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Abstract— This paper is concerned with the theory of qua-
sivelocities and its applications to control. The equations of
motion of a mechanical system are derived using the Lagrange—
d’Alembert principle written in an arbitrary configuration-
dependent frame. The structure of the equations of motion
written in quasivelocities is utilized in the design of a nonlinear
feedback stabilizing controller for an example of a nonholo-
nomically constrained underactuated system.

I. INTRODUCTION

Quasivelocities are the velocities of a mechanical system
expressed relative to a configuration-dependent frame. The
vector fields that form such frames need not be associated
with (local) configuration coordinates, so in fact, this paper
does not mention “quasicoordinates”, a vacuous concept that
has led to some confusion in the literature. A good example
of quasivelocities is the set of components of the angular
velocity of a rigid body rotating about a fixed point.

One of the reasons for using quasivelocities is that the
Euler-Lagrange equations written in generalized coordinates
are not always effective for analyzing the dynamics of a
mechanical system of interest. For example, it is difficult
to study the motion of the Euler top if the Euler—Lagrange
equations (either intrinsically or in generalized coordinates)
are used to represent the dynamics. On the other hand,
the use of the angular velocity components relative to a
body frame pioneered by Euler [10] results in a much
simpler representation of dynamics. Euler’s approach was
further developed by Lagrange [14] for reasonably general
Lagrangians on the rotation group and by Poincaré [21] for
arbitrary Lie groups (see [16] for details and history). Other
examples include the use of velocity and angular velocity
components relative to a moving frame in the study of
dynamics of a rigid body moving on a surface as discussed
in [22] and [15]. Optimal control of systems using the theory
of quasivelocities was discussed in [18].

The goals of this paper are to review the contemporary
geometric exposition of quasivelocities and to discuss the
use of quasivelocities in the design of stabilizing controllers.
The equations of motion written in terms of quasivelocities
are called the Hamel equations. Their derivation originated
in Poincaré [21] and Hamel [11]. The Hamel equations are
derived in this paper from a variational point of view; that
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is, a form of the principle of critical action is developed
that is equivalent to the Hamel equations. The motivation
for studying this variational approach is that we expect
the variational structure to be useful in the development
of discrete-time models that approximate the continuous-
time mechanics (see e.g. [17]). The Hamel equations are
also particularly useful in the analysis of nonholonomically
constrained systems (see [1] and [7]).

The directions of the control inputs in underactuated
systems form a subbundle of the system’s momentum phase
space that may fail to be a cotangent bundle to a submanifold
of the configuration space. This is typical if control torques
are used. In such situations a suitable choice of a frame may
result in a simpler representation of the controlled dynamics.
Moreover, it may assist in the selection of stabilizing control
inputs. We illustrate this approach in this paper by analyzing
the problem of stabilization of the slow upright uniform
motions of a disk. Specifically, we show that an energy-
momentum based method for the analysis of the stability of
nonholonomic systems as developed in [25] may be used to
analyze stabilization in the underactuated setting. For related
earlier work see [3], [8], and references therein.

II. LAGRANGIAN MECHANICS
A. The Euler-Lagrange Equations

A Lagrangian mechanical system is specified by a smooth
manifold ) called the configuration space and a function
L : TQ — R called the Lagrangian. In many cases,
the Lagrangian is the kinetic minus potential energy of the
system with the kinetic energy defined by a Riemannian
metric on the configuration manifold and the potential energy
being a smooth function on Q). If necessary, non-conservative
forces can be introduced (e.g., gyroscopic forces that are
represented by terms in L that are linear in the velocity), but
this is not discussed in detail in this paper.

In local coordinates ¢ = (¢, ..., ¢") on the configuration
space @ we write L = L(q,¢). The dynamics is given by
the Euler—Lagrange equations

doL oL
dt 9¢t  Ogt’

i=1,...,n. (1)

These equations were originally derived by Lagrange [14]
in 1788 by requiring that simple force balance F' = ma
be covariant, i.e. expressible in arbitrary generalized coordi-
nates. A variational derivation of the Euler—Lagrange equa-
tions, namely Hamilton’s principle (also called the principle
of critical action), came later in the work of Hamilton [12]



and [13] in 1834/35. For more details see [1], [16], and
theorem [2.1] below.

B. The Hamel Equations

In this paragraph we introduce the Hamel equations.
In we derive these equations from a global variational
principle, generalizing the reduced principle of critical action
for systems with symmetry.

In many cases the Lagrangian and the equations of motion
have a simpler structure when written using so-called non-
commuting variables. An example of such a system is the
rigid body. Below we develop a general approach that allows
one to obtain the equations of motion in such noncommuting
variables.

