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Abstract

This paper develops asymptotically pivotal structural change tests in simultaneous equa-
tions with weakly identified parameters. In former literature, Caner (2007) proposes bound-
edly pivotal structural change tests when there are weakly identified parameters. The tests
developed in this article are new, and benefit from reparameterizing the model. This results

in asymptotically pivotal tests. Simulation exercise compares the pivotal and boundedly

pivotal tests.
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1 Introduction

In recent years, testing in weakly identified framework has been analyzed intensively. Staiger
and Stock (1997), Kleibergen (2002) introduce Anderson-Rubin (1949) and LM type of tests.
Recently, there has been various test statistics suggested in weak identification literature with
time series data. Both Otsu (2006), and Guggenberger and Smith (2006) provide Anderson-
Rubin (1949) and Kleibergen (2005) type of test statistics. These are all asymptotically
pivotal.

We know that one of the most important issues in empirical research is change in the pa-
rameters of the system. However, the structural change tests in the weakly identified models
with endogenous regressors have been analyzed very recently. Caner (2007) proposes asymp-
totically boundedly pivotal tests in a nonlinear Continuous Updating framework. These are
likelihood ratio, Anderson-Rubin and LM type of tests. However, they may suffer from
power loss. Even in the linear case, the tests are still boundedly pivotal since this testing is
not trivial and amounts to subvector testing.

In this article, we introduce asymptotically pivotal tests when there are weakly identified
parameters in a simultaneous equations system with weakly dependent time series data.
This is new in the literature and may be more useful in applied work. Structural change
tests in simultaneous equations exist in the strongly identified case such as Andrews (1993),
Sowell (1996). Both of these are subject to criticism of using inconsistent estimates in the
tests and hence leading to limits with nuisance parameters when there are weakly identified
parameters.

We use a simple reparameterization to achieve the nuisance parameter free limit. Instead
of testing the null of the equality of the structural parameter vector under two regimes, we
test the null hypotheses of the difference between the parameter vectors under two regimes
are zero. We show that a version of Anderson-Rubin (1949) and Kleibergen (2002) type of
tests are asymptotically pivotal in time series case with unknown change point. Next we
conduct some simulations and show that the tests have reasonable small sample properties.

Section 2 analyzes the model. Section 3 develops asymptotics. Section 4 conducts some
Monte Carlo exercise. Section 5 concludes the paper. For notation clarification: “=—"

denotes weak convergence, “Q)” denotes Kronecker product. Appendix covers the proofs.

2 The Model

Consider the structural equation:



Yi1r = 513/;2 + i, i < [nr]

yir = oYie +u;, 1> [nr]

where i = 1,2,--- ,n are observations, r € =, = denotes a set whose closure lies in (0,1). In
practice, = is chosen to be [.15,.85], for this point see Andrews (1993). [.] represents the
integer part in any number. y; and Y5 represent endogenous variables. We abstract from
control variables. Exogenous control variables may be projected out easily when the model
involves only change in the endogenous explanatory variables. If the model involves change
in the control variables in the structural equation as well, a joint test for structural change
can be conducted.

Then rewrite this in single equation:
yir = 0'Yior + 05Yi2 + us,

where Yig, = Yiol{icinsy, Yior is I X 1, 11 is a scalar indicator function and § = 81 — (3,.

In matrix form,

Y1 = Yo, 0 + Yoo + u. (1)

Equation(1) is our structural equation. y; : nx1,Y5 : nx 1, Yy, : nx[. Y, matrix is obtained
by stacking the vectors Y/

2r°

Y5 and instruments X are related in the following way:
Y, = XIT+ Vs,

where X is n x k instrument matrix and is of full column rank , IT is k£ x [ matrix, and V5 is
n X [ matrix. Assume k > (.

If there is structural change in the reduced form equation, then the analysis here is not
valid. In that case, the null distribution will depend on the value of the reduced form matrix
in the two regimes. A different approach and different tests may be needed in that scenario.

The reduced form system can be rearranged as:

y1 = X116 + X115s + vy, (2)



Yv2r = XT‘H + ‘/27"- (3)

where X, is formed by stacking up vectors : xél{ig[m]}. (same as Ya, formation) so vy, =
Vord + Vo Bs + u and V5, is formed in the same way as Y5, above.

