant cyclic momenta, the terms iai — 37L 4 oL —
157 (pa + kqt)? in the Routhian are independent of the dtore  ore’  dtos*
reduced phase variables and thus can be safely omitted. TRiSequivalent to (10): this imposes certain conditions on
is assume_d in the rest of the paper. The partial derivatives §fa controlled kinetic energy. These are called thetching
the Routhian are computed below: conditions.They are specified in Theorem 1 below.

12)

OR ab 3 | cab Put
o (gaﬂ -6 g(mgﬂb) ) JaaPb _

g b FS = G,3G%,
+ (aa(r) + 5 gaabb)ta

OR 190 c 20 where

ore  29r@ (967 — 8’ 95b9nc) i

9 oU — __ sab ~ ~ _~  cabx ~

+ 737’0‘ ((Sabgﬁb(pa + kat) + agt) fﬁ — a?, Gaﬂ = 9ap d 9aa9pb, Gaﬁ = Jap 1) Gaa9sb-

The equilibria of (7) correspond to the accelerated motionshe matrixG s is invertible as it represents the reduced ki-
(6). The accelerated motions are orbitally stable if the equiretic energy metric associated with the controlled Lagrangian
libria of the reduced system (7) are stable. (11), which is assumed to be non-degenerate.



Theorem 1: Equations (10) and (12) are equivalent if andatisfies (17). The equivalence requirement also determines
only if the feedback control input.

5[107s 0Gss _ Ogm We now discuss the conditions for stability of the acceler-
F {2 87“; ~ + 6% G, o ated motion (1). As before, we discuss stability with respect
1095, 0 o5 0 0.
= 5% — % +6%g0a a‘(ﬁb, Using the Routh reduction, one finds the reduced dynamics
F6 aﬁﬁa _ ag&a_ _ agﬁa _ agaa d OR OR
tLor oo ot diog o0
5[0as _ Oas| _ Oag _ Oaa .
o ars  ord | T 9ra 9B’ or, explicitly,
S |~ aby, ~ ou ab ou ~ 22\ ) ~ 2A2N02 L= LA /
Fa at5+5 kby&;"‘ﬁ =aq t+« kbgaa'i_a? (a_ﬁ)0+(a/2_6ﬁ)g +a+6k:_U
and the control inputs are The (time-dependent) Routhian is
~ . ago{a agaa a8 1 _~ . ~ ~ .
ta = (9 = Goa) + orF  orf )it ) R = (&~ 30 + (Bkt +at + Gp)d - U,

Using equations (12), one can eliminate the acceleratiof¢cording to (9),
7#¢ from the control law (13). _ 1 o B

The controlled dynamics is-invariant, and thus one can £(0,0) = 5(& — 610+ U + /(Zi—i— Bk) db. (18)
use the modified energy (9) for stability analysis of its relative
equilibria. These relative equilibria represent the acceleratgge relative equilibriumd = 6, is stable if€ is definite at
motions (3). Below we demonstrate this approach using Oup, . 0).

mechanical example. We now discuss how one achieves stability. First, we

B. Stabilization of the Accelerating Wheel-Pendulum Sys-obtain a new representation of the second matching condition
tem (17). We have:

Recall that the Lagrangian has the following structure:

! , o . (@+U")(a = 8B) — k(—af + Ba)
L=5 (a(9)92 +28(r)0¢ + ¢2) — kot —U(0). = (@+U + Bk)(a — B0)
The controlled dynamics is governed by the equations - B’f(a - ﬁB) - k(—a5+ pa)

_ (x5 r.n _any ~ 72
0 + 36 + go/* = 1" = @+ U+ B — 45) = Bh(a — )

B+ b+ B6% =k +u. (14) and thus (17) becomes
Consider the controlled Lagrangian @+ U+ Bk)(a—BB) = (U + k) (a—3%). (19)
I A o o . -
L =3 (a0)0° +28(0)06 +¢*) +a(0)0t — kdt —U(0). At g — gy, both U + kB and@ + U’ + k vanish, and

. . . ~ therefore
The equations of motion associated withbecome

. ~ 1 . ~/ " ar YY) _ 1" / ~ 732 '
B+ ¢+ 562 = k. (15) Recall that U” + f'k is negative atf = 6, and
the stability condition requires thai’ + U” + g’k and

We require that these equations are equivalent to (14). This_ 32 are of the same sign. The stability condition thus
equivalence implies the following matching conditions (Se@ecomes

Theorem 1): ~

_ _ _ . a(o) — B(00)B(0o) < 0. (20)
&' (o= BP) +20'(—ap + pa) = o' (@ — 4%), (16) _
@+ U — 55) _ k(—a§+ 5&) = U'(a — 52)- a7 (—\f_t_er choos_ingﬂihat saj[isficis (20) one can assign a suitable
B initial condition a(6y), find a(é) from (16), and finda(0)
After 3 has been chosen, (16) becomes a linear first ordéoom (19). The above procedure determines the controlled
differential equation fotv. After solving (16), one findg that LagrangianL.



C. The Control Input the stability analysis proposed here relies on the time-
The equivalence of (14) and (15) implies that the contrdndependence of the modified energy, we expect our approach

input is given by to be applicable to more general tracking problems and we
N B N o intend to address this issue in a future publication.
u=[((@-p) - {{') -6~ B)a'/2 - 5/{))92 ACKNOWLEDGMENTS
—(B-P)a+pk+U"]/(@-5%). (21)  The authors would like to thank the reviewers for helpful
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