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Abstract

The local average treatment effect framework (LATE) is considered an effective approach

to estimate the effects of binary endogenous regressors. In this paper I generalize the LATE

model to a class of non-linear models with an endogenous regressor which can take multiple

discrete values in the presence of a discrete-valued instrumental variable. I provide the semi-

parametric efficiency bound for finite-dimensional parameters in semiparametric moment

equations under the generalized LATE assumption. I also suggest estimation methods which

produce estimates achieving the semiparametric efficiency bound. I show how my results can

be applied to average and quantile treatment effect settings with a multi-valued endogenous

treatment variable and propose an efficient estimation procedure for such models. I apply my

methodology to evaluate the effect of job attrition on the hourly wage for past applicants for

welfare support in Florida using a randomized sample from the Family Transition Program.

I find that failure to account for endogeneity of job attrition can substantially understate

the effect.
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1 Introduction

Modern analysis of treatment evaluation studies shows the importance of identification assump-

tions for recovering distributions of treatment outcomes from the data. A common approach

to such evaluation studies is to assume that the treatment variable is conditionally independent

from the treatment outcomes (Rubin (1974)). A large literature on treatment effects under this

assumption studies outcomes of binary treatments. Recent research by Hahn (1998), Hirano, Im-

bens, and Ridder (2003), Imbens, Newey, and Ridder (2003), and other papers covers the issues

of efficient estimation and dimension reduction for propensity score weighting, matching and

projections methods. The problem of recovering the distributions of potential outcomes under

the unconfoundedness assumption can be extended to the case of multiple-valued treatments.

Frolich (2004) provides an overview of estimation methods and models for cases where treatment

can take multiple discrete values. This concept is extended to the case of continuous treatments

in Hirano and Imbens (2004). Finally, a recent paper Cattaneo (2007) discusses semiparametric

efficiency for a class of non-linear models with multiple treatments. In this paper I develop a

model where multi-valued treatment variable can be endogenous, provide semiparametric effi-

ciency bound for a finite-dimensional parameter defined by a semiparametric moment equation,

and suggest efficient estimation procedures for this parameter.

Endogeneity of treatment status is an essential problem in many treatment evaluation stud-

ies. Such endogeneity can occur when selection into treatments is correlated with the unobserved

components of treatment outcomes. Nonlinearity in estimated econometric models with endoge-

nous variables can create additional complexity. The structure of identification conditions for

particular classes of econometric problems with continuous endogenous regressors has been stud-

ied in recent literature. Relevant examples include non-separable systems of moment equations

in Imbens and Newey (2002) and Chesher (2003), quantile moment restrictions in Chernozhukov

and Hansen (2005), models with panel error structure in Altonji and Matzkin (1997), and cen-

sored variable models in Hong and Tamer (2003). In the treatment effect literature, an attractive

approach for dealing with endogenous treatments is to use the notion of local average treatment

effects (LATE). The structure of the LATE model relies on the presence of an auxiliary binary

instrument, which indicates randomized selection between two endogenous treatment options.

The model focuses identification on a particular subset of the population called compliers. Com-
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pliers receive a strictly higher treatment in one program than in the other. In this model the

assumption that the treatment status in one treatment program is weakly higher than in the

other allows one to recover distributions of latent outcomes for compliers. The structure of the

model and possible estimation procedures are considered in Imbens and Rubin (1997), Angrist,

Imbens, and Rubin (1996), Abadie, Angrist, and Imbens (2002), Abadie (2003) and Angrist

(2004).

Efficiency results for a linear model of the average treatment effect under the LATE assump-

tions are provided in Frolich (2006). Hong and Nekipelov (2007) develops a general theory of

efficient estimation for the non-linear LATE models generated by arbitrary (conditional and

unconditional) moment conditions. The authors consider both models generated by moment

functions of observable outcomes and a class of separable models with moments generated by

latent potential outcomes. Hong and Nekipelov (2007) provide two alternative methodologies

for efficient estimation in the LATE context. One suggested approach is based on an efficiently

re-weighted moment function using inverse probability weights. An alternative approach forms

the objective function as a linear combination of conditional expectations of moment function

given observable variables. An attractive feature of analysis in Hong and Nekipelov (2007) is

that the authors provide an explicit expression for the semiparametrically defined weighting

matrix for an over-identified moment function. This expression allows one to transform both

an over-identified unconditional moment equation and a conditional moment equation to an ex-

actly identified optimal moment vector. In this case computation of the asymptotic variance of

the estimator reduces to computation of the variance of the moment function. The asymptotic

variance of such an estimator coincides with the semiparametric efficiency bound.

In this paper I propose a generalization of the LATE model to the case where both the

treatment and the instrument can take multiple discrete values. I provide a minimum set

of conditions for identification of the model from the observed distributions. I also provide

semiparametric efficiency results for moment-based models in the context of the generalized

LATE model and describe the properties of the efficient estimation procedure. In addition,

develop a set estimation procedure for a finite-dimensional parameter in the moment equation

when the monotone local instrument model is only set identified. My set identification and

estimation approach has the attractive feature that it is easily obtainable from a point identified
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submodel. My efficiency calculations use existing approaches for binary models described in

Hahn (1998), Chen, Hong, and Tamer (2005), Chen, Hong, and Tarozzi (2007) for models

under unconfoundedness, and Hong and Nekipelov (2007) specifically considering the binary

LATE framework. My methodology extends the current literature on estimation of non-linear

models with endogenous regressors and can be applied to the analysis of endogenous quantile

treatment effects, as well as non-linear ATE and ATT models on compliers. Microeconometric

models provide a natural application of the generalized LATE approach, which is designed

for estimation of non-linear models (such as quantile regression) in the presence of discrete

endogenous regressors.

I demonstrate the application of my efficient estimation methodology by analyzing the ef-

fect of job attrition on the wage using the results from a randomized welfare experiment from

Florida. The dataset comes from the Manpower Demonstration Research Corporation. It con-

tains information on participants in the randomized experiment conducted from 1994 to 1999

in Florida, where welfare applicants were randomly assigned to either the conventional welfare

program, the Aid to Families with Dependent Children program, or the experimental Family

Transition Program (FTP). The FTP was aimed at developing specific skills for more effective

job performance. In terms of intensity of training the FTP significantly exceeds the quality of

the standard support offered under the AFDC.

I study the relationship between the hourly wage on the primary job and job attrition, i.e.

observed changes in employment. Indicators of attrition can be endogenous because, on the one

hand, job search effort (and thus the propensity to change jobs) depend on the wage rate. On

the other hand, endogeneity of attrition can be induced by the unobserved heterogeneity across

individuals, e.g. indicating their ability. Bottom-censoring of hourly wages of individuals in the

data further transforms the problem into a complex non-linear problem where the distribution

of random shocks is not parametrically specified, the outcome variable is bottom-censored and

the regressor of interest is endogenous. Such a framework serves as a natural application of

the generalized LATE model that I offer in this paper. Random assignment to the two welfare

programs serves a natural binary instrument. Existence of this instrument allows me to correct

for endogeneity of the attrition indicators and estimate the returns to attrition for the sub-

population of the generalized compliers, defined as individuals for whom participation in the
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FTP strictly increases job attrition.

The proposed generalized approach can be extended to cases where instruments are not

available for all discrete values of the endogenous regressors. If it is reasonable to assume

that some values of the regressor of interest are independent (its covariance matrix is block-

diagonal), the independence assumption can be combined with the LATE assumption to allow

for ”correlation nests” in the support of the regressor. If such an independence assumption is

not reasonable, one can use set inference methods for the generalized LATE model, which I

briefly discuss in this paper.

The structure of the paper is the following. In Section 2, I describe the primitive assumptions

of the generalized LATE model and prove identification of distributions of latent treatment out-

comes. I also set up the semiparametric inference problem for estimation of a finite-dimensional

parameter in a conditional moment equation1. In Section 3, I derive the semiparametric effi-

ciency bound for the conditional-moment-based model and describe the structure of the optimal

non-linear instrument. In Section 4, I provide alternative estimation procedures which produce

semiparametrically efficient parameter estimates and prove their consistency and asymptotic

normality given particular regularity conditions. In Section 5, I demonstrate that a moment-

based model under the generalized LATE assumptions can be used in the traditional treatment

effect setting such as estimation of average and quantile treatment effects. In Section 6, I apply

my methodology to recover the effect of job attrition on the hourly wage for the data from the

Family Transition Program in Florida. Section 7 concludes.

2 Model and Identification

2.1 Structure of the Model

In this paper I define a generalized local treatment effect model with multi-valued treatments.

The structure of the multi-valued treatment effect models follows the setup in Frolich (2004)

while the monotonicity in the structure of treatments is in line with the literature on binary

1In Appendix A.2 I demonstrate that if the identifying assumptions for the generalized LATE model are not

attractive for a particular problem, one can use set inference techniques. Parameter estimates in the set-identified

case can be constructed from the point estimates under the generalized LATE assumptions.
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endogenous treatments in Angrist, Imbens, and Rubin (1996), Imbens and Rubin (1997), Abadie,

Angrist, and Imbens (2002), Abadie (2003), Angrist (2004), and Hong and Nekipelov (2007). I

consider a model with a vector of random potential outcomes Y = (Y1, . . . , YK) and a vector

of discrete random treatment variables S = (S1, . . . , SM )′ such that Sk takes positive integer

values and 1 ≤ Sk ≤ K. I will use the term ”treatment selection rule” interchangeably with

the term ”treatment variable” throughout the paper. In addition, I consider an instrument Z

which takes positive integer values such that 1 ≤ Z ≤M . Throughout the paper I assume that

the number of values of Z is smaller or equal to the number of the treatment selection rules.

The joint distribution of (Y,S,Z) depends on a set of covariates X ∈ X ⊂ R
k. I introduce the

following notion of generalized compliers for multi-valued treatments.

Definition 1 Generalized compliers are the sub-population for which the alignment of potential

treatment outcomes is strictly monotonic: S1 < S2 < . . . < SM .

Definition 1 implies that the generalized compliers receive strictly different treatments for each

two arbitrary selected treatment rules. The object of interest is the collection of conditional

distributions of potential treatments for groups of generalized compliers:

Yk | p = S1 < . . . < SM .

Note that if the support of the treatment rules Sk is sufficiently rich, there will be multiple sets

of generzlied compliers for 1 ≤ S1 ≤ K −M . In this framework there can also be multiple

groups of generalized compliers corresponding to the same value of S1. For instance, if K > M ,

then for S1 = 1 both sequences of observations S1 = 1, S2 = 2, . . . , SM = M and S1 = 1, S2 =

3, . . . , SM = M + 1 satisfy the definition of generalized compliers. Below I list assumptions

necessary to identify the model under consideration. In further sections I show how these

assumptions can be relaxed to build a set-identified model.

Assumption 1 1. (Validity of instrument) (Y, S) ⊥ Z

∣∣∣∣X = x.

2. (Non-degenerate treatment selection) Pr {Z = k |X} ∈ (0, 1) for k = 1, . . . ,M .

3. (Non-degenerate treatment choice) Pr {Sk = p |X} ∈ (0, 1) for k = 1, . . . ,M and

p = 1, . . . ,K.

5



4. (Convexity) Selection rules Sk for k = 1, . . . ,M and Sk < K are contained in weakly in-

creasing convex sequences of treatment selection choices, moreover this ranking is preserved

almost everywhere in X :

Pr {0 ≤ Sk − Sk−1 ≤ Sk+1 − Sk ≤ 1|X = x} = 1,

for all k = 2, . . . ,M − 1.

5. (Separability) For k = 2, . . . ,M − 1 and 1 < Sk < K

f (yp, Sk+1 − Sk 6= Sk − Sk−1, x) = 0.

6. (Boundary conditions) For 1 < p < K f (yp, SM−1 < SM = p, x) = 0. If for some k

Sk = 1 then Sk−j = 1 for all j = 1, . . . , k − 1. Similarly, if Sk = K then Sk+j = K for all

j = 1, . . . ,M − k.

Assumptions 1.1 - 1.6 impose a rigid structure on the primitives of the model. Assumption

1.1 is equivalent to the standard assumption on instruments in the regular IV model, requiring

conditional independence of the joint distribution of potential outcomes and treatment selection

rules from the instrument. Assumptions 1.2 and 1.3 assert that all treatment selection rules

and all treatment choices for each treatment selection rule are chosen with non-zero probability.

Therefore, the data contain enough information to recover marginal distributions of treatment

choices.

Assumption 1.4 is similar in spirit to the monotonicity assumption in the standard LATE

model (where both the instrument and the treatment have binary support: M = K = 2). It is

called ”convexity” because the sets of treatment selection choices S1, . . . , SM , which satisfy this

condition, will be represented by convex line graphs on the plane (Z, S). To see this, note that,

according to this assumption, the difference between treatment selection choices for treatment

rules k + 1 and k cannot be smaller than the difference between choices for treatment rules

k and k − 1. On the other hand, the difference between two consecutive treatment selection

choices is bounded between 0 and 1. As a result, if Sk = Sk−1 + 1 for some treatment rule k

then Sl = Sl−1 + 1 for all l ≥ k + 1. Therefore, if a sequence of treatment selection choices

Sk, Sk+1, Sk+2, . . . is increasing, it cannot become ”flat” (i.e., for instance Sk+2 = Sk+3 is not

allowed in this sequence). in practice, Assumption 1.4 implies that the treatment effect for latent
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treatment choices can exhibit a threshold property: treatment status can remain constant for

treatment selection rules from 1 to k and then monotonically increases for selection rules from

k + 1 to M . This situation might arise if the treatment program can set individual-specific

”minimum” treatments.

Assumption 1.5 does not have an analog in the binary LATE model. This assumption

states that the treatment outcome is never observed for non-monotone sequences of treatment

selection choices. In fact the sequences of treatment choices where Sk+1 − Sk = Sk − Sk−1

satisfying Assumption 1.4 are ether sequences where S1 = . . . = SM or where SM = SM−1 +1 =

. . . = S1 +M − 1. This suggests that although threshold treatment rules with S1 = . . . = Sk <

Sk+1 < . . . < SM are possible, they are never applied or their outcome is never observed. The

treatments which produce observable outcomes are either the same across treatment rules, or

different for all treatment rules (provided that convexity assumption 1.4 is satisfied).