Let ¢ = (¢',...,q") be local coordinates on the config-
uration space Q and u; € TQ, i = 1,...,n, be smooth
independent local vector fields defined in the same coordi-
nate neighborhoodp_-] The components of u; relative to the
basis 9/9¢’ will be denoted v ; that is,

9
ui(q) = ¥} (q)aqu,

twj=1,...,n,

where a sum on j is understood.

Let v = (v!,...,o") € R"™ be the components of the
velocity vector ¢ € T'Q relative to the basis uq, ..., uy, ie.,
q = v'ui(q); )

then A
l(qa ’U) = L(Qv Ului (q))

is the Lagrangian of the system written in the local coor-
dinates (g,v) on the tangent bundle 7°Q). The coordinates
(¢,v) are Lagrangian analogues of non-canonical variables
in Hamiltonian dynamics.
Define the quantities c[}'(¢q) by the equations
[ui(q), w(q)] = cii' (Qum(q), i,l,m=1,....,n. ()

These quantities vanish if and only if the vector fields u;(q),

i =1,...,n, commute. One finds that
B oYF . ouF .
m o __ 1\m l J 1 7

Given two elements v, w € R", define the antisymmetric
bracket operation [-, -], : R™ x R™ — R™ by

[v,w]y = [viui,wjuj](q)

where [-, ] is the Jacobi-Lie bracket of vector fields on Q.
Therefore, each tangent space T,() is isomorphic to the
Lie algebra V, := (R", [, ],). Thus, if the fields u1, ..., u,
are independent in U C (), the tangent bundle TU is
diffeomorphic to a Lie algebra bundle over U.
The dual of |-, -], is, by definition, the operation [-, -]
Vg x V7 =V given by

*
q -

<[U7 0‘]:;’ w> = <av ['va]q>'

Tn certain cases, some or all of u; can be chosen to be global vector
fields on Q.

*

Using (3), the coordinate representations of [-, ], and [-,]7

are computed to be

([v,w]g)™ = cjv'w’  and ([v,a];)j = v .

Let u = (u1,...,u,) € TQ x -+ x TQ. For a function
f+Q — R, define u[f] € V" by u[f] = (ui[f],. .., un[f]),
where u;[f] = ¢]0;f is the usual directional derivative of
f along the vector field ;. Viewing u; as vector fields on
TR whose fiber components equal O (that is, taking the
vertical lift of these vector fields), one defines the directional
derivatives wu;[l] for a function [ : TQ — R by the formula

s 0L
K3 8q]

The evolution of the variables (gq,v) is governed by the
Hamel equations

d ol "

coupled with @). In @), u[l] = (wi[l],...,us[l]). If w; =
d/0q", equations become the Euler-Lagrange equa-
tions (I). The coordinate form of equations (@) is
d ol ol .
Equations (@) were introduced in [11] (see also [19] for
details and some history).

C. The Principle of Critical Action

Let 7 : [a,b] — @ be a smooth curve in the configuration
space. A variation of the curve ~(t) is a smooth map S :
[a,b] X [—e,e] — @ that satisfies the condition S(¢,0) =
~(t). This variation defines the vector field

9pB(t, s)
o(t) = —5 .
along the curve v(t).

Theorem 2.1: Let L : TQQ — R be a Lagrangian and
l:TQ — R be its representation in local coordinates (q,v).
Then, the following statements are equivalent:

(1) The curve q(t), where a < t <'b, is a critical point of
the action functional

b
/ L(q,q)dt &)

on the space of curves Q(Q; qa, qp) in Q connecting q,
to qy on the interval [a,b], where we choose variations
of the curve q(t) that satisfy 0q(a) = dq(b) = 0.

(il) The curve q(t) satisfies the Euler-Lagrange equa-
tions ().

The curve (q(t),v(t)) is a critical point of the functional

b
/ l(g,v)dt (6)

with respect to variations dv, induced by the variations
0q = w'u;(q), and given by

(iii)

0v =W ~+ [v, w],.



(iv) The curve (q(t),v(t)) satisfies the Hamel equations (@)
coupled with the equations ¢ = {u(q),v) = v'u;(q).
For the early development of these equations see [21]
and [11].
Proof: The equivalence of (i) and (ii) is standard and is
proved by computing the variational derivative of the action
functional (@),

b b
oL oL

b /oL d OL
—/a (aq‘dtaq-) badt.

Denote the components of dq(t) relative to the basis

ur(q(t)),- - un(q(t)) by w(t) = (w'(t),...,w"(t)), that

dq(t) = (u, w) = w'(t)ui(q(t)).