X, is orthogonal to V, for each r. We want to test Hy : § = 0 against Hy : § # 0, we
treat II, B, as nuisance parameters.

Furthermore, we can rewrite the reduced form in the matrix form
Y, = X, 1L, + X[[16,,0] + V;, (4)

where Y, = [y1, Yo, |, I, = TA". A =[6,1;]'.

3 Heteroskedasticity and Autocorrelation Corrected Test

Statistics

In this part we analyze the heteroskedasticity-autocorrelation corrected versions of Anderson-
Rubin type structural change test and LM like test statistic. We benefit from the methods
of Guggenberger and Smith (2006), and Otsu (2006) in the case of weak instruments with
weakly dependent data. First, we show the smoothing idea in a time series case. Then we
provide a specific analysis for our case. Let § denote the parameters z; is the data and g(z;, 6)
represents the moments. We denote g(z;,6) by ¢;(¢). The smoothed moments are

i—1

9in(0) = S0 37 k(/S0)g0-5(0),

Jj=i—m

where S, is a bandwidth parameter. S,, — oo as n — 00. k(.) is a kernel as in Guggenberger
and Smith (2006) we use a truncated kernel k(z) = 1 if || < 1 and k(x) = 0 otherwise.
The crucial issue is what will be the smoothed moments in our specific case. Building also a
heteroskedasticity and autocorrelation consistent S,, T, terms in the case of Anderson-Rubin
type of test and LM-like test will be helpful. Before providing the test statistics and limits
we introduce assumptions and discuss them.

Assumptions:

1. S, = cn®, where 0 < o < 1/2, ¢ > 0, where c is a constant.

2. a)

sup B|lz:||* < oo,



sup BE||Vai||* < oo,
7

sup B|lu||* < oo,
(2

where £ > 2/(1 — 2a).
3. Under the null hypothesis of § = 0, v;; = F4Vie + u;,

TV 1/2
> o = Bil(r) = SV,

where Y., is the variance matrix for k& x 1 Brownian Motion. This is also described in 4c¢
below. Wy(r) represents standard Brownian Motion.

Assume also -

:cﬂ/;’
Z 2 — Bu(r) = S5 Wi(r),

nl/2
=1

where ¥, is the variance matrix for kI x 1 Brownian Motion By (r). This matrix is also
explained in detail in Assumption 4c below. Wy, (r) is kl x 1 standard Brownian Motion.

4.

a) Uniformly over r € =
1
E[- Z 7,7t — 180,

Y2 18 positive definite and finite.

b)Under the null hypotheses of § = 0, v = B5Vie + w;,
sup B|zvpv 2} < oo,
,J

n  s+Sp

sup E||— Z Z Tit V1075 ]| = o(1).

]115

c¢) In all the results in Assumption 4c here, the results are uniformly over r € =,

[nr]

1
var| 1/2 E Tipvn ] = var| iR E i1 = T80,

where Y., is nonsingular and finite. This is the long-run variance

n—o0

. 1 <
Yool = lim var[m leivm].



Specifically, also

[nr]

1 n
var[m Zvec(mirwgr)] = UGT[W Z vee(z;Vip)] — 1800,
i=1 =1

where Y., is nonsingular and finite. This is the long-run variance

n

1
Yo = lim var[—-: 7 Zvec(wi\/;g)].

n—00
=1

Furthermore let cov (a,b) represent the covariance between terms a and b,

n [nr]
covlp™V2 Y (vee(wi Vi), (o)) = covln™2 3 (vee(wiVa), (vaa))] = r¥en,
i=1 i=1
where Y,,9; is the limit for covar[n=2 3" ([vec(z;V})], [vaz]])]. This is the limit covariance
between vec(x;V},) and (vi2}), this is finite and has full rank.

d) Define for each r € =

J(h,m,r) = Zk]/S (h,m,r),

]—fn+1

where I'(h,m,r) = > imjer Mgy, for j >0, and Y70
“m” may denote different moments of data. k*(j/S,) = 1 — |j/Su| if [j/S.] < 2 and 0

otherwise. This is the Bartlett kernel.