While Assumption 1.5 imposes restrictions on observable distributions when both the treat-

ment choice and the instrument are away from boundary points on their support, Assumption

1.6 provides identifying conditions on the boundary. The first part of Assumption 1.6 states that

treatment outcomes generated by the extreme treatment choices are not observed for compliers

when the instrument takes the maximum value. This assumption is important when the number

of possible treatment choices is bigger than the number of possible values of the instrument. In

such situation there will be multiple groups of compliers such that p = S1 < S2 < . . . < SM

for p = 1, . . . ,K −M + 1. The first part of Assumption 1.6 deals with groups of compliers

where 2 ≤ p ≤ K − M . In this case, each pair of values of the treatment variable and the

instrument generates two conditional outcomes. The first possible outcome is generated given

that the observation is treated uniformly across treatment rules (S1 = . . . = SM ). The sec-

ond outcome is generated given that observation is never treated equally across treatment rules

(S1 < . . . < SM ). In order to disentangle the two components from the outcome, it is necessary

to allow them to be observed separately. The first part of Assumption 1.6 generates such sepa-

rability of observed outcomes. This first part is not needed for elements of the population with

the highest and the lowest values of treatments given Assumption 1.4. In particular, if SM = 1

and Z = M , then from Assumption 1.4 it follows that S1 = . . . = SM = 1. Therefore, obser-

vation with SM = 1 and Z = M can only correspond to the case with uniform treatment (i.e.
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non-compliers). Similarly, if S1 = K and Z = 1, this observation also can only be attributed to

non-compliers.

One a sequence of treatment choices achieves the minimum or the maximum treatment, it

cannot continue monotonically. Assumption 1.6 fixes this problem, by allowing the treatment

rules to generate uniformly the smallest treatment values once a sequence of treatment choices

achieves the minimum treatment value. Similar situation occurs on the upper boundary where

treatment rules give maximum treatment once a particular treatment rule produces the max-

imum treatment choice. On the upper boundary I allow convexity assumption to be violated

(Assumption 1.4, however, is stated in a non-contradictory way and does not extend to the

boundary of support of treatments). This part of Assumption 1.4 is inherent to the structure of

the model, and it arises because the range of offered treatments is finite.

Example 1

Consider an example where K = M > 2. In this case there is only one group of compliers

with 1 = S1 < . . . < SM = M . All monotone sequences of treatment selection choices with

S1 > 1 achieve the maximum treatment for treatment selection rule k < M . Therefore, all such

sequences are non-convex. To disentangle distributions of unobservable outcomes for compliers

treated with maximum and minimum treatments one needs to apply only Assumptions 1.1 -1.4

and the second part of Assumption 1.6. The separability assumption is not required for these

points because there is only one strictly monotone sequence of treatment outcomes, which corre-

sponds to the set of compliers. To extract the treatment outcome distributions for compliers not

treated with maximum and minimum treatments requires the full set of Assumptions 1.1-1.6.

2.2 Observable variables and data structure

The potential treatment selection rules, treatment choices and potential treatment outcomes

are not always observed. Observable characteristics include the actual realization of treatment

choices corresponding to the treatment selection rule indicated by the instrument. Similarly,

potential outcomes are not observed either. I denote the observed treatment status W2 and
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observed treatment outcome W1. They can be expressed through unobservable variables as

W1 =
K∑

k=1

1 (W2 = k)Yk,

W2 =
M∑

m=1
1 (Z = m)Sm.

Observable variables, therefore, include W1, W2, instrument Z, and a vector of covariates

X. In the further discussion I use the notation W to denote the pair of variables (W1, W2).

The values of instrument Z and covariates X are assumed to be always observed. The data

consist of a cross-section of i.i.d. realizations (w1i, w2i, zi, xi) for i = 1, . . . , N corresponding

to realizations of a vector of random variables (Y, S, Z, X). The problem of identification

is to recover the conditional distribution of latent treatment outcomes from the observable

distribution of realized outcomes (W,Z,X). To simplify further manipulations, I introduce

additional notation corresponding to observable distributions:

fj (w1, p) = fx (w1|w2 = p, z = j) ,

Pj(p) = Px (w2 = p|z = j) ,

Qj = Px (z = j) ,

Pm = Pr
{
w2 = m

∣∣x
}
.

I also denote Px (j1, . . . , jM ) = Pr (S1 = j1, . . . , SM = jM |X). Finally, I introduce the notation

for the population proportion of a particular group of generalized compliers as:

P> (p) = Pr (p = S1 < . . . < SM |x) ,

and the density of the treatment outcome for compliers as

f> (w1, k, p) = f (yk | p = S1 < . . . < SM , x) .

I omit indexation by covariates X, while it is understood throughout this paper that all relevant

distributions depend on covariates.

2.3 Identifying treatment choice probabilities for generalized compliers

Probabilities of observing groups of generalized compliers are identified by Assumptions 1.1

- 1.4 and 1.6. Given non-degenerate distribution of treatment choices over the support for
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all treatment selection rules, Assumptions 1.4 and 1.6 determine plausible configurations of

treatment choices in the model. The identification conditions can be visualized on the (Z, S)

plane. Sequences of treatment selection choices satisfying these assumptions take the form

S1 = . . . = Sk = p, Sk+1 = p+ 1, . . . , SM = M − k + p.

This structure of sequences of treatment selection choices allows me to recover probabilities of

interest P>(p). To recover these probabilities note that

P1 (p) = P> (p) +
M∑

k=2

Px (p = s1 = . . . = sk < sk+1 < . . . < sM ) .

On the other hand, considering the probability in the ”adjacent node” we obtain that

P2 (p) = P> (p− 1) +
M∑

k=2

Px (p = s1 = . . . = sk < sk+1 < . . . < sM ) .

As a result, we obtain a simple relation between proportions of two consecutive groups of com-

pliers in the population:

P> (p) = P> (p− 1) + P1 (p) − P2 (p) .

For the first group of compliers such expression gives an explicit representation, due to the

presence of boundary conditions

P> (1) = P1 (1) − P2 (1) .

Then all subsequent complier proportions are determined recursively as

P> (p) =

p∑

k=1

(P1 (k) − P2 (k)) . (1)

This expression uniquely determines the probability of treatment choices for compliers. The

general result is summarized in the following theorem.

Theorem 1 Suppose that Assumptions 1.1-1.4 and 1.6 are satisfied. Then complier probabilities

P>(p) are exactly identified from the data, i.e. the proposed assumptions provide a minimum set

of conditions for identification.
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Identification conditions impose rigid restrictions on the probabilities in the analyzed model. It

is necessary to develop a constructive proof of identification first in order to understand how

the identifying assumptions limit the considered types of distributions. Second, a constructive

proof will make it possible to consider the robustness of the model with respect to relaxing

these assumptions by allowing set identification. A complete proof of identification is provided

in Appendix A.1.

In the proof I consider model behavior under a significantly milder assumption: weak mono-

tonicity allowing sequences of treatment choices with S1 ≤ . . . ≤ SM . I describe the structure

of the matrix A which transforms the unobserved joint probabilities of treatment choices into

observed outcome probabilities. I show that, except for the binary case, this matrix will be

rectangular and joint choice probabilities are not identified. Then I demonstrate that this ma-

trix has rank (K − 1)M by showing how to construct a non-singular transformation of A to a

sparse matrix containing a (K − 1)M × (K − 1)M identity submatrix. The matrix of identi-

fying equations under Assumptions 1 has a 2-diagonal structure and can be transformed to a

matrix with (K − 1)M × (K − 1)M identity submatrix as well (the rest of the elements are

equal to zero). As a result, the set of linearly independent columns of A can be transformed to

the matrix of coefficients for identifying equations under Assumptions 1.1 - 1.6 by a non-singular

transformation.

This theorem demonstrates that the set of identifying conditions imposed by Assumptions 1.1

- 1.6 allows one to recover the maximal possible set of joint probabilities of treatment selection

choices from the data. Next I will consider the problem of identifying conditional distributions

of potential treatment outcomes from the data.

2.4 Identifying distributions of treatment outcomes

Identification of the distributions of the treatment outcomes is achieved due to Assumptions 1.1

- 1.6. The intuitive identification argument is provided by the separability Assumption 1.5. In

my model each possible treatment outcome Yk with the instrument equal to m < M belongs

to only one group of generalized compliers (those for whom k −m = S1 < . . . < SM ) and only

one group of non-compliers (k = S1 = . . . = SM ). From the boundary condition, it follows

that the boundary values of the instrument (Z = M) generate the treatment outcome only for
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non-compliers. Therefore, we can identify the corresponding density of the treatment outcome

for compliers by subtracting the component corresponding to non-compliers for Z = M from

each distribution component for Yk given that Z = m < M . As a result, for each distribution

of Yk | p = S1 < . . . < SM there will be exactly one element of the observable distribution

corresponding to w2 = k and z = k − p+ 1 which identifies the latent distribution of interest.

Formally, the identifying equation will take the form

f> (w1, k, p)P> (p) + fx (yk = w1 | k = S1 = . . . = SM )Px (k, . . . , k) = fk−p+1 (w1, k)Pk−p+1 (k) ,

fx (yk = w1 | k = S1 = . . . = SM )Px (k, . . . , k) = fM (w1, k)PM (k) ,

for p = 1, . . . ,K −M and k = p, . . . , p + M − 1. Note that the treatment outcome Yp cannot

be identified for a group of compliers for which p 6∈ [S1, SM ]. The reason for this result is that

this treatment outcome is never observed for this group of compliers, while the structure of the

assumptions does not provide the possibility to recover this distribution from observations for

different treatment outcomes. The final expression for the density of the outcome distribution

for a group of compliers (given k < K) can be written as:

f> (w1, k, p) =
fk−p+1 (w1, k)Pk−p+1 (k) − fM (w1, k)PM (k)

p∑
j=1

(P1 (j) − P2 (j))

.

I set boundary conditions for the entire support of binary regressor except Sm = K. On the upper

boundary of the support of the treatment selection choices, there is only one point belonging to

the subset of compliers, where Z = M and SM = K. For this value of the treatment choice, the

expression for the density for compliers naturally comes from the configuration of the support:

f> (w1,K,K −M + 1) =
fM (w1,K)PM (K) − fM−1 (w1,K)PM−1 (K)

K−M+1∑
j=1

(P1 (j) − P2 (j))

.

Theorem 1 shows that the probability P> (·) is exactly identified from the data. Therefore, there

is a unique system of equations for f> (·). Given that this system has a unique solution for

each P> (·), the entire set of identification conditions determines a unique density f> (w1, k, p)

for each suitable k and p. Note that due to the convexity assumption, the joint distribution of

treatment choices on the upper boundary of the support of treatment selection rules does not

provide over-identification restrictions for the distributions of interest.
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2.5 Semiparametric moment specification

In the previous discussion, I have shown that the observed distributions identify the relevant

marginal treatment outcome distribution for a set of generalized compliers. I assume that the

main object of interest in this model is the Euclidean parameter β ∈ B ⊂ R
k, defined by a

semiparametric moment equation

ϕp (w, x, β) = E {g (w, x, β) | p = s1 < . . . < sM , w2, x} = 0. (2)

I use this condition to define the baseline model. In Section 5 I demonstrate that this model

can be used to analyze moment equations defined in terms of latent treatment outcomes.

The generalized LATE model incorporates many existing models of treatment effects as

special cases. One special case where the instrument and treatment selection rule has the same

support size was considered in Example 1. Two other special cases are presented in examples

below.

Example 2

This special case of the model produces a multi-dimensional generalization of the model for

treatment effects under the unconfoundedness assumption. Consider the following additional

assumptions:

1. The treatment selection choices Sk and instrument Z have the same support: K = M

2. All observations in the sample are ”compliers”: Sk = k.

In this model there is going to be a unique sequence of treatment selection choices in this model:

1 = S1 < . . . < SM = M . In this case, the model will be equivalent to the model with a single

treatment D = Z, such that

{Yd}M
d=1 ⊥ D

∣∣X.

This is the treatment effect model under the unconfoundedness and multi-valued treatments con-

sidered, for instance in Cattaneo (2007). In the equations that I used to identify the treatment

effect for generalized compliers, fM (w1, p) = 0 for p < M . Therefore, f (Yp = w1|D = p) =

fp (w1, p). This suggests that the multi-valued treatment effect model for independent treat-

ment is trivially identified under Assumptions 1.1 - 1.6 with the addition of Assumptions 1 and
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2 above.

Example 3

Consider a model where the supports of both the instrument and the treatment selection choice

variable are binary. For binary support the model becomes the standard non-linear local treat-

ment effect model with the instrument taking values Z = 1, 2. The expression for the density

of the observed outcome for compliers specializes to this case as well. The obtained expressions

for conditional densities of outcomes for compliers coincide with standard expressions in the

literature.

The third special case of the model is the case of quantile regression with an endogenous

discrete regressor. Suppose that the quantile function is defined as

Qτ (w, x, β) = 1
{
w1 ≤ β0w2 + x′β1

}
− τ.

Defining the moment g (w, x, β) to be equal to the quantile function (or a vector of quantile

functions if several simultaneous quantile restrictions are considered), one can estimate param-

eters β0 and β1 corresponding to the moment equation for generalized compliers. For the group

of generalized compliers the problem of endogeneity of the discrete treatment variable effectively

disappears.

These motivating examples demonstrate that the model under consideration generalizes an

array of existing treatment effect models, therefore providing additional insight about these

models as well.

3 Semiparametric Efficiency

In the previous section, I discussed identification of the non-parametric component of the model

from observable distributions in the data. In this section, I provide the semiparametric efficiency

bound for the estimation of a finite-dimensional parameter β, which is defined through the set

of moment equations for compliers.