To prove the equivalence of (i) and (iii), we first compute
the quantities 0¢ and d(dq)/dt:

8¢ = 0 [v'(t)ui(q(1))] = 6" (H)us(q(t)) + v%t)%éqf :
d(dq) d Ou;

& @ (w' (Byui(q(t)) = w' (tuilq(t)) + w'(t) g0 ¢

Since 0¢ = d(dq)/dt, we obtain

o' ()uig(t)) = (W' (8) + cha(q(t))o* (H)w' (8)) wilq(t));
that isf]
du(t) = w(t) + [v(t), w(t)lge)-

To prove the equivalence of (iii) and (iv), we use the
above formula and compute the variational derivative of the
functional (6):

b b
ol ol
6/a l(q,’l)) dt = A <aq6q + 6’1}6U> dt

b
al al , .
— /a <8qw w; + e (w + [v,w]q(t))> dt

b al* d ol
= /a <U[l] + |:’U, a’():| o0 - dta,{))lUdt

This variational derivative vanishes if and only if the Hamel
equations are satisfied. [ ]

III. NONHOLONOMIC SYSTEMS
A. The Lagrange—d’Alembert Principle

Assume now that there are velocity constraints imposed
on the system. We confine our attention to constraints that
are homogeneous in the velocity. Accordingly, we consider
a configuration space () and a distribution D on () that
describes these constraints. Recall that a distribution D
is a collection of linear subspaces of the tangent spaces
of @); we denote these spaces by D, C T,Q, one for each
g € Q. A curve ¢(t) € Q will be said to satisfy the
constraints if G(t) € Dy for all t. This distribution will, in

2If Q is a Lie group, this formula is derived in [5].

general, be nonintegrable; i.e., the constraints are, in general,
nonholonomicf]

Consider a Lagrangian L : T(Q — R. In coordinates
q',i = 1,...,n, on Q with induced coordinates (g, ")
for the tangent bundle, we write L(q%, ¢%). The equations
of motion are given by the following Lagrange—d’ Alembert
principle.

Definition 3.1: The Lagrange—-d’Alembert equations of
motion for the system are those determined by

b
5/ L(q,q)dt = 0,

where we choose variations §q(t) of the curve q(t) that
satisfy 6q(a) = 0q(b) = 0 and 6q(t) € Dy for each t
where a <t <b.

This principle is supplemented by the condition that the
curve ¢(t) itself satisfies the constraints. Note that we take
the variation before imposing the constraints; that is, we do
not impose the constraints on the family of curves defining
the variation. This is well known to be important to obtain
the correct mechanical equations (see [4] for a discussion
and references).

One way to write the dynamics is to make use of the
Euler—Lagrange equations with multipliers. This is done
below in coordinates.

The distribution D can be locally written as

D={¢eTQ|A}(q)q' =0, s=1,....p}
The constrained variations 5q(t) € T(Q satisfy the equations
A¥(q)éq' =0, s=1,...,p. (7)

Using the Lagrange—d’ Alembert principle and (7)), one writes
the equations of motion with Lagrange multipliers as

d 0L 0L
dtd¢t g
The presence of the Lagrange multipliers in the equations
of motion is not always desirable. One way to eliminate the

Lagrange multipliers in the nonholonomic setting is to use
the Hamel equations, as shown below.

+ XA (g), A(g)d' =0.

B. The Constrained Hamel Equations

Given a nonholonomic system, that is, a Lagrangian
L : TQ — R and constraint distribution D, select the
independent (local) vector fields

ui:Q%TQa

such that D, = span{ui(q),...,un—p(q)}. Each ¢ € TQ
can be uniquely written as

q = (u(q),v”) +(u(q),v™), where (u(q),v”) € Dy, (8)
D
)

1=1,...,n,

i.e, (u(q),v”) is the component of ¢ along D,. Similarly,
each a € T*(Q can be uniquely decomposed as

a = (ap,u*(q)) + {ay,u"(q)),

3Constraints are nonholonomic if and only if they cannot be rewritten as
position constraints.



where (ap,u*(q)) is the component of a along the dual
of D, and where u*(q) € T*Q x --- x T*Q denotes the
dual frame of u(q). Using (8), the constraints read

v=0vP or WY =0. 9)
This implies

dv=2=6vP or &Y =0. (10)

Using the Lagrange—d’Alembert principle and (I0) proves
the following theorem:

Theorem 3.2: The dynamics of a nonholonomic system is
represented by the constrained Hamel equations

doal [ p al" B
(G0~ ™ 3l ~v0), =

q

(1)

coupled with the constraint equation Q) and the kinematic
equation

g = (u(q),v"). (12)
In coordinate notation, equations (TI)) read as follows:
d ol m Ol o
P cjiavmv] +wll], 4j=1,....,n—p.