!/ - (13 )
i i1 higjpemi, for j < 0. “h” and

Set hi, = XU, My, = Tipva i j(h, m,r). For j > 0, for j < 0 respectively

n—1 n
By 1 .
J(h,m,r) = - Z k*(3/Sn) Z Tir Vi V(i )1 T (—j) (5)
j=—n+1 i=j+1
n—1 n
1 .l
= - D EG/Sn) D Tttt (6)
j=—n+1 i=j+1

Assume uniformly over r € = using (5)(6)
- 1 <
J(h,m,r) — var[m ;mirvﬂ] =

Also setting h;, = vec(zi, Vi, ), mi, = vec(xy Vi) in J(h,m,r), assume uniformly over

re=
n

J(h,m,r) — var[n=*/? Z vec(zy, V)] 2 0.

=1



: : : , ,
Same analysis applies to covariance between terms vec(z;,.Vy5,.) and v}, .

e) Uniformly over r € =, assume

| ] o
=N wil - ~ES a5,

5. Assume the following

a)
sup B||xzz;a)|| < oo,
i7j
n s+Sn

1
S Bl o D sty = o).

j=1 i=s

b) Set both h and m as z;2, in J(h, m, r) definition and evaluate at full sample, J(h,m, 1) =

J(h,m) to have

n

. 1
J(h,m) — var[m Evec(xixg)] 20,
IR ,
nhi& var[m Z;vec(xixi)] < 00,

and nonsingular.

We discuss the assumptions here. Assumption 1 is a standard bandwidth assumption
used in Guggenberger and Smith (2006). This is used for the analysis of weakly identified
parameters with time series data (triangular array format is allowed). Assumption 2 is

basically sufficient for (under the null hypotheses of § = 0, v;; = 55Vio + ;)

Sup max |svi|| = 0,(S;, 'n'/?).
T
Since Ty = x;1{i<[ns}, then
sup sup ||z, vir || < sup ||zvi . (7)
T 7 2

Via Assumption 2 we have

sup E|zva|® < oo,
1
then this is sufficient for

sup [[ziva | = 0,(S,, 'n'/?), (8)

n

given Assumption 1. For this last point see p.17-18 of Guggenberger and Smith (2006).



Assumption 3 is a multivariate invariance principle. This invariance principle and suf-
ficient conditions to obtain are given in Corollary 29.19 of Davidson (1994) or Lemma A.4
and p.849 of Andrews (1993). These involve triangular array of random variables that are
L?* NED (Near Epoch Dependent) of size -1/2. For these definitions of various time series
data, Davidson (1994) is an excellent source.

Assumptions 4a and 4c are asymptotic covariance stationary conditions, used in struc-
tural change literature by Andrews (1993). Assumption 4b and 4d are used in weak in-
strument literature in time series data by p. 16-17 of Guggenberger and Smith (2006).
Assumption 4d is an extension of that to structural change models and also used as As-
sumption 3 in Andrews (1993). Assumption 4e is Lemma A.3 of Andrews (1993). The
sufficient conditions can be seen in that Lemma. Basically these are Assumption 2 here with
data being L? NED of size -1/2.

Assumption 5 is an auxiliary assumption that is helpful in showing some remainder terms
converge in probability to zero in variance-covariance matrix estimator.

We introduce the heteroskedasticity and autocorrelation consistent Anderson-Rubin test
for structural change with weakly dependent data. This test is robust to identification
problems, since it does not depend on II. For each r € =,

(57.X) " (X )"

A ==
R on )

where

(X5 = (Xgm)" — (X X)“[(XX)°]7H (X )" (9)

r

Now we describe the terms in the above equation. Given x; = 21 <[y,

n i—1
(XJ)” =D S Y k(i/Sn)wijaiojn,
=1

j=i—n
where k(j/S,,) is the truncated kernel described above. The proofs follow for other kernels,
but this is chosen for ease of notation. This kind of smoothing is used in Guggenberger
and Smith (2006) and Otsu (2006). The other terms in (9) is smoothed in the same way
including the matrix terms.

Note that we could have smoothed the moments in (9) differently. First, we could have
calculated the terms on the right hand side, then we could have weighted the result. This
results in the same asymptotics.

We define

A Sn . * w */\w
Dy = ;izl(%yﬂ) (yarz,)".

7



We describe the terms in the variance-covariance matrix estimator now.