My efficiency results build on and extend the general efficiency framework of Koshevnik

and Levit (1976), Begun, Hall, Huang, and Wellner (1983), Chamberlain (1987), Newey (1990),

Bickel, Klaassen, Ritov, and Wellner (1993), and Severini and Tripathi (2001) for moment-based

models by considering these models in the generalized LATE framework. Efficient estimation of
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the effects of binary treatments has been considered in Hahn (1998), Hirano, Imbens, and Ridder

(2003), Hong and Nekipelov (2007) among others. I generalize the existing semiparametric

efficiency results in the treatment effect literature to endogenous multinomial choice models.

I begin by introducing the following notation. Define dummy variables indicating particular

choices of treatment rules and treatment choices

dz
m = 1 (z = m) , and dw2

k = 1 (w2 = k) .

Also define the conditional probability of treatment choice as a function of the instrument value

F (w2, z) =
M∑

m=1

dz
mPm (w2) .

Finally, introduce

ζp (w2, x) =

(
dw2

p

Pp
, . . . ,

dw2
p+M−1

Pp+M−1

)′

.

Theorem 2 Under Assumptions 1.1 - 1.6, the semiparametric efficiency bound for a k-dimensional

parameter β in moment equation (2) characterizing the subsample of generalized compliers can

be expressed as:

V
(
β̂
)

= E

(
P> (p)

2
E

[
∂ϕp(w2, x, β)

∂β
ζp(x,w2)

′
∣∣∣∣x
]

Ω−1E

[
ζp(x,w2)

∂ϕp(w2, x, β
′)

∂β

∣∣∣∣x
])−1

.

In the following I use the notation γz,w2 = E [g|w2, z, x] and ωz,w2 = V (g|w2, z, x) to express

the components of V
(
β̂
)
. Elements of the Ω component in the semiparametric efficiency bound

can be written explicitly. Diagonal elements of the matrix Ω can be computed as

Ωii = ωi,p+i−1
Pi(p+i−1)

Qi
+ ωM,p+i−1

PM (p+i−1)
QM

+γ2
M,p+i−1P2

M (p+ i− 1)
[
QM−PM (p+i−1)
Q2

M
PM (p+i−1)

+ Qi−Pi(p+i−1)
Q2

iPi(p+i−1)

]
.

Off-diagonal elements have a simple form

Ωij = −PM (p+i−1)PM (p+j−1)γM,p+i−1γM,p+j−1

QM
.
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The optimal instrument matrix M(x) is generated by the structure of the moment conditions

and by the semiparametric efficient projection. This matrix takes the form

M∗(x) = E

[
∂ϕp(w2, x, β)

∂β
ζp(x,w2)

′

∣∣∣∣x
]

Ω−1 diag

{Q1

Pp
, . . . ,

QM−1

Pp+M−1

}
.

This weighting matrix transforms the original over-identified conditional moment equation to

the unconditional one.

4 Efficient Estimation

In this section I develop two classes of estimators, both of which achieve the semiparametric

efficiency bound. The first one is based on the inverse probability weighting and the second

one is based on the semiparametric efficient projection of conditional expectation. I also give

a set of sufficient conditions to assure consistency and asymptotic normality of the suggested

estimators. The structure of the inverse-probability weighted estimator is closely related to to the

structure of estimators for conditionally independent models in Hahn (1998) and Firpo (2006).

The structure of the projection-based estimator is closely related to the estimator proposed

in Imbens, Newey, and Ridder (2003) and Chen, Hong, and Tarozzi (2007) under conditional

independence assumption and Frolich (2006) and Hong and Nekipelov (2007) under the binary

LATE assumption.

4.1 Propensity score weighted estimator

I consider the problem of estimation of the finite-dimensional parameter β ∈ B ⊂ Rk defined by

conditional moment model (2) for a group of generalized compliers.

The idea of propensity score weighting is to use a set of weight functions to translate

the moment condition (2) for compliers to the moment condition for the entire population.

Such transformation can be made using identification conditions from Section 2.2 and using

the Bayes’ rule. Specifically, for the optimal choice of the instrument matrix M(x) denoting

g̃ = M(x)ζp (w2, x) g (w, x, β), the conditional moment equation can be written as the uncondi-
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tional one:

E




p+M−1∑

k=p

[
dw2

k dz
k−p+1 −

Qk−p+1

QM
dw2

k dz
M

]
g̃



 = 0. (3)

Equation (3) can be proved in the following way. First, note that conditional moment equation

(2) for compliers for each w2 = p, . . . , p+M−1 can be redefined in terms of empirically observable

moments using the Bayes’ rule:

Pk−p+1(k,x)
P>(p,x) E [g (w, x, β) |w2 = k, z = k − p+ 1, x]

−PM (k,x)
P>(p,x) E [g (w, x, β) |w2 = k, z = M,x] = 0.

(4)

For a given optimal instrument matrix M(x) I pick the weighting matrix A(·) in a particular

form:

A (w2, x) = P> (p)

p+M−1∑

k=p

Qk−p+1d
w2
k

Pk
M(x)ζp (w2, x) .

For an arbitrary non-singular weighing matrix A(w2, x), conditional moment equation (2) implies

that

E [A (w2, x)ϕp (w, x, β)] = 0.

Using this fact, I substitute the chosen weighting matrix into the (4) and defining

g = A (w2, x) g (w, x, β) ,

I find that: multiplication of the moment function by the weighting matrix A(·) yields

p+M−1∑
k=p

E
(
Pk−p+1(k)d

w2
k

P>(p) E [g |w2 = k, z = k − p+ 1, x] − PM (k)d
w2
k

P>(p) E [g |w2 = k, z = M,x]
)

= 0.

Substituting the expression for A(·) in this formula produces equation (3).

An empirical analog for equation (3) defines the inverse probability-weighted estimator. Such

an estimator can be implemented in a two-step procedure which is outlined below.
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Step 1 Estimate functions ζ̂p, Qm non-parametrically. Pick some non-singular constant matrix M

with the same dimensions as M(x) and set up the moment equation

ψi

(
P̂, Q̂, β

)
=

p+M−1∑

k=p

[
dw2i

k dzi

k−p+1 −
Q̂k−p+1,i

Q̂M,i

dw2i

k dz−i
M

]
Mζ̂p (w2i, xi) g (wi, xi, β) .

Find the first-stage estimate of β by finding a zero of the exactly identified system of

moments

1

N

N∑

i=1

ψi

(
P̂, Q̂, β̂(1)

)
= 0.

Step 2 Given a solution from the first stage β̂(1) evaluate the conditional variances and expectations

of the moment equation E
[
g
(
w, x, β̂(1)

)
|w2, z, x

]
and Var

(
g
(
w, x, β̂(1)

)
|w2, z, x

)
. Using

these estimates, construct the optimal instrument matric M̂(x) using the formula from

Theorem 2. From matrix Ω̂ construct the optimal weighting matrix and find the second

stage estimate as a solution to a system of non-linear equations generated by the empirical

moments:

1
N

N∑
i=1

ψi

(
P̂, Q̂, β̂(2)

)
= 1

N

N∑
i=1

p+M−1∑
k=p

[
dw2i

k dzi

k−p+1

− Q̂k−p+1,i

Q̂M,i

dw2i

k dzi

M

]
M̂(x)ζ̂p (w2i, xi) g

(
wi, xi, β̂

(2)
)

= 0.

(5)

Equation (6) is sample analog of the population moment condition (3) and delivers a consistent

estimator which is also asymptotically normal under the regularity conditions which I provide

in Section 4.3.

To form the empirical moment equation, distributions and conditional expectations which

are not parameterized should be estimated non-parametrically. In this paper I suggest a series-

based estimation procedure for non-parametric functions. Applied aspects of semiparametric

estimation using sieves are considered in Chen (2007). Consider linear functional space HL

generated by a set of known basis functions {ηi(·)}L
i=1. I assume that the sequence of functional

spaces HL is dense in the functional space containing the non-parametrically specified marginal

distributions in the model, and consider uniform approximations over x ∈ X . Also consider

a truncation sequence kN for the sample of i.i.d. data of size N . This truncation sequence is
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chosen adaptively such that kN → ∞ and kN

N → 0 when N → ∞. Define a vector of basis

functions and the matrix of their values on the dataset {xi}N
i=1 as

η(kN )(x) = (η1(x), . . . ηkN
(x)) ,

W =
(
η(kN )(x1), . . . , η

(kN )(xN )
)
.

In the first stage of estimation procedure I project the estimated functions into linear space

HkN
using the weighting matrix W. For instance, to estimate marginal probabilities of selection

of treatment selection rules and treatment choices one can use expressions

Q̂m =
N∑

i=1

dzi
mη

(kN )(xi)
[
WW ′

]−1
η(kN )(x),

and

P̂k =
N∑

i=1

dw2i

k η(kN )(xi)
[
WW ′

]−1
η(kN )(x).

In order to construct the optimal weighting matrix one needs to estimate marginal probabilities

of selection variables, obtain a preliminary estimate of parameter of interest to compute elements

of the matrix Ω̂ and evaluate the Jacobi matrix. For many frequently used moment equations,

such as linear, quadratic or quantile moments, the Jacobi matrix can be computed analytically.

In cases where an analytic solution is not available, it would be necessary to use additional

computations. If the moment function g(·) is smooth under suitable support conditions the

Jacobi matrix can be substituted by a moment of ∂g(·,β)
∂β . However, it is frequently the case that

the moment function g(·) itself is not differentiable. To obtain the numerical derivative for an

element of the Jacobi matrix for each β ∈ B evaluate the projection

ϕ̂ (w2 = k, x, β) =

(
N∑

i=1

dw2i

k

)−1 N∑

i=1

dw2i

k g (w1i, k, xi, β) η(kN )(xi)
[
WW ′

]−1
η(kN )(x).

Then compute numerical derivatives

Jkl =
ϕ̂ (w2 = k, x, β + δl) − ϕ̂ (w2 = k, x, β − δl)

2hβ
,

where δl = (δlk)
dim(β)
k=1 with δll = 1 and δlk = 0 for k 6= l. The full Jacobi matrix is built from

elements Jkl.
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Using expression for the optimal instrument and non-parametrically estimated probabilities,

I form the empirical moment condition. The estimate for the finite-dimensional parameter β is

obtained by solving the exactly identified system of non-linear equations defined by the optimally

weighted empirical moment (5).

4.2 Projection-based estimator

As an alternative to the propensity weighting procedure described in the previous section, one

can use direct estimation of population moment conditions from conditional expectations.

The identification condition can be explicitly used in estimation. Equation (4) demonstrates

that it is possible to redefine the moment condition for compliers in terms of the population

moment condition. Estimation procedure can then be organized by using this expression directly:

substitution of conditional expectation with their non-parametrically estimated counterparts

produces the empirical moment condition.

In the previous section it was shown that the conditional moment equation for the treatment

outcome for compliers can be expressed as:

E

{
p+M−1∑

k=p

(
Pk−p+1(k)d

w2
k

P>(p) E [g |w2 = k, z = k − p+ 1, x]

−PM (k)d
w2
k

P>(p) E [g |w2 = k, z = M,x]

)}
= 0.

Then defining the moment function

µ (P,Q, β) =
p+M−1∑

k=p

(
Pk−p+1(k)d

w2
k

P>(p) E [g |w2 = k, z = k − p+ 1, x]

−PM (k)d
w2
k

P>(p) E [g |w2 = k, z = M,x]

)
,

for the optimal choice of weighting matrix parameter β can be efficiently estimated by solving

a system of non-linear equations

1

N

N∑

i=1

µi

(
P̂, Q̂, β̂proj

)
= 0 (6)

for β̂proj. For this estimator it is necessary to use the efficient weighting matrix M(x) to construct

an optimally projected moment function g. In order to compute this weighting matrix one
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needs a preliminary consistent estimate of the coefficients β. This estimate can be obtained, for

instance, from the first-stage estimation with an arbitrary non-singular weighting matrix.

Non-parametric components of the mode are estimated using the series expansion as in

the case of the inverse probability-weighted estimator. To project the estimated functions into

linear space HkN
I use the weighting matrix W defined above. Then, to estimate conditional

expectations of interest for a particular β I write

Ê [g |w2 = k, z = m,x] =
(
P̂m (k) Q̂m

)−1 N∑
i=1

dw2
k dzi

mg (w1i, w2i, xi, β) η(kN )(xi) [WW ′]−1 η(kN )(x).

To derive the population proportion of compliers, I estimate

P̂m(k) =
(
Q̂m

)−1 N∑
i=1

dw2
k dzi

mη
(kN )(xi) [WW ′]−1 η(kN )(x).

Then, using the identification results from Section 2.1, I estimate the probability of compliers

as:

P̂> (p) =

p∑

k=1

(
P̂1(p) − P̂2(p)

)
.

Finally, I substitute the non-parametrically estimated quantities into the empirical moment equa-

tion. By solving the exactly identified system (6), I find the estimate of the finite-dimensional

parameter β.

Asymptotic theory for both the propensity score-weighted estimator and for the projection

based estimator is developed in the next section.

4.3 Consistency and asymptotic distribution

In this section I provide sufficient conditions for consistency and asymptotic normality of the

semiparametric estimates provided in the previous sections. The conditions provided in this

section build on general results for consistency and asymptotic normality of semiparametric M-

estimators. These conditions come from applications of the theory of empirical processes, for

instance, in research by Pollard (1990), Bickel, Klaassen, Ritov, and Wellner (1993), and van der

Vaart and Wellner (1996).

The structure of the conditions for consistency and asymptotic normality of estimators that I

propose builds on the existing literature especially in application to semiparametric M-estimation
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(e.g. Andrews (1994), Newey (1994), Ai and Chen (2003), Chen, Linton, and Van Keilegom

(2003)). Assumption 2 provides sufficient conditions for consistency of the semiparametric esti-

mates, while Assumptions 3 and 4 are sufficient for asymptotic normality.