C. Chaplygin Sleigh

In order to illustrate the difference between holonomic
and nonholonomic dynamics, we describe here the Chap-
lygin sleigh. The Chaplygin sleigh is introduced in [9] and
discussed for example in [19]. See also the paper [23], where
an interesting connection with systems with impacts is made.

The sleigh is essentially a flat rigid body in the plane
supported at three points, two of which slide freely without
friction while the third is a knife edge constraint which
allows no motion perpendicular to its edge.

We will derive the dynamics using equations (TT). Let 6
be the angular orientation of the sleigh and (z,y) be the
coordinates of the contact point as shown in Figure

Define the vector fields u; by the formulae w1 = 0, us =
cos O, +sinf 0, us = —sin 0 9, +cos 0 9, (see FigureI).
The velocity components relative to the frame wuq, uo, ugs are
ol = 0 v? = Z cosf + gsin 6, and v3 = —xsinf + ycos .
Thus v! is is the angular velocity of the sleigh relative to
the vertical line through the contact point, and v? and v* are

‘A

B

Uy

(xy)

Fig. 1. The Chaplygin sleigh.

the components of linear velocity of the contact point in the
directions along and orthogonal to the blade, respectively.
Let the center of mass C be located on the line through the
blade at the point aus relative to the body frame. See Figure|[T]
for details. Denote the mass and the moment of inertia of the
sleigh by m and .J. The constraint reads v3 = 0.
The Lagrangian is just the kinetic energy of the sleigh,

l(v) = % ((J +ma®)(v')? + m((v?)? + (v*)? + Qavlv?’)) ,

which is the sum of the kinetic energies of the linear and
rotational modes of the body.
Equations (TT)), written for the Chaplygin sleigh, become

2

(J +ma?)ot = —mav'v?,  mi?

= ma(v!')%
These equations decouple from the full system (IT)) and (T2).

As shown in [19], a generic trajectory of the contact point
of the blade and the plane is either a doubly-asymptotic curve
with a cusp that approaches straight lines as ¢ — oo like in
Figure [2|if a # 0, or a circle if a = 0. The condition a = 0
means that the center of mass is situated at the contact point
of the sleigh and the plane. Nongeneric trajectories of the
contact point are motions along a straight line at a constant
speed.

Thus the center of mass of the Chaplygin sleigh almost
never moves along a straight line. This dynamics is entirely
different from the dynamics of an unconstrained flat rigid
body sliding without friction on a horizontal plane where
the center of mass is known to move along a straight line.

The structure of generic trajectories of the Chaplygin
sleigh enables one to steer the sleigh by means of a moving
mass as shown in [20].

IV. STABILIZATION OF RELATIVE EQUILIBRIA
OF NONHOLONOMIC SYSTEMS

As discussed in [1], [4], and [7], nonholonomic constraints
and symmetry each define subbundles of the velocity phase
space T'Q) of the system. The base space of both subbundles
is the configuration manifold (). We denote the constraint
subbundle by D. The intersection of the symmetry subbundle
with D is denoted S. We assume that the dimension of the
fibers of S is positive. The frame u;, ¢ = 1,...,n, is usually
selected in such a way that there are two subframes that span
the fibers of D and S.

Fig. 2. A typical trajectory of the contact point of the Chaplygin sleigh.



For underactuated systems, the controlled directions are
characterized by the fibers of a subbundle 7* of the mo-
mentum phase space 7*(). We assume in this paper that
T C 8*, where §* C T*(Q is the bundle over () whose
fibers are the duals of the fibers of S. That is, the control
acts in some or all of the symmetry directions consistent
with constraints. In this setting, one may select a frame that
contains a subframe whose dual spans the fibers of T*.

In the rest of the paper we assume that the Lagrangian
equals the kinetic minus potential energy of the system, and
that the kinetic energy is given by a Riemannian metric on
the configuration manifold Q).

We consider the problem of stabilization of relative equi-
libria of underactuated nonholonomic systems with symme-
try that satisfy the conditions listed above. Under these as-
sumptions, the right-hand sides of the uncontrolled equations
of motion on the constrained symmetry subbundle S are
homogeneous quadratic polynomials in quasivelocities. Our
strategy is to assign controls that have the same structure, i.e.,
are given by quadratic polynomials in quasivelocities, and to
require that the controlled equations on S are equivalent to
conservation laws. We then utilize the remaining freedom in
the control selection and make the equilibria of the system’s
dynamics, reduced to the levels of the controlled conserva-
tion laws, stable. The suggested procedure is motivated by
the fact that this reduction is related to the energy-momentum
method for stability analysis (see [25]).