Under the null hypothesis of § = 0,
My = Myv;. (10)
So
Yi1 — £B;(Zn: wiah) z”: TiYil = Vi — x;(zn: wix)) Zn: Tiv4. (11)
i=1 i=1 i=1 i=1
Note also that k x 1 vector in M, X, is
Tip — (zn: xwx;)(zn: wiah) . (12)
i=1 i=1
First define the unsmoothed version, by (11)(12)
TE Y = TV — Tt B — Azvg + Azl B, (13)

where

A

(i fﬁz‘rﬂfﬁ;)(i ;)
i=1 i=1
B = (zn: $Z$;)_1(z”: Tiv;).
i=1 i=1

The smoothed version of the same vector is defined as

()" = (zipvin)® — (w})* BY — A% (z00)" + A (2;27)" BY, (14)
where . .
AY = [Z(ﬂfirﬂfg)w][Z(%xé)w]_la
BY = [Z(%%)w]fl[Z(IiUﬂ)w]-

Now we rewrite the Anderson-Rubin test statistic for structural change and analyze the
limit behavior of the components of the test statistic.

Anderson-Rubin test statistic can be written as:
AR = S;Lac,rs'hfwﬂ"

where

g e (X y1)"
hCLC,’I’ - ]_]_7r 21/2n1/2 .

(15)



Note that we define
(X 1)" = (XJa)" — (XLX)" (X' X)) (X )™,

Before we derive the limit of the test we need the following results. The following is a
new result in weak identification literature.
Lemma 1. Under Assumptions 1-5, and under the null hypotheses of 6 = 0,

Xy, )
G ox 2 witr) — 1)

where Wi(r) is the k x 1 standard Brownian Motion, and Wy (1) is the k x 1 standard normal
vector. Y1 18 explained in Assumptions.

Next we need to derive the limit for the variance-covariance matrix estimator Qll,r- The
limit in the following is different than the limit found in Guggenberger and Smith (2006).
This is due to analysis of unknown change points compared with standard variance covariance
matrix estimation.

Lemma 2.Under Assumptions 1-5, and under the null hypotheses of 6 = 0, uniformly

over r € =
Qll,r L 27’(1 — T)Exvl-

We combine Lemma 1 and Lemma 2 in the AR test statistic to have the limit. This is
one of the main theorems.
Theorem 1.Under the null of no structural change and Assumptions 1-5,

s AR sup () = TWLQ IWalr) — rWi(1)]

re= re= 7“(1 - 7")

Remarks.

1. This result is new in the structural change literature. Formerly, Caner (2007) provide
Anderson-Rubin based structural change test in nonlinear GMM with weakly identified pa-
rameters. However, that test is boundedly pivotal whereas this one is pivotal, so there will
be no loss of power. This limit can be easily simulated. The limit critical values of our test
can be obtained from Table 1 of Andrews (1993).

2. The reason that this version of the Anderson-Rubin test is pivotal but the one in
Caner (2007) is not basically stems from the model and estimation. The sup AR test here
depends on equation (1). So basically we test § = 3; — 5 = 0. Hence we can work under the

null of § = 0. After some simple projection this results in a nuisance parameter free limit.

9



In the case of Caner (2007), we can not reparametrize the model as in (1) in the nonlinear
case, and can not use the projection that we use. AR test in Caner (2007) uses constrained
estimates (Under the null:8; = (5 = () 3 which can be shown to be bound by a nuisance
parameter free limit. The bound is given in Caner (2007) and it is

sup (Wi(r) — rWi (D Wi (r) — rWi(1)]

2
, r(l—r) + X

So the bound has an extra (independent from the Brownian Bridge ) x2 term compared to
Theorem 1 here. With large number of instruments this may result in large losses of power.

3. The sup LM test of Andrews (1993) does not work in the case of weak identification.
This is documented in Caner (2007).

4. Theorem 1 extends the weak instruments literature from standard inference to testing
for regime shifts.

Now we handle the heteroskedasticity and autocorrelation corrected Lagrange multiplier

test. The test statistic can be written as for each r € =,

LM = S8}40, P, Shacr (16)
where
Thacr = Uyt . (17)
where
T =Y V) S ) (19
i=1 =1
where

R S, —
Q21,r = Fn Zvec(x;ry;ér)w(yilx;i)w'
=1

Before the test statistic we have to derive the limits of the terms in the test above. So
first we want to obtain the limit for n=1/23""  (27,Y5,)”. But we can rewrite that by (3)

ir T a2r

and linearity of smoothing operator that

n n n

VRS @ V) = 0 ()T S (V) (19

i=1 =1 i=1

We find the limit in the subsequent lemma.