To state the regularity properties of the model I make use of the following norm definitions

||h(x, β)||∞,ω = sup
x∈X , β∈B

∣∣∣h(x, β)
(
1 + ‖x‖2

)−ω/2
∣∣∣ and ||h||P,r = (EP |h|r)1/r ,

for some numbers ω, r > 0 and a probability measure P (e.g. Chen, Linton, and Van Keilegom

(2003) and van der Vaart and Wellner (1996)). The class of moment functions ϕp(w, x;β, κ)

is indexed by β ∈ B and an infinite-dimensional parameter κ ∈ F , the set of conditional

expectations and probabilities that have to be estimated nonparametrically is such that

Φ = {ϕp(·;κ, β), β ∈ B, κ ∈ F} .

The true function are superscripted by 0.

Assumption 2 The following conditions hold:

1. There exists a collection of measurable functions F (x,w2) ≥ 0 for w2 = p, . . . , p+M−1 such

that |ϕp(w2, x; ·)| ≤ F (x,w2) for all x ∈ X , and ϕp (·;β, κ) ∈ Φ, and E
[
F 2(x,w2)

]
<∞

2. Functions

sup
ϕp∈Φ

∣∣∣∣∣
1

n

n∑

i=1

αiϕp (w2, xi;β, κ)

∣∣∣∣∣

are measurable for all fixed sequences αi = ±1, w2 = p, . . . , p+M − 1 and every n ∈ N.

3. supRN (ǫ‖F‖R,1, Φ, ‖ · ‖R,1) < ∞, for every ǫ > 0. Here R are probability measures and

N(·,Φ, ‖ · ‖R,1) is the covering number for the class of functions Φ.

4. ||Â (k, ·) −A0 (k, ·) ||∞,ω
p−→ 0, for k = p, . . . , p+M − 1 and ω > 0.

5. There exists a point β0 ∈ int (B) such that for all ǫ > 0

inf
β: d(β,β0)>ǫ

E
[
A (w2, x)ϕp

(
w2, x;β, κ

0
)]
> 0 = E

[
A (w2, x)ϕp

(
w2, x;β

0, κ0
)]
.

Assumptions 2.1-2 assure that the weighted moment condition is P-Glivenko-Cantelli. The last

condition is the identification condition for Z-estimators. Primitive conditions on the moment
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function g(·) implying the envelope and covering number conditions are given, for example in

Chen, Linton, and Van Keilegom (2003) and require Hölder or uniform Lr(P ) continuity (or

both) of the moment function.

Theorem 3 Under Assumption 2, β̂ − β0 = op (1).

Next I provide two sets of assumptions assuring asymptotic normality of the obtained estimator.

The first group of assumptions assures that the estimated moment functions are asymptotically

linear.

Assumption 3 The following conditions hold:

1. Using the notation of Assumption 2, assume that

1∫

0

√
log sup

R
N (ǫ‖F‖R,1, Φδ, ‖ · ‖R,1) dǫ <∞,

for some δ > 0 such that Φδ = Φ ∩ Bδ,ω where Bδ,ω is an ω-weighted Hölder ball centered

at
(
β0, κ0

)
.

2. Moment function E [A (w2, x;κ)ϕp (w2, x;β, κ)] is differentiable at β0 uniformly in κ ∈ F ,

differentiable in κ in Bω,δ for some δ > 0 and L2 (P ) continuous at
(
β0, κ0

)
.

3. ||Q̂ (·)−Q0 (·) ||∞,ω = op

(
n−1/4

)
, ||Â (·, k)−A0 (·, k) ||∞,ω = op

(
n−1/4

)
, for k = p, . . . , p+

M − 1.

The second group of assumptions assures the normality of errors associated with the estima-

tion of auxiliary parameters, such as marginal probabilities and weights.

In the next group of assumptions I provide conditions which assure that error associated

with re-weighting the moment condition by Qk is normal. For this purpose define

δ0m (x) =
1

QM
E
[
dw2

k g̃|z = M,x
]
+

p+M−1∑

k=p

Qk−p+1

Q2
M

E
[
dw2

k g̃|z = M,x
]
.

Define projections of δ0m(x) and Q0
m(x) on linear functional space HkN

for m = 1, . . . ,M − 1:

δkN (x) and QkN
m (x). These projections are easily computed using standard formulas:

QkN
m (X) = qkN (X) (E [WW ′])−1EqkN (X)Q0

m (X)′ ,

δkN
m (X) = qkN (X) (E [WW ′])−1EqkN (X) δ (X)′ .
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Assumption 4 The following conditions hold:

NE
[
||δ0m (X) − δkN

m (X) ||2
]
· E
[
||Q0

m (X) −QkN
m (x) ||2

]
−→ 0.

E
[
||δkN

m (X)
(
Q0

m (X) −QkN (x)
)
||2
]
−→ 0.

Eδ0m (X) qkN (X)
′
(
(W ′W/N)

−1 − (EW ′W/N)
−1
) N∑

i=1

qkN (Xi)
(
dzi

m −QkN
m (Xi)

)
/N = op (1)

This assumption implies that the approximation error due to coarseness of space HkN
for suffi-

ciently large sample sizes, does not exceed the estimation error.

Theorem 4 Under Assumptions 1-4 M-estimate for Euclidean parameter β is consistent, asymp-

totically normal and achieves the semiparametric efficiency bound. In other words:

√
N
(
β̂ − β

)
d−→ N

(
0 , V

(
β̂
))

.

for V
(
β̂
)

given in Theorem 2.

The proofs of the theorems in this section are in the Appendix A.4 and follow immediately from

the assumptions.

5 Treatment effects in the generalized LATE framework

5.1 Definition of treatment effects for compliers

An important application of the moment-based model for generalized compliers is estimation of

treatment effects. In this section I set up the general problem of estimation of treatment effects

defined by a set of unconditional moment equations defined in terms of unobservable outcomes.

My model includes as special cases average treatment effects, average treatment effects on the

treated,quantile treatment effects and more general non-linear effects for compliers.

Models considered in this section are structurally different from the conditional moment

model considered before. In the conditional moment setup it assumed that the moment restric-

tion holds for all values of the conditioning variables: treatment choice and covariates. In the

treatment effect models it is assumed that the moment condition is valid for the entire popula-

tion, averaged over values of treatments and covariates. However, I will show further, treatment
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effect models can be represented as a weighted conditional model considered in the previous

sections. This will allow me to use the results that were derived for the conditional model to

the models of treatment effects.

An object of interest of the treatment studies with multiple treatments, as noted in Frolich

(2004), is the effect of one treatment program relative to another. This defines the average

treatment effect as

ATEmk = E
[
Y m − Y k

]
.

Under the generalized LATE assumption it is possible to define the average treatment effect for

compliers:

ATECmk = E
[
Y m − Y k

∣∣ p = S1 < . . . < SM

]
.

Similarly, it is possible to define the treatment effect for treated compliers as:

ATTCmk = E
[
Y m − Y k

∣∣w2 = l, p = S1 < . . . < SM

]
.

The notion of the quantile treatment effect also admits generalization to multiple endogenous

treatments. The quantile treatment effect model in case of multiple treatments has been consid-

ered in Cattaneo (2007) and defines a vector of moment restrictions on quantiles of treatment

outcome variables. In the simple case the linear quantile treatment effect for compliers for quan-

tile τ relative to treatment program p can be defined as a solution to a system of population

moment equations

E

[
1 {Yp ≤ βp} − τ

∣∣ p = S1 < . . . < SM

]
= 0,

and E

[
1
{
Yk ≤ βp + QTECpk

}
− τ

∣∣ p = S1 < . . . < SM

]
= 0, for k > p.

In this case QTECpk measures the difference between conditional quantiles of distributions of

outcomes Yk and Yp for compliers. Similarly, one can define the quantile treatment effect for

treated compliers by conditioning on a particular value of the treatment choice.

The set of treatment effects that can potentially be estimated depends on the structure of

the instrument and treatment variables in the model. The reason for this limitation is that for
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a particular group of compliers some treatment outcomes can be never observed. For instance,

if the considered group of compliers contains p = S1 < . . . < SM = p+M − 1, then the outcome

Yp+M cannot be observed because it cannot be generated by any of the treatment choices from

S1 to SM . In this group of compliers it will be possible to estimate treatment effects only for

outcomes Yp to Yp+M−1.

One notable exception where it becomes possible to identify treatment effects for all out-

comes, is the case where both the instrument and treatment variables can take the same number

of values. In this case there is only one group of compliers 1 = S1 < . . . < SM = M for which

all possible outcomes Y1 to YM are observed. An example of the estimation procedure for such

a case is given in Section 6 of this paper where I study the effect of job attrition on hourly wage.

It also possible to consider treatment effects which are not specified for a particular group

of compliers. For instance, the average treatment effect for compliers can be defined as

ATECmk = E
[
Y m − Y k

∣∣S1 < . . . < SM

]
.

This version of the average treatment effect can be computed by weighting the average treatment

effect for particular groups of compliers by probabilities of observing these groups of compliers.

Given that Ym is observed only for groups of compliers where m−M +1 ≤ S1 ≤ m, this should

be taken into account when one computes the total effect from effects for particular complier

groups.

5.2 Efficient estimation of treatment effects for compliers

The types of treatment effects that I described above can be considered as a special case of

a general class of separable moment models. This class contains moment equations which are

separable with respect to the unobservable outcomes:

ϕp (β) = E




p+M−1∑

k=p

mk (Yk, x, β)

∣∣∣∣ p = S1 < . . . < SM



 = 0. (7)

I consider the problem of estimation of the finite dimensional parameter β ∈ B. This structure

of the model generates extensions for conventional treatment effect models to the generalized

LATE and multi-valued treatment effect setting. For instance, one can define the average treat-

ment effect comparing all treatment selection rules to selection rule p by constructing moment
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functions in (7) mj (Yj) =
(
m

(1)
j (Yj) , . . . ,m

(M)
j (Yj)

)′
, where superscript indicates a particular

element of the moment vector, as:

m
(i)
p (Yp) = −Yp, m

(k+1)
p+k (Yp+k) = Yp+k − ATECp+k,

and m
(j)
p+k (Yp+k) = 0, for j 6= k + 1, and i, j = 1, . . . ,M.

The model can also be designed to define the generalized quantile treatment effects. In this case

the moment functions can be rewritten to take quantile structure into account

m
(i)
p (Yp) = 1 {Yp ≤ βp} − τ, m

(k+1)
p+k (Yp+k) = 1

{
Yp+k ≤ βp + QTECpk

}
− τ,

and m
(j)
p+k (Yp+k) = 0, for j 6= k + 1.

I assume that moment vector (7) exactly identifies parameter vector β (which is the case

for the multi-valued ATEC and QTEC concepts considered above). Application of Bayes’s rule

transforms the original conditional equation to the unconditional one in the form2:

E



P>(p)

p+M−1∑

k=p

Qk−p+1E

[
mk (Yk, x, β)

∣∣∣∣w2 = k, x, p = S1 < . . . < SM

]

 = 0.

This equation can be written in the form that contains only observable marginal probabilities

and re-weighting the conditional moment equation for compliers:

E

[
P>(p)

p+M−1∑
k=p

Qk−p+1d
w2
k

Pk

×E
[

p+M−1∑
k=p

dw2
k mk (w1, x, β)

∣∣∣∣w2, x, p = S1 < . . . < SM

] ]
= 0.

If the original moment equation is over-identified, then one can produce an exactly identified

system of moments by multiplying the original equation by a constant matrix M. Denoting

A (w2, x) = P>(p)

p+M−1∑

k=p

Qk−p+1d
w2
k

Pk
M,

2Alternatively, to derive this result one can use the fact that Yk ⊥ W2

∣∣ p = S1 < . . . < SM , X. This

is a straightforward feature of conditioning on the subset of compliers. In fact, if W2 moves from p + k1 to

p + k2 the outcome for compliers moves from Yp+k1
to Yp+k2

(in the subsample of compliers one treatment

outcome is generated by exactly one treatment selection rule). Therefore, effectively in the subset of compliers

the treatment variable and the instrument are functionally dependent: W2 = Z + p − 1. As Yk ⊥ Z
∣∣X, then

Yk ⊥ W2

∣∣ p = S1 < . . . < SM , X.
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and

g (w, x, β) =

p+M−1∑

k=p

dw2
k mk (w1, x, β) ,

one can redefine the original problem for the unconditional moment equation in the same form

that I used for the conditional moment model:

E
[
A (w2, x)E

[
g (w, x, β)

∣∣w2, x, p = S1 < . . . < SM

]]
= 0.

Both the structure of the efficiency bound and the efficient estimation procedure in this model

are similar to the case of conditional moment equation. In the following theorem I describe the

structure of the semiparametric efficiency bound in this model.

Theorem 5 In the model given by the general moment condition (7) the efficient influence

function, corresponding to finite-dimensional parameter β can be expressed as:

Ψ = −J−1Φ(w, x, z) = −J−1

{
p+M−1∑

k=p

(
dw2

k dz
k−p+1 −

Qk−p+1d
w2
k

dz
M

QM

)
(mk (w1, x, β) −mk)

−
p+M−1∑

k=p

(
dz

k−p+1 −
Qk−p+1dz

M

QM

)
Pk−p+1(k) (E [mk (w1, x, β) |w2 = k, z = k − p+ 1] −mk)

+P>(p)
p+M−1∑

k=p

mk

(
dz

k−p+1 −Qk−p+1

)
+

p+M−1∑
k=p

Qk−p+1mk

p∑
j=1

(
dz

1

d
w2
j −P1(j)

Q1
− dz

2

d
w2
j −P1(j)

Q2

)

+P>(p)
p+M−1∑

k=p

Qk−p+1mk − E

[
P>(p)

p+M−1∑
k=p

Qk−p+1mk

]}
.

In the expression for the influence function I use notation

mk = E
[
mk

(
w1, x, β

0
)
|w2 = k, x, p = S1 < . . . < SM

]
.