The general theory will be discussed in a forthcoming
publication. In the next section we use our approach and
stabilize slow vertical motions of a rolling disk.

V. STABILIZATION OF A FALLING DISK

Consider a uniform disk rolling without sliding on a
horizontal plane. It is well-known that some of the steady
state motions are the uniform motions of a disk along
a straight line. Such motions are unstable if the angular
velocity of the disk is small. Stability is observed if the
angular velocity of the disk exceeds a certain critical value,
see [19] and [7] for details. Below we use a steering torque
for stabilization of slow unstable motions of the disk.

We assume that the disk has a unit mass and a unit radius.
The moments of inertia of the disk relative to its diameter
and to the line orthogonal to the disk and through its center
are A and B, respectively. The configuration coordinates for
the disk are (6, ¢,1,x,y) as in Figure [3| Following [19],
we select u; to be the vector in the zy-plane and tangent
to the rim of the disk, us to be the vector from the contact
point to the center of the disk, and u3 to be u; X wug, as
shown in Figure [3] In agreement with our general frame
selection process, the fields u;, ug, and us span the fibers
of the constraint distribution, the fields us and ug span the
constrained symmetry directions, and the dual of uy spans the
control subbundle. The component of disk’s angular velocity
along u; equals 0, the us and ug components are denoted
by & and 7.

Using this frame, the Hamel equations of motion are

Fig. 3. The geometry of the rolling disk.

computed to be

(A+1)0+ A% tanf — (B +1)én — gsinf =0, (13)
Aé — Afé tan 6 + Bné =u, (14)
(B+1)n+&0 =0, (15)

where u is the steering torque and g is the acceleration of
gravity. In the absence of the torque, the last two equations
can be written as conservation laws of the form

here and below the parameters a and b label the levels
of these conservation laws. These conservation laws are
obtained by integrating the equations
dg dn
A— = Aftanf — B B+1)— =—¢.

Formulae (T6) may be interpreted as momentum conservation
laws (see [7] and [24]).

Now consider a steady state motion § = 0, £ = 0, n = 7.
This motion is unstable if 7, is small. Set

where f(f) is a differentiable function. The motivation for
the choice for w is that it preserves the structure of
equations and (T5), and thus the controlled system will
have conservation laws whose structure is similar to that
of the uncontrolled system. Viewing 6 as an independent
variable, we replace equations (I4) and (I5) with the linear
system

a7

g _ dn _ _
A@ = Atand — (B + f(0))n, (B+1)d9 =—£. (18)
The general solution of (T8),
é-:FC(eaaub)v n:GC(97a7b)u (19)

is interpreted as the controlled conservation laws. The func-
tions that define these conservation laws are typically difficult
or impossible to find explicitly.

Next, we reduce the dynamics to the common level set
of the controlled conservation laws (19). From (13), this



defines a family of one degree of freedom Lagrangian (or
Hamiltonian) systems

(A+1)6+ AF%(0,a,b) tanf
— (B+1)F.(0,a,b)G.(0,a,b) — gsind = 0.
The stability of the relative equilibrium 6 = 0, £ = 0,

1 = 1. is tested using the nonholonomic energy-momentum
method of [25]. This method requires that

da
df
— (B+ DF(0,00,b.)Gel0, ac,b.) — gsinb)|

(AF?(0,ac,b.)tand

>0,
=0

where a. and b, are defined by the equations

Fc(oaae»be) =0, Gc(07aevbe) = Te-

This stability condition is obtained by constructing a suitable
Lyapunov function, see [25] for details.
Using (I8), the stability condition becomes

Ag
IS

That is, any function f(f) whose value at § = 0 satisfies
inequality (20) defines a stabilizing steering torque.

Observe that in the settings considered in the present paper
the energy-momentum method gives conditions for nonlinear
Lyapunov (nonasymptotic) stability. Hence stabilization by
the torque (I7) is nonlinear and nonasymptotic. Asymptotic
stabilization can be achieved by adding dissipation-emulating
terms to the control input.

f(0) > (20)

VI. CONCLUSIONS AND FUTURE WORK

We have discussed the use of quasivelocities and the
associated Hamel equations in the analysis and design of
feedback stabilizing controllers for nonholonomic systems.
The procedure outlined here enabled us to use an energy-
momentum based technique for proving stabilization. In a
forthcoming publication we intend to further develop the
proposed techniques and to relate them to the method of
controlled Lagrangians [2], [6], and [26].
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