The next step is the optimal choice of the weighting matrix. The Jacobi matrix for this model

takes the form:

J = M ∂ϕp (β)

∂β′
.
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The semiparametric efficiency bound is associated with the optimal choice of the weighting

matrix and can be expressed using the variance of component Φ(·) in the efficient influence

function:

V
(
β̂
)

=

(
ϕp

(
β0
)

∂β
E
[
Φ(w, x, z)Φ (w, x, z)′

]−1 ϕp

(
β0
)

∂β′

)−1

.

The optimal instrument matrix M is fixed in this case and can be computed as

M∗ =
∂ϕp

(
β0
)

∂β
E
[
Φ(w, x, z)Φ (w, x, z)′

]−1
.

As matrix M∗ is constant, there will be no need to compute weighting matrices depending

on covariates. A sample analog that defines an estimate of β (in the exactly identified case) is

given by

1

N

N∑

i=1




p+M−1∑

k=p

dw2i

k

P̂k

Ê

{(
dw2

k dz
k−p+1 − dw2

k dz
M

Qk−p+1

QM

)
mk (w1, x, β)

∣∣∣∣xi

}

 = 0.

The estimation procedure combines the projection-based approach with inverse probability

weighting. First, marginal probabilities Pk and Qk are evaluated. Second, re-weighted mo-

ment vectors mk (·) are projected on the covariates. Third, moments are weighted by marginal

probabilities Pk and averaged over the sample. In case of an overidentified moment equation,

parameters can be estimated using the standard two-step GMM approach. This becomes pos-

sible because in case of unconditional moment model the optimal weighting matrix is constant.

In the first step, any non-singular weighing matrix M can be used to construct a re-weighted

empirical moment equation. In the second step matrix M∗ is computed from the variance and

the Jacobi matrix of the moment equation using the first-step parameter estimate.

5.3 Treatment effects for treated compliers

In the model with a separable moment equation it is possible to define the treatment effect for

treated compliers. It will be defined by moment equation

ϕp (β) = E

[ p+M−1∑

k=p

mk (Yk, x, β)

∣∣∣∣w2 = l, p = S1 < . . . < SM

]
= 0, (8)
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where p < l < p+M − 1. This model can be specialized to cases of the average treatment effect

for treated compliers and the quantile treatment effect for treated compliers by choosing the

moment functions similarly to the unconditional case above.

Equivalently to the case of the unconditional treatment effect for compliers, this equation

can be redefined as a weighted conditional moment equation

E

[
P>(p)Ql

p+M−1∑
k=p

d
w2
k

Pk
E

[
p+M−1∑

k=p

dw2
k mk (w1, x, β)

∣∣∣∣w2, x, p = S1 < . . . < SM

]]
= 0.

This makes the problem analogous to the problem of estimation of conditional moment equation,

for which I offered estimation methods in Section 4. To see this, denote

g (w, x, β) =

p+M−1∑

k=p

dw2
k mk (w1, x, β) ,

and

A (w2, x) = P>(p)

p+M−1∑

k=p

dw2
k Ql

Pk
,

which makes the moment equation take exactly the same form as the weighted moment equation

in Section 4.

6 Empirical Application

In this section I make use of the generalized LATE model to study the effect of job attrition on

hourly wages at the primary job for past welfare applicants in Florida. The wage variable in my

dataset is censored at zero which makes a linear instrumental variable model not applicable for

endogeneity correction. My proposed estimator for the generalized LATE model can capture

the non-linearity in the moment condition generated by data censoring and the multi-valued

treatment feature of the endogenous job attrition indicator.

6.1 Data

The data I use came from a study between years 1994 and 2000 conducted by the Manpower

Demonstration Research Corporation (MDRC) among the welfare applicants in Escambia county
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in Florida, which includes the city of Pensacola. The MDRC conducted an experiment to

determine the benefits of a new welfare support program - the Family Transition Program

(FTP). The FTP was designed as an alternative for the existing welfare program - the Aid to

Families with Dependent Children (AFDC). Unlike AFDC, the FTP program set rigid limits

on the amount of time people could spend on welfare (up to 24 months within any 72 - months

period). The FTP also provided a wider array of services to its applicants including training

for job-related skills and additional assistance with job search. At the time of application,

individuals were randomly assigned to one of the welfare programs -AFDC or FTP. The main

sample includes 2,815 heads of single parent households who were randomly assigned to one of

the welfare options between May 20, 1994 and February 31, 1996, 1,405 to FTP and 1,410 to

AFDC.

The data include individual characteristics 4 years after application to the program. Col-

lected individual responses from 35 minute interviews provide data about family and employment

status (including education, job experience, family and dependents, housing, food security, and

living conditions), details on welfare receipts and details about jobs that an individual has had

during 4 years after for welfare. Administrative records provide individual incomes obtained from

the states Unemployment Insurance system, AFDC payments received in the state of Florida,

and Food Stamp payments received in the state of Florida.

6.2 Empirical model

Ideally, a job training program associated with unemployment benefits should aim at decreasing

both the average rate and the average duration of unemployment. Job attrition is an important

determinant of the unemployment duration, and it is associated with the frequency of changing

employment status. I use two indicators for the frequency of changing the individual employment

status: the number of jobs that an individual has had and the number of moves during the period

under consideration (48 months between program participation and a follow-up interview). The

first indicator is a better indicator for changes in the employment status. However, one might

expect that it has a higher observation error than the second one because it comes from survey

data. The second one is a worse approximation for the number of changes in the employment

status, but it is also more precise because it comes from the administrative records data. In fact,
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a new job of an individual can be close to his or her current location and, thus, this individual

does not have to move to be able to work. On the other hand, there could be other reasons for

moving such as deterioration of the quality of housing, increase in the family size, etc. Therefore,

the number of moves is not so closely related to the job attrition as the number of past jobs.

I truncate both variables to take only four values and drop extreme outliers as they are likely

coding errors.

The frequency of changing employment status should have a negative impact on an individ-

ual’s wage. If an individual changes jobs frequently, this slows down acquisition of job-specific

skills and, therefore, his productivity will be lower. The frequency of changing employment

status can be interpreted then as the lack ”seniority” of an individual in a job. The frequency of

changing individual employment status can also reflect the individual’s job search effort. From

the point of view of the job search theory, individuals stay longer at jobs which have higher

wages. This implies that an indicator of job attrition will be endogenous.

Most of the demographic variables available from the FTP dataset are discrete. For this rea-

son, I choose to use the wage level WAGEi as a dependent variable in the following specification

where dependent variables are the indicator of frequency of changing employment status during

the period under consideration #JOBSi, and the set of binary individual characteristics x:

WAGEi = α#JOBSi + x′iβ + ǫi.

Due to the effect from individual job search along with unobserved heterogeneity across individ-

uals correlated with the error term, it cannot be assumed that in this equation ǫi ⊥ #JOBSi |xi.

Summary statistics in the wage equation are presented in Table 13 and include an individual’s

age indicator, marital status, ethnicity, and basic family characteristics.

It is well known, that a censoring problem arises when one estimates the wage regression

because it is not possible to observe ”potential” wages for individuals who are not currently

employed. To reduce heterogeneity in my sample I use only a subset of individuals who indi-

cated that they have had at least one job after participating in the welfare program4. Figure

2 demonstrates the distribution of hourly wages in the considered subsample of individuals.

3Tables and graphs for this section are provided in Appendix B
4Individuals who were never employed can have non-economic reasons for not working such as family problems,

temporary disability, etc.
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Figure 2 shows that a large proportion of wage observations in the sample (more than 80%)

is left-censored. Censoring of the dependent variable implies that potential selection will bias

the coefficient on attrition if one estimates the model only for individuals who are currently

employed. On the other hand, the presence of bottom-coding of the observed wage does not

allow one to estimate the model for the entire sample without introducing the bias. In case of

exogenous regressors and normal distribution of random disturbance, estimation of coefficients

in the wage equations can be performed using the standard tobit model. In Table 3, I demon-

strate the results of basic OLS regressions and tobit models in the indicated columns. One can

see that the estimated coefficient for #JOBS in the tobit model is almost ten times larger than

the coefficient obtained in the OLS model, indicating that the latter is substantially biased.

When one of the regressors is endogenous and the distribution of error terms is not normal,

estimates from the tobit model are not consistent. To provide an estimation procedure which

does not rely on the structure of distributions in this problem, I impose a quantile restriction

on the error term ǫi requiring that:

Qτ

(
ǫi
∣∣xi

)
= 0,

where Qτ (·) is a τ -quantile of the corresponding conditional distribution. This is the moment

restriction analogous to that in the censored quantile regression model considered in Powell

(1984).

The censored quantile regression will produce consistent estimates for the case where quantile

restriction is valid, the regressor is exogenous, and the distribution of error terms is not specified

parametrically. Estimates from the censored quantile regression model for the wage are presented

in Table 3. The regressions demonstrated in Table 3 correspond to the moment generated by

the 90-th quantile of the wage distribution. The choice of such a high distribution quantile is

motivated by Figure 2, demonstrating that a large proportion of the sample is left-censored.

Khan and Powell (2001) suggest using higher quantiles in such a case to produce consistent

parameter estimates. Standard estimation methods for the censored quantile regression model,

however, cannot produce consistent parameter estimates in case of endogenous regressors. In

these circumstances, I can effectively use the availability of the dummy for assignment to welfare

programs to obtain consistent parameter estimates.

The FTP program develops not only job-search skills but also encourages the development
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of skills associated with keeping a job. By the design of the randomized experiment, assignment

to the ADFC or the FTP programs was random. With regard to the model for wage this implies

that for the assignment dummy FTPi:

(#JOBSi, ǫi) ⊥ FTPi |xi.

Table 2 demonstrates the empirical distribution of the number of jobs that an individual has

had since entering into the welfare program for two values of the instrument. This table indicates

that the distribution of the number of jobs for the AFDC participants first-order stochastically

dominates the distribution of the number of jobs for the FTP participants.

6.3 The generalized LATE model for analysis of the FTP participants

In my dataset I coded the indicator of job attrition to take four values. I employ an additional

assumption that the attrition indicator becomes exogenous for large values of the attrition

indicator. The rationale for this assumption is that the wage level is important for transition

from unemployment to the first employment, while if an individual has an experience of finding a

job, future job search costs are relatively small. This allows me to introduce potential treatment

selection choices Sk for k = 1, . . . , 4 such that the number of values of each Sk is the same as the

number of values of endogenous indicator of attrition #JOBSi ∈ {1, . . . , 4}. Then the outcome

variable and attrition indicator can be expressed in terms of the generalized LATE model as:

W1i = WAGEi,

W2i = #JOBSi,

Zi =





1 + AFDCi, if #JOBSi < 3,

#JOBSi, if #JOBSi ≥ 3.

In this expression I define Z to be an indicator of participation in the AFDC (which results in

a weakly higher frequency of job changes) when the indicator of attrition #JOBS moves from

value 1 to value 2 using the assignment dummy AFDCi. For values 3 to 4 the regressor and the

instrument coincide. Therefore, random assignment to one of the welfare programs plays the

role of an instrument for transition between the lowest values of the attrition indicator, while

the attrition indicator becomes exogenous when it takes larger values and can be used as an
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instrument as well. The generated instrumental variable and the endogenous regressor have the

same support and there will be only one subset of compliers with 1 = S1 < . . . < S4.

For the subsample of compliers the countable regressor w2i becomes effectively exogenous.

Therefore, specifying the moment function to be the τ -quantile function:

g (w, x, β) = Qτ (w, x, β) = 1
{
w1 ≤ αw2 + x′β

}
− τ,

the estimated moment equation can be written in the form:

E [Qτ (w, x, β) |w2, x, 1 = s1 < . . . < s4] = 0. (9)

I use the inverse probability weighting method to estimate the parameter β in this equation.

Given the optimal choice of the weighing matrix M, the empirical moment condition can be

specified as:

ψ (β) =

[
3∑

k=1

(
dw2

k dz
k − Qk(x)

Q4(x)d
w2
k dz

4

)
+ dw2

4 dz
4 − Q4(x)

Q3(x)d
w2dz

3

]
M ζ1 (w2, x)Qτ (w, x, β) .

This moment equation is used for estimation of parameters α and β. Parameters β reflect

differences in quantiles of wage distribution across individuals with different binary attributes.

Parameter α defines the (negative) return to an additional job reflected by the wage on the

primary job.

6.4 Estimation results

The estimation procedure is organized in two steps. In the first step I construct the Jacobi matrix

computed at the quantile regression estimates from Table 3 in lieu of M to get a preliminary

parameter estimate. In the second step, I use the preliminary estimate from the first stage to

form the optimal weighting matrix. I use the local linear regression5 with kernel smoothing to

estimate the non-parametric components of the model.

I use a range of quantiles of the wage distribution to estimate the parameters of the wage

equation. I present my results in two forms. Table 3 presents the estimates corresponding

to the 90% quantile of the wage distribution. The coefficient for the number of moves in the

corresponding model is insignificant. However, in the model where the number of past jobs is

5I choose the bandwidth using cross-validation arguments.
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used as a regressor, the coefficient for the past number of jobs is negative. The coefficient for the

number of past jobs in the generalized LATE model is significantly higher in absolute terms than

the coefficient in the quantile regression. This indicates a substantial presence of endogeneity

bias in estimation of the effect of this variable.

I compare the estimates of coefficients for the number of past jobs in Figures 2 and 3. Figure

2 shows the estimate of the effect of the number of past jobs on wage for quantiles from 85%

to 99%. The estimate tends to be lower for higher quantiles. However, the standard error is

high and confidence bands include zero for a wide range of quantiles. Figure 3 demonstrates

the estimated effect of the number of jobs on wage is significantly higher in the LATE context.

Asymptotic standard errors obtained from the expression for the semiparametric efficiency bound

for the model are substantially lower than those for the ordinary quantile regression except for

the top quantiles. The estimates show that the bias of the quantile regression is especially high

close to the bottom of the support of the wage distribution in the sample.

7 Conclusion

In this paper I develop the generalized local average treatment effect model (LATE) where the

endogenous treatment variable can take multiple discrete values, provide semiparametric effi-

ciency bound for a finite-dimensional parameter defined by a semiparametric moment equation,

and suggest efficient estimation procedures for this parameter. The generalized LATE model is

characterized by an outcome variable, an endogenous discrete regressor, and a discrete-valued

instrumental variable which is independent of treatment choices and outcomes given a set of

covariates. I prove identification of the constructed model and provide a framework for efficient

semiparametric estimation of finite-dimensional parameters of the moment equations under the

generalized LATE assumption. I suggest two types of estimation procedures: an inverse prob-

ability weighting-based procedure and a conditional expectation projection-based procedure. I

prove that both suggested estimators produce semiparametrically efficient estimates. I show

that conventional treatment effect models with multi-valued treatments can be analyzed using

the generalized LATE approach when the treatment variable is endogenous. In particular, my

approach covers such important applications as the quantile treatment effect model and the

average treatment effect model with an endogenous multi-valued treatment variable. I apply
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my methodology to estimate the effect of job attrition on hourly wage among former applicants

for state welfare support in Florida. I find a significant negative effect of job attrition on hourly

wage which is underestimated when endogeneity of an attrition indicator is not taken into ac-

count, demonstrating that the proposed framework is a powerful tool for correcting endogeneity

bias in non-linear models.
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Appendix

A Proofs

A.1 Proof of Theorem 1

The logic of the proof is the following. Consider the full structure of the data imposing the weak

monotonicity assumption on the treatment selection rules. I characterize the structure of identifying

equations and extract the set of linearly independent components in these equations. Then I show that

the set of these linearly independent components is isomorphic to the set of identifying equations 1 under

convexity.

Consider the following assumption as an alternative assumption to Assumption 1.4.

1.4’ (Monotonicity) Selection rules Sk for k = 1, . . . ,M are contained in weakly increasing sequences

of treatment selection choices, moreover this ranking is preserved almost everywhere in X :

Pr {S1 ≤ . . . ≤ SM |X = x} = 1.

This assumption is certainly weaker than the convexity assumption. For instance it allows non-zero

probabilities for such sequences of treatment selection choices as p = S1 < . . . < Sk−1 = Sk < . . . < SM ,

which are not convex. The following equation relates the joint probability of the sequence of latent

treatment selection choices to the probability of observable outcomes:

p∑

jk−1=p−1

· · ·
j2∑

j1=j2−1

p+1∑

jk+1=p

· · ·
jM−1+1∑

jM=jM−1

Px (j1, . . . , jk−1, p, jk+1, . . . , jM ) = Pk (p, x) , (10)

I collect all non-zero components of the joint distribution of treatment selection choices into a single

vector. In this vector the elements are arranged by sorting first by treatment selection choice SM , then

SM−1, etc. Introduce the following notations:

a =
(
P (1, . . . , 1), P (1, . . . , 1, 2), P (1 . . . , 1, 2, 2), . . . , P (2, . . . , 2), P (1 . . . , 1, 3),

. . . , P (1, . . . , 1,K), . . . , P (K, . . . ,K)
)
,

α = (PM (1), . . . ,P1(1), . . . ,PM (K), . . . ,P1(K)) .

In these new notations I substitute sparse arrays of conditional probabilities by vectors containing only

potentially non-trivial components. In this case system (10) is a usual system of linear equations (defined

for each x ∈ X ):

Aa = α.
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Note that identification properties of this system of equation depend on the rank properties of matrix A.

Consider matrix A. It is a sparse rectangular matrix with all non-zero entries equal to 1. The

first dimension of this matrix is equal to MK while the second dimension is equal to the number of all

weakly monotone paths on the support K ×M . Except for the binary case the number of monotone

sequences of treatment selection choices is significantly larger than KM6 Denote this number NMK .

This clearly suggests that the model with only monotonicity assumption in place is not identified. Next

I will describe the ”maximal” identified system that can be constructed from identification equations

under monotonicity. The approach is to extract the set of basis columns from the matrix of the system

of identifying equations.

I perform a set of elementary transformations (non-singular linear transformations) with rows and

columns of matrix A. First, I perform transformations with rows of A and then with its columns. I index

the row of A corresponding to equation with Pm (k) on the right-hand side by mk with m = M, . . . , 1 (in

the descending order) and k = 1, . . . ,K. In the first set of transformations subtract each row Mk from

the subsequent M rows. Then subtract each row 1k from row M(k + 1) for k = 1, . . . ,K − 1. Finally,

subtract each row (m− 1)k from row mk for m = 2, . . . ,M . Note that because these transformations are

non-singular, they are represented by a non-singular square KM ×KM transformation matrix Σ.

I index columns of A j1, . . . , jM by the order of treatment selection rules. Then I use the following

iterative procedure. For steps m = 2, . . . ,M in step m subtract column j1 = p−1, . . . , jm−1 = p−1, jm =

p, . . . , jM = p from columns j1 = p − 1, . . . , jm−1 = p − 1, jm = p, p + k, . . . , p + k for k = 1, . . . ,K − p.

This transformation is represented by a non-singular square matrix Σ̃ with NMK columns. The obtained

matrix Ã = Σ̃AΣ has only M (K − 1) non-zero entries. In row mk the non-zero entry is indexed

j1 = . . . = jm−1 = k−1, jm = . . . = jM = k. Note that the M (K − 1)×M (K − 1) submatrix containing

the columns with non-zero elements is the identify matrix. Therefore, these columns represent the basis

of interest. This result also suggests that we can identify at most M (K − 1) elements of matrix A. In

fact, as transformations Σ̃ and Σ are non-singular, any vector of probabilities with non-zero entries not

corresponding to basis columns of A will be observationally equivalent to the vector with corresponding

zero entries.

Lastly, note that the system of identifying equations for the probabilities under Assumption 1.4

becomes a triangular matrix with K − 1 main diagonals and zeros everywhere else. By a system

of elementary transformations such matrix can be reduced to a non-singular diagonal matrix with

(K − 1)M × (K − 1)M . Therefore the matrix for the system of identifying equations under convex-

ity is isomorphic to the system of basis columns under monotonicity.

6The number of this paths is determined by multinomial sum of Bernoulli numbers determined by dimensions

K and M and for K, M > 1 grows at a factorial rate as support increases.
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A.2 Set Estimation with Partial Identification

In cases where the convexity and the separability Assumptions 1.4 and 1.5 are not attractive, one can

use a weaker monotonicity assumption 1.4’ given in Appendix A.1 to provide a set estimator for the

treatment effect parameter.

As is shown in Appendix A.1, in this case neither the joint distribution of treatment selection choices

nor the distribution of treatment outcomes is identified. However, one can use set inference to provide

bounds on parameters of interest. In this section I briefly discuss the construction of sets of distributions

satisfying the identification assumptions. General set estimation and inference methods have been devel-

oped in Pakes, Porter, Ho, and Ishii (2005), Andrews, Berry, and Jia (2003), Beresteanu and Molinari

(2006), and Chernozhukov, Hong, and Tamer (2007). These methods can be used to translate the mech-

anism for constructing a set of complier distributions provided in this section to the set of parameters

satisfying identification assumptions.

Appendix A.1 provides the details for constructing the system of identifying equations for the joint

distribution of the treatment choices. Using notations

a =
(
P (1, . . . , 1), P (1, . . . , 1, 2), P (1 . . . , 1, 2, 2), . . . , P (2, . . . , 2), P (1 . . . , 1, 3),

. . . , P (1, . . . , 1,K), . . . , P (K, . . . ,K)
)
,

α = (PM (1), . . . ,P1(1), . . . ,PM (K), . . . ,P1(K)) ,

I represent the system of identifying equations (10) in a parsimonious form:

Aa = α.

Matrix A has dimensions M (K − 1) × NMK , where NMK is the number of monotone sequences of

treatment choices which contain a particular treatment choice Sm = k. Similarly, I form a system of

identifying equations for the densities of the treatment outcomes for compliers. To proceed I fix the

continuous variables w1 and x. Denote:

bp =
(
f(yp|1, . . . , 1), f(yp|1, . . . , 1, 2), f(yp|1 . . . , 1, 2, 2), . . . , f(yp|2, . . . , 2), P (1 . . . , 1, 3),

. . . , f(yp|1, . . . , 1,K), . . . , f(yp|K, . . . ,K)
)
,

β = (fM (w1, 1), . . . , f1(w1, 1), . . . , fM (w1,K), . . . , f1(w1,K)) .

Then the density of interest solves the system of linear equations

Ak bk ∗ a = (β ∗ α)k , k = 1, . . . ,K,

where Ak is the selection rows of matrix A corresponding to elements Pm (w1, k) for m = 1, . . . ,M , ∗
denotes the Hadamard product of vectors, and (β ∗ α)k is the subvector of elements corresponding to

elements Pm (w1, k) for m = 1, . . . ,M .
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I will first characterize the set of solutions of systems of equations for a and bk and then impose

regularity conditions which will assure that the solutions are proper conditional probabilities and densities.

First of all, note that considered systems of equations have at least one solution satisfying Assumptions 1.

To describe all other solutions one can use the fact that any solution of linear system can be represented

as a particular solution to the non-homogenous system and a linear combination of basis solutions of the

homogenous system. As a particular solution is already known, I only need to describe the linear space

defined by

{
ξ

∣∣∣∣ Aξ = 0, ξ 6= 0

}
.

Matrix A is sparse with entries equal either zero or one and the structure of its elements has been

described in Section 2.3. To characterize solutions of the homogeneous system it is possible to find a

sequence of elementary transformation of this matrix to a sparse matrix containing an identity submatrix

(an example of such procedure can be found in Appendix A.1). The obtained transformed matrix Ã has

only M (K − 1) non-zero entries in an M (K − 1) ×M (K − 1) identity submatrix.

Transformations of matrix A to a sparse matrix Ã are elementary transformations in which columns

and rows of A are substituted by their non-trivial linear combinations. These transformations can be

expressed as:

Ã =

(
MK∏

k=1

S1
k

)
A

(NMK∏

k=1

S2
k

)
,

where each matrix Si
k is responsible for a single substitution of a row or a column by its non-trivial linear

combination with other rows or columns. In this expression S1
k = I − Ek where I is the identify matrix

and Ek is the matrix with zero entries except for one off-diagonal element, equal to 1. This matrix defines

transformation where a particular column of A is subtracted from a column with a higher index. Matrix

S2
k = I+Gk. The structure of Gk depends on whether k is even or odd and its non-zero entries are equal

to −1 if k is odd and −1 when it is even. As a result, S2
k defines either addition or subtraction between

two rows of A.

Solutions to the system of equations defined by Ã can be written as a vector ξ̃ where ξ̃1 = ξM(K−1) = 0

while the rest of the elements can be arbitrary real numbers. Solutions to the transformed uniform linear

system (where the right-hand-side is substituted with a zero column) formed by matrix Ã are contained

in a linear space with basis vectors forming a matrix I − H, where H is an upper triangular sparse

matrix with non-zero entries equal to 1 and −1. The general solution to the original uniform system of

equations (generated by matrix A) can be then written as

(NMK∏
k=1

S2
k

)−1

(I −H) η, where η ∈ R
K̃ and

K̃ = M (K − 1).
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Suppose that ζ̃1 is a vector representing the solution to the exactly identified system of equations for

the joint probabilities of treatment choices under Assumptions 1, ζ̃2 is the Hadamard product of ζ̃1 and

the vector of conditional densities computed under separability assumption, and ζ̃2k is a vector where

ζ̃2k
k = ζ̃2

k and all other entries are zeros. Then the general solution to the system of equations under

consideration can be written as:

a = ζ̃1 +

(NMK∏
k=1

S2
k

)−1

(I −H) η1,

bk = ζ̃2k +

(NMK∏
k=1

S2
k

)−1

(I −H) η2,

(11)

with η1, η2 ∈ R
K̃ . Expressions (11) completely characterize the linear space of solutions to the system

under consideration.

The last step in characterizing the solutions of the considered linear system is to insure that the

obtained vectors are proper distributions. I impose an additional restriction
K̃∑

i=1

ai = 1, and a, bk ≥ 0.

If Pa is a projection into simplex in R
K̃ and Pb projects into a positive subspace, then solutions can be

characterized by:

a = ζ̃1 + Pa

(NMK∏
k=1

S2
k

)−1

(I −H) η1,

bk = ζ̃2k + Pb

(NMK∏
k=1

S2
k

)−1

(I −H) η2.

(12)

My proposed estimation procedure employs the structure of solution (12). First, estimate a vector of

distributions corresponding to the exactly identified case when Assumptions 1 are satisfied. Second, use

the structure of matrix A to define all possible distributions satisfying monotonicity.

At each point of the support of w1 and x the density of the outcome distribution for compliers

in the set-identified case is equal to the sum of the density obtained under convexity and separability

assumptions and a set of ”shifts” in the density which do not violate the monotonicity assumption. The

latter is computed using a linear projection. Then, for instance, using a grid over the outcome variable

one can compute an additional contribution of shifts in the density to the moment equation. This

computation has the same order of complexity as computing a one-dimensional integral of an explicitly

defined function. The set of solutions to permuted moment equations will generate the estimate of the

identified set for finite-dimensional parameter β. When additional restrictions on joint probabilities of

treatment selection choices are available, they can be taken into account in the structure of elementary

transformations Si
k.
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A.3 Proof of Theorem 2

To derive the efficiency bound for the model of interest I first characterize the structure of the tangent

set. Consider a particular likelihood decomposition and a particular parametrization path θ. Note

that conditioning on compliers restricts relevant treatments to w2 ∈ [p, p+M − 1], while the estimated

functions use the data starting from w2 = 1. This provides a verification argument for the derived

semiparametric score. If φθ(x) is the Radon-Nykodym density of x with the support on X , the likelihood

function for the data can be written as:

fθ (w, z, x) = fθ (w1 | w2, z, x)
K∏

k=1

Fd
w2
k

θ (k, z)
M∏

m=1

Qdz
m

θmφθ(x).

For this parametrization it is possible to characterize the score and the tangent set of the model

which will be altimately associated with the Fréchet derivative of the non-parametric likelihood. I take

pathwise derivative along the parametrization path. Then the score can be written as:

Sθ (w, z, x) =
K∑

k=1

sθ (w1 | w2 = k, z, x) +
M∑

m=1

K−1∑
k=1

Ṗm (k) dz
m

[
d

w2
k

F(k,z) −
d

w2
K

F(K,z)

]

+
M−1∑
m=1

Q̇m

[
dz

m

Qm
− dz

M

QM

]
+ sθ(x),

where s (· | w2, z, x) is the score of observed conditional distribution of w1, Q̇m(·) and Ṗk(·) are probabil-

ities for discrete-valued treatment choices and instrument variable z, sθ(x) is the score corresponding to

φθ (x). The structure of the pathwise derivative demonstrates that the score of the model splits into four

uncorrelated components. The expression for the tangent set of the model for conditional distribution

moments is given by

T =

{
K∑

k=1

sθ (w1 | w2 = k, z, x) +

M∑

m=1

K−1∑

k=1

ζmk(x)dz
m

[
dw2

k

F (k, z)
− dw2

K

F (K, z)

]

+

M−1∑

m=1

ξm (x)

[
dz

m

Qm

− dz
M

QM

]
+ t(x)

}
,

where Eθ [sθ (w1 | w2 = k, z, x) | w2, z, x] = 0, E{t(x)} = 0, and ζkm(·) and ξk(·) are square - integrable

functions. In a special case where the support of regressors is infinite, I add one more requirement, that

partial sums of series with elements E
[
ξ2m(x)

]
Qm and E

[
ζ2
km(x)

]
Pm (k) converge to finite limits.

Considered conditional moment equation remains valid if it is multiplied by a non-singular matrix

depending on w2 and x. Therefore, one can define a linear functional A which maps the conditional

moment equation into R
k transforming the conditional moment equation to an exactly identified system
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of unconditional moments. Such functional can be represented by function A (x, w2) : X × {0, 1} 7→ R
k

such that for function f (x, w2):

A ◦ f = E [A (x, w2) f (x, w2)] . (13)

In fact, assuming that ϕ (w2, x, β) and ∂ϕ(w2,x,β)
∂β

are elements of L2 (X × {0, 1}, F, µ) for each β ∈ B,

where F is a Borel σ -algebra in the product space Z×X and µ is the corresponding probability measure.

In this case the dual space to L2 (Z ×X , F, µ) will also be L2 (Z ×X , F, µ) (see Dunford and Schwarz

(1958)). As a result, considering weighting functions A(·) in L2 (Z ×X , F, µ) allows one to find the

optimal structure of the unconditional moment vector corresponding to the conditional moment equation.

In fact, as it is shown in Dunford and Schwarz (1958) any continuous linear functional on Lp (T, F, µ)

can be represented as (13) for A ∈ Lq (T, F, µ) for p−1 + q−1 = 1 and 1 < p <∞.

For an arbitrary choice of the weighting matrix A (w2, x) moment equation generates an unconditional

moment

E [E {A (w2, x) g (w, x, β) | p = s1 < . . . < sM , w2, x}] = 0.

Introduce dim (β) ×M matrix M(x) and use ζp (w2, x) to define

A (w2, x) = M(x)ζp (w2, x) ,

and similarly to Hong and Nekipelov (2007) choose

A (w2, x) = P> (p)

p+M−1∑

k=p

Qk−p+1d
w2

k

Pk

A (w2, x) .

Next, I use parametrization of the likelihood in the moment equation transformed with the weighting

matrix A (·). Note that matrix A (·) contains a non-parametric component and, thus, will have a non-zero

derivative along the parametrization path. The transformed moment condition takes the form :

Eθ [Aθ (w2, x)Eθ [g (w, x, βθ) |p = s1 < . . . < sM , w2, x]] = 0.

Define the Jacobi matrix:

J = E

[
A (w2, x)

∂ϕp (w2, x, β)

∂β′

]
.

Following Newey (1990) one can obtain the expression for the directional derivative of β solving a linear

system of equations:

J
∂βθ

∂θ
= − ∂

∂θ
Eθ [Aθ (w2, x)Eθ [g (w, x, β) |p = s1 < . . . < sM , w2, x]] . (14)
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The right-hand side component of equation (14) can be written as:

E
[
A (w2, x)

∫
g (w, x, β) s> (w1, w2, p) f> (w1, w2, p) dw1

]

+E
[
A (w2, x) sθ(w2, x)

∫
g (w, x, β) f> (w1, w2, p) dw1

]

+E
[

∂Aθ(w2,x)
∂θ

∫
g (w, x, β) f> (w1, w2, p) dw1

]
.

(15)

In this expression s>(·) is the score corresponding to the conditional distribution of treatment outcomes

for compliers, and sθ (w2, x) is the score corresponding to the joint distribution of regressors in the model.

For conditional moment based model, weighting of the moment equation by a function of w2 and x keeps

the equation valid. Therefore, the second and the third components in the expression for the directional

derivative are equal to zero. Denote

g̃ = −J−1A (w2, x) g (w, x, β) , and g = P> (p)

p+M−1∑

k=p

Qk−p+1d
w2

k

Pk

g̃.

This transforms the expression for the directional derivative to

∂βθ

∂θ
= E

[∫
g s> (w1, w2, p) f> (w1, w2, p) dw1

]
.

The results for K = M = 2 case are provided in Hong and Nekipelov (2007) and here I assume that

K > M . To derive the score s>(·) consider the following four cases.

Case 1: w2 = 1, p = 1, M = 2. In this case, the score takes the form

s> (w1, 1, 1) f> (w1, 1, 1) = P1(1)
P>(1)f1 (w1, 1) s (w1|w2 = 1, z = 1) − P2(1)

P>(1)f2 (w1, 1) s (w1|w2 = 1, z = 2)

+ Ṗ1θ(1)P2θ(1)−Ṗ2θ(1)P1θ(1)
P>(1)2 (f2 (w1, 1) − f1 (w1, 1)) .

Case 2: w2 = 1, p = 1, M > 2. In this case the score is

s> (w1, 1, 1) f> (w1, 1, 1) = P1(1)
P>(1)f1 (w1, 1) s (w1|w2 = 1, z = 1) − PM (1)

P>(1) fM (w1, 1) s (w1|w2 = 1, z = M)

+ Ṗ1θ(1)(fM (w1,1)PM (1)−f1(w1,1)P2(1))+Ṗ2θ(1)(fM (w1,1)PM (1)−f1(w1,1)P1(1))
P>(1)2 − ṖMθfM (w1,1)

P>(1) .

Case 3: w2 = k, 1 < k < K, M > 2. In this case the score is

s> (w1, k, p) f> (w1, k, p) =
Pk−p+1(k)

P>(p) fk−p+1 (w1, k) s (w1|w2 = k, z = k − p+ 1)

−PM (k)
P>(p) fM (w1, k) s (w1|w2 = k, z = M)

+
Ṗk−p+1(k)fk−p+1(w1,k)−ṖM (k)fM (w1,k)

P>(p) − Pk−p+1(k)fk−p+1(w1,k)−PM (k)fM (w1,k)

(P>(p))2

p∑
j=1

(
Ṗ1(j) − Ṗ2 (j)

)
.
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Case 4: w2 = K, M > 2. In this case the score is

s> (w1,K,K −M + 1) f> (w1,K,K −M + 1) = PM (K)
P>(K−M+1)fM (w1,K) s (w1|w2 = K, z = M)

− P1(K)
P>(K−M+1)f1 (w1,K) s (w1|w2 = K, z = 1)

+ ṖM (K)fM (w1,K)−Ṗ1(K)f1(w1,K)
P>(K−M+1) − PK−M+1(k)fK−M+1(w1,K)−P1(K)f1(w1,K)

(P>(K−M+1))2

K−M+1∑
j=1

(
Ṗ1(j) − Ṗ2 (j)

)
.

Case 1 gives an expression for the score corresponding to the density of outcome distribution for general-

ized compliers which coincides with the expression for the score in a binary case as in Hong and Nekipelov

(2007). This assures consistency of the model considered in this paper with the model for the binary

case. Expressions for the score from Cases 1-4 can be summarized as

s> (w1, w2, p) =

p+M−1∑

k=p

dw2

k s> (w1, k, p) .

Given these expressions for the score, I look for the efficient influence function as a solution to the

functional equation

∂βθ

∂θ
= E [Ψ (w, z, x) Sθ (w, x, z)] .

Applying the standard projection technique, the efficient influence function is derived in the form:

Ψ (w, z, x) =
p+M∑
k=p

{
Pkd

w2
k

dz
k−p+1

P>(p)Qk−p+1
(g − E [g|w2 = k, z = k − p+ 1])

−Pkd
w2
k

dz
M

P>(p)QM
(g − E [g|w2 = k, z = M ])

}

+
M∑

m=1

K−1∑
k=1

amkd
z
m

[
d

w2
k

Pm(k) −
d

w2
K

Pm(K)

]
.

To find coefficients amk in this representation, consider covariance between this expression for the influence

function and the semiparametric score of the model. Then, I solve for coefficients that make this expression

the same as expression for the directional derivative of finite-dimensional parameter. For instance, suppose

that in the expression for the directional derivative, the coefficient for Ṗm (k) is Gmk. Define vector

a(m) =
(
am1, . . . , am(K−1)

)
and P(m) = (Pm(1), . . . ,Pm (K − 1))

′
, and γ(m) = (0, . . . , 0, Gmk, 0, . . . , 0)

′
.

Then the vector of coefficients solves
(
I +

P(m)1′

Pm (K)

)
a(m) = γ(m).
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Standard inversion technique for matrices of this special kind gives the solution:

amk = Pm(k)
Qm

Gmk (1 − Pm(k)) ,

amj = −Pm(k)
Qm

GmkPm(j).

Using separability of the solution and rearranging terms, one can write down the final expression for the

efficient influence function in the form:

Ψ (w, z, x) =
p+M−1∑

k=p

{
Pkd

w2
k

dz
k−p+1

P>(p)Qk−p+1
(g − E [g|w2 = k, z = k − p+ 1])

−Pkd
w2
k

dz
M

P>(p)QM
(g − E [g|w2 = k, z = M ])

+
E[g|w2=k,z=k−p+1]dz

k−p+1(d
w2
k

−Pm(k))
QmP>(p) − E[g|w2=k,z=M ]dz

M(d
w2
k

−PM (k))
QM P>(p)

−Pk−p+1(k)E[g|w2=k,z=k−p+1]−PM (k)E[g|w2=k,z=M ]

Q1(P>(p))2
dz
1

p∑
j=1

(
dw2

j − P1 (j)
)

+
Pk−p+1(k)E[g|w2=k,z=k−p+1]−PM (k)E[g|w2=k,z=M ]

Q2(P>(p))2
dz
2

p∑
j=1

(
dw2

j − P2 (j)
)}

.

This expression can be compressed using identities for conditional expectation:

E [g|w2 = k, z = k − p+ 1]Pk−p+1 (k) = E [g|w2 = k, z = M ]PM (k) ,

and expression for the weighting matrix A (w2, x). Then the efficient influence function can be rewritten

as

Ψ (w, z, x) =

p+M−1∑

k=p

(
dw2

k dz
k−p+1 −

Qk−p+1d
w2

k dz
M

QM

)
g̃ −

p+M−1∑

k=p

(
dz

k−p+1

Qk−p+1
− dM

QM

)
E
[
dw2

k dz
k−p+1g̃

]
.

The semiparametric efficiency bound is

V
(
β̂
)

= E [ΨΨ′] .

For further manipulations I denote the first component of the efficient influence function by Ψ1(·) and

the second one Ψ2(·). Both components have mean zero. The last step of efficiency calculations is to find

the optimal weighting matrix M(x). Compute the transformed Jacobi matrix. Denoting

m (x) = E

[
ζp (w2, x)

∂ϕp (w, x, β0)

∂β′

∣∣∣∣x
]

and D = diag
{

Q1

Pp
, . . . , QM

Pp+M−1

}

I obtain that

J = E [P>(p)M(x)Dm (x)] .
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Denote ωz,w2
= V (g |w2, z, x) and γz,w2

= E (g |w2, z, x). To derive the efficiency bound note that

E [Ψ1Ψ
′
1] = J−1E [M(x)DΣ1DM(x)′]J−1′,

where

Σ1 = diag
{
ωk−p+1,k

Pk−p+1(k)
Qk−p+1

+ ωM,k
PM (k)
QM

+
γ2

k,MPM (k)[Pk−p+1(k)Qk−p+1+PM (k)QM ]

Pk−p+1(k)QMQk−p+1

}p+M−1

k=1
.

For the second component of the influence function

Ψ2 (w, x, z) = −J−1M(x)D




(
dz
1

Q1
− dz

M

QM

)
γM,pPM (p)

...(
dz

M−1

QM−1
− dz

M

QM

)
γM,p+M−1PM (p+M − 1)


 .

To find the variance I introduce a diagonal matrix and a vector such that

Σ2 = diag
(

γ2
M,kP2

M (k)

Qk−p+1

)p+M−1

k=p
and ξ = (γM,pPM (p), . . . , γM,p+M−1PM (p+M − 1))

′
.

Then the variance of the second part of the score

E [Ψ2Ψ
′
2] = J−1E

[
M(x)D

(
Σ2 +

ξξ′

QM

)
DM(x)′

]
J−1′.

Computing the covariance between two components of the efficient influence function, note that

cov (Ψ1, Ψ2) = −E [Ψ2Ψ
′
2] .

Then the formula for the semiparametric efficiency bound can be written as

E [ΨΨ′] = J−1E [M(x)DΩDM(x)′]J−1′,

where

Ω = Σ1 − Σ2 −
ξξ′

QM

.

Recalling the structure of the Jacobi matrix, the semiparametric efficiency bound for the model with the

optimal choice of M(x) will take the form

V
(
β̂
)

= E
[
P>(p)2m(x)′Ω−1m(x)

]−1
.
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A.4 Proof of Theorems 2 and 3

Proof of Theorem 2 immediately follows from assumptions. In fact, Assumptions 2.1-2.3 are standard

assumptions implying that the moment function is P-Glivenko-Cantelli. Assumption 2.4 assures that

projection matrix A(·) does not destroy the properties of the moment function. Lastly, Assumption 2.5

provides condition for local uniqueness of solution to the empirical moment equation.

The fact that the model under consideration is constructed from a conditional moment equation, as-

sures that estimation of the weighting matrix M(x) does not have impact on the asymptotic distribution.

Consider first the estimation problem driven by inverse probability weighting. I use projection results in

Newey (1994)), to represent the moment equation asymptotically as:

1√
N

N∑
i=1

ψ̂i

(
P̂, Q̂, β

)
= 1√

N

N∑
i=1

M(xi)
p+M−1∑

k=p

{
χik (β) + E

[
∂χik(β)

∂Qk−p+1

∣∣∣∣xi

](
dzi

k−p+1 −Qk−p+1

)

+E

[
∂χik(β)

∂QM

∣∣∣∣xi

]
(dzi

M −QM )

}
+ op (1) .

Next, I will show that the variance of the moment equation with such asymptotic representation coincides

with the semiparametric efficiency bound. I use notations for two components of the efficient influence

function that were introduced in the proof of Theorem 2: Ψ1 and Ψ2. Note that there is direct corre-

spondence between the first component of the efficient influence function and the first component of the

semiparametric moment equation such that:

M(x)

p+M−1∑

k=p

χk (β) = J Ψ1 (w, x, z) ,

where index i for individual observations was omitted, and J is the Jacobi matrix which is described in

the proof of Theorem 2.

The second component of the asymptotic representation reflect estimation error for marginal proba-

bility of instrument Z:

M(x)
p+M−1∑

k=p

[
E

[
∂χik(β)

∂Qk−p+1

∣∣∣∣xi

](
dzi

k−p+1 −Qk−p+1

)
+ E

[
∂χik(β)

∂QM

∣∣∣∣xi

]
(dzi

M −QM )

]

= M(x)
(

PM (k)γMk

Pk
dz

k−p+1 −
Qk−p+1PM (k)γMk

PkQM
dz

M

)p+M−1

k=p
= −J Ψ2.

This means in particular that:

ψ̂ (β) = J [Ψ1 (w, x, z) − Ψ2 (w, x, z)] = J Ψ(w, x, z) ,
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so that the influence function is a scaled efficient influence function. Therefore, the variance of this

estimator can be represented as

V
(
β̂
)

= J−1V (J Ψ(w, x, z))J−1 = V (Ψ (w, x, z)) .

Thus, the estimator achieves the semiparametric efficiency bound.

Similar variance calculations are valid for the conditional expectation projection estimator. In par-

ticular using similar asymptotic representation technique I will demonstrate that the empirical moment

function is asymptotically equivalent to the efficient influence function. Note, that due to validity of the

conditional moment equation, estimation noise in the weighting matrix does not affect the asymptotic

behavior of the moment equation. I will demonstrate the asymptotic representation for one component

of the sum in the moment equation, and for other components derivations will be identical. Using the

asymptotic representation theorem in Newey (1994) expand the first component as:

1√
N

N∑
i=1

P̂k−p+1(k)d
w2
k

P̂>(p)
Ê [g |w2 = k, z = k − p+ 1, x]

= 1√
N

N∑
i=1

{
Pkd

w2i
k

dz
k−p+1g

P>(p)Qk
− PkPk−p+1(k)E(g|w2i=k,zi=k−p+1,xi)

P>(p)Qk−p+1

(
dzi

k−p+1 −Qk−p+1

)

+
d

w2i
k

−Pk

P>(p) E (dw2

k g | zi = k − p+ 1, xi)

}
+ op(1).

Other terms in the expression for empirical moment equation (6) can be expanded similarly. Obtained

expansions should be summed taking into account the identity

E (dw2

k g | z = k − p+ 1, x) = E (dw2

k g | z = M,x) .

Analysis of the resulting expression shows that it coincides with the expression for the efficient influence

function.

Assumptions 3.1 is the standard P-Donsker class condition. Assumption 3.2 assures local regularity

of the semiparametric moment condition, and Assumption 3.3 assures that regularity holds after multipli-

cation by a weighting matrix. Assumption 4 basically provides the validity of local linear representation

E
[
δ0m (X)

(
Q̂m (X) −Q0

m (X)
)]

=
1√
N

N∑

i=1

δ0m (Xi)
(
dzi

m −Q0
m (Xi)

)
+ op (1) .

Therefore, conditions (A.7) to (A.10) for Theorem 6.1 of Newey (1994) are satisfied.

A.5 Proof of Theorem 5

I use the same decomposition of the likelihood function as in the proof of Theorem 2. Define

ĝ = M
(
g(w, x, β) − E

[
g(w, x, β0)|w2, x, p = S1 < . . . < SM

])
,
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and q̂ = ME
[
g(w, x, β0)|w2, x, p = S1 < . . . < SM

]
. Then function ĝ satisfies the unconditional moment

equation, and, therefore has the same structure of the efficient influence function as the influence function

in the unconditional model. Define this part of the influence function Ψ̂1. Then:

−J Ψ̂1 =

p+M−1∑

k=p

(
dw2

k dz
k−p+1 −

Qk−p+1d
w2

k dz
M

QM

)
ĝ −

p+M−1∑

k=p

(
dz

k−p+1

Qk−p+1
− dM

QM

)
E
[
dw2

k dz
k−p+1ĝ

]

Note that utilized decomposition of the moment equation has transformed it to:

Eθ [Aθ (w2, x)Eθ [ĝ (w, x, βθ) |w2, x, p = S1 < . . . < SM ]] + Eθ [Aθ (w2, x) q̂] = 0.

The component for the influence function corresponding to the first part of this expression is given by

Ψ̂1. To find the influence function corresponding to the second component, note that the directional

derivative along the parametrization path can be written as:

E [A (w2, x) sθ(w2, x)q̂] + E
[

∂Aθ(w2,x)
∂θ

q̂
]
.

The expression for the directional derivative in the expectation can be written as:

P>(p)
p+M−1∑

k=p

Q̇k−p+1q̂(k, x) +
p∑

j=1

(
Ṗ1(j) − Ṗ2(j)

) p+M−1∑
k=p

Qk−p+1q̂(k, x)

+sθ(x)P>(p)
p+M−1∑

k=p

Qk−p+1q̂(k, x)

To find coefficients of the influence function corresponding to the term GlQ̇l in the expression for the

directional derivative, I look for solution in the form

M−1∑

m=1

al
m

[
dz

m

Qm

− dz
M

QM

]
.

Denote a(l) =
(
al
1, . . . , a

l
M−1

)′
, Q = (Q1, . . . ,QM−1)

′
and γ(l) =

(
γl

m

)M−1

m=1
, where γl

l = Gl and γl
k = 0 for

k 6= l. Then the system of equations for coefficients of interest is

(
I +

Q1′

QM

)
a(l) = Qlγ

(l).

The solution to this system gives

al
l = Ql (1 −Ql)Gl,

al
k = −QlQkGl.
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Using results for the efficient influence function for the unconditional model, the second component of

the efficient influence function can be written as

−J Ψ̂2 = P>(p)
p+M−1∑

k=p

q̂(k, x)
(
dz

k−p+1 −Qk−p+1

)

+
p+M−1∑

k=p

Qk−p+1q̂(k, x)
p∑

j=1

(
dz
1

d
w2
j

−P1(j)

Q1
− dz

2

d
w2
j

−P1(j)

Q2

)

+P>(p)
p+M−1∑

k=p

Qk−p+1q̂(k, x) − E

[
P>(p)

p+M−1∑
k=p

Qk−p+1q̂(k, x)

]
.

Denote mk = E
[
mk

(
w1, x, β

0
)
|w2 = k, x, p = S1 < . . . < SM

]
, then the efficient influence function can

be written as:

−J Ψ =
p+M−1∑

k=p

(
dw2

k dz
k−p+1 −

Qk−p+1d
w2
k

dz
M

QM

)
(mk (w1, x, β) −mk)

−
p+M−1∑

k=p

(
dz

k−p+1 −
Qk−p+1dM

QM

)
Pk−p+1(k) (E [mk (w1, x, β) |w2 = k, z = k − p+ 1] −mk)

+P>(p)
p+M−1∑

k=p

mk

(
dz

k−p+1 −Qk−p+1

)
+

p+M−1∑
k=p

Qk−p+1mk

p∑
j=1

(
dz
1

d
w2
j

−P1(j)

Q1
− dz

2

d
w2
j

−P1(j)

Q2

)

+P>(p)
p+M−1∑

k=p

Qk−p+1mk) − E

[
P>(p)

p+M−1∑
k=p

Qk−p+1mk

]
.
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B Tables and Graphs

Table 1: Summary statistics for combined dataset

Variable N.obs. Mean Std. dev. min max

Hourly wage ($) 404 4.8684 2.0599 0.0410 18.6047

Employment status 2724 0.8363 0.3701 0 1

Number of jobs taken 2815 3.0252 1.9033 1 4

Number of moves per year 2736 1.6833 1.8101 0 3

Age <20 2815 0.0710 0.2570 0 1

20≤Age<24 2815 0.2515 0.4340 0 1

25≤Age<34 2815 0.4458 0.4971 0 1

35≤Age<44 2815 0.1989 0.3993 0 1

45≤Age 2815 0.0327 0.1778 0 1

Female dummy 2732 0.9714 0.1666 0 1

Black dummy 2721 0.5182 0.4998 0 1

Hispanic dummy 2721 0.0114 0.1061 0 1

Married, live together 2729 0.0092 0.0953 0 1

No high school degree or GED 2734 0.3936 0.4886 0 1

No children 2815 0.0469 0.2114 0 1

FTP dummy 2815 0.4991 0.5001 0 1
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Figure 1: Empirical distribution of hourly wages
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Table 2: Tabulation of empirical distribution of the number of taken jobs numbers in (%)

#JOBS Z = 0 Z = 1

1 33.55 35.30

2 35.25 37.37

3 35.25 37.51

4 35.25 37.51

≥ 5 100 100
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Figure 2: Coefficient for # JOBS in quantile regression for WAGE (with 10% confidence bounds)
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Figure 3: Coefficient for # JOBS in the generalized LATE model for WAGE (with 10% confi-

dence bounds)
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Table 3: Dependence of wage from explanatory factorsa

OLS Tobit Quantile LATE OLS Tobit Quantile LATE

# Moves -0.0443 -0.2764 9.50E-16 -0.0541

( 0.0333 ) ( 0.2118 ) ( 0.1066 ) ( 0.1031 )

# Past jobs -0.0660 -0.4147 -0.2500 -0.8274

(0.0236 )∗∗∗ ( 0.1655 )∗∗ ( 0.0879 )∗∗∗ ( .2235 )∗∗∗

Age<20 -0.2122 -1.6769 -1.0000 -2.0989 -0.2386 -1.9997 -2.0000 -2.7618

( 0.3361 ) ( 2.1614 ) ( 1.1191 ) ( 1.7781 ) ( 0.3408 ) ( 2.1386 ) ( 1.0113 )∗∗ ( 1.1108 )∗∗

20 ≤Age<24 -0.2852 -2.0147 -1.0000 -2.0710 -0.3268 -2.4008 -2.0000 -0.5887

( 0.3198 ) ( 1.9059 ) ( 1.0146 ) ( 1.8860 ) ( 0.3249 ) ( 1.8854 ) ( 0.8840 )∗∗ ( 1.1245 )

25 ≤Age<34 -0.0405 -0.5444 0.0000 -2.6539 -0.0712 -0.8599 -1.0000 -2.1195

( 0.3202 ) ( 1.8446 ) ( 0.9983 ) ( 2.9877 ) ( 0.3244 ) ( 1.8284 ) ( 0.8565 ) ( 1.9805 )

35 ≤Age<44 0.0145 -0.2673 0.0000 -0.0011 -0.0123 -0.5688 -1.0000 -1.7511

( 0.3353 ) ( 1.9067 ) ( 1.0405 ) ( 0.0173 ) ( 0.3392 ) ( 1.8924 ) ( 0.9062 ) ( 0.9098 )

Black -0.1254 -0.6312 0.0000 0.0000 -0.0984 -0.4670 0.0000 0.0069

( 0.1001 ) ( 0.6036 ) ( 0.3012 ) ( 0.0697 ) ( 0.0976 ) ( 0.5905 ) ( 0.3227 ) ( 0.0104 )

Has a child 0.0851 0.2300 0.0000 -0.0704 0.0969 0.3447 0.0000 0.0000

( 0.2449 ) ( 2.1215 ) ( 0.3620 ) ( 0.1797 ) ( 0.2450 ) ( 2.1203 ) ( 0.7339 ) ( 1.5689 )

Has a High Scholl diploma 0.4986 3.2226 4.0000 4.0000 0.4788 3.1338 3.0000 2.3020

( 0.0913 )∗∗∗ ( 0.6710 )∗∗∗ ( 0.3395 )∗∗∗ ( 0.9867 )∗∗∗ ( 0.0916 )∗∗∗ ( 0.6698 )∗∗∗ ( 0.3565 )∗∗∗ ( 1.0001 )∗∗∗

Constant 0.6072 -8.3693 1.0000 0.5102 0.7181 -7.6037 3.2500 -5.4435

( 0.3966 ) ( 2.8561 )∗∗∗ ( 1.0997 ) ( 0.1162 )∗∗∗ ( 0.3967 ) ( 2.8532 )∗∗∗ ( 1.1569 )∗∗∗ ( 1.2253 )∗∗∗

(pseudo) R
2 0.0247 0.0151 0.0565 – 0.0278 0.0169 0.0612 –

aStandard errors are presented in the parenthesis. *** indicates significance on 1% level, ** - 5% level, and * - 10% level. Asymptotic

standard errors are used for quantile regression and the generalized LATE estimates.
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