10



Lemma 3.Under Assumptions 1-5, and under the weak instrument asymptotics 11 =
C/nl/Q,

n

WS vee(wl, Vi) = 201 = 1)[SauaWii(r) + rvec(S,.C)).

=1

Wii(r) is kl x 1 dimensional standard Brownian Motion. X, is the limit for
varn 1/22 * vee(z; Vig)].
Then we also want to analyze

n

N S /
Doy =23 Y2 ) (yaa)®.
21, n 'U@C(.I’ZT ’L27‘) (y 11’17")

i=1

First we want to clarify the expressions in the estimator. We simplify «.Y}, which is derived

from the matrix X/ M, M,Ys,.. See that 1 x [ row vector from the matrix M,Y3, is

7,27" E :33.’13' E :xl 227“

Combine this with (12) to have
wer;IQT’ = x“‘ 227’ ‘CE““'Z' le le 7,27‘
- (Z xirfﬂg)(z ziw;) " Y,
i=1 i=1
n n
() (S (S S
i=1 i=1

Define the following term:

o z@ix;w] [zmw

i=1 =1

The smoothed version of the above is:

('xzr}/;;r)w = (x’““Y;IZT>w - (xirx;)wpw
— AV Yh,)" + AP () U FY, (20)

where by Lemma 3, and (26)

o [zuxix;)wr (B 2 -



Now we provide the limit for the variance-covariance estimator, {293 .
Lemma 4. Under Assumptions 1-5, uniformly over r € Z, under weak instrument asymp-

totics
Q21,1” i 27’(1 - T)2Exv217

where Ypp1 is the limit for covar[n™2 3" ([vec(x;Vy)], [van@}])]. This is the limit covari-
ance between vec(xz; V) and (vyx))

We can now provide the Kleibergen (2002) type of LM test for structural change in the
case of weak identification. This is one of the main results of the paper.

Theorem 2:Under Assumptions 1-5, and under the null hypothesis of 6 = 0, with weak

instrument asymptotics 11 = C’/nl/Q,

aup 127 % sup W)= WACOF Vi) = 1)

rcE rcE 7“( - 7")

Remarks.

1. The result is new, and provides nuisance parameter free limit in the case of structural
change with weakly identified parameters.

2. This is the same limit that Andrews (1993) obtained when testing for structural change
in standard identified models. However as explained in Theorem 1, that test statistic can
not be used when there is an identification problem.

3. This is an extension of Guggenberger and Smith (2006) Kleibergen type of test to
structural change test.

4. The limit depends on “I” number of parameters to be tested and may have better small
sample properties than Anderson-Rubin test when the number of instruments are large.

5. In Caner (2007), a different version of LM type of test is proposed. This basically finds
an estimate of the parameter by minimizing Kleibergen type of test given change point. Then
sup of this Kleibergen test evaluated at this minimum is used (sup over unknown change
points). This is not asymptotically pivotal but only boundedly pivotal. The distribution of
the bound is given by Theorem 2 in Caner (2007) and

sup

Wi(r) — rWi (D] [Wi(r) — rWi(1)] 2
N r(l1—r) b

So this is just x? larger than our limit in Theorem 2. This loss of power may be important
when the number of parameters are large. Table 2 of Caner (2007) compares the limit in

Theorem 2 (same as Table 1 in Andrews (1993)) and the bound in an asymptotic exercise.

12



It has been found that even with two parameters to be tested this bound is conservative.
We expect the limit in Theorem 2 to be useful compared to others that may be used.

6. Note that we could have smoothed the moments in (9) differently. First, we could
have calculated the terms on the right hand side, then we could have weighted the result.

This results in the same asymptotics.

4 Monte Carlo

In this section we setup a simple Monte Carlo exercise to measure size and power properties
of the test statistics proposed in this article. We also compare them with boundedly pivotal
Anderson-Rubin type and Kleibergen type of test proposed in Caner (2007). First, we
consider the size of the test statistics. We generate the data according to a simple linear

simultaneous equation model.

yn = YiB + u;, (22)
Yie = X1+ V;,

where under the null of no structural change (6, = 5y = () § = 0.5. X, is the k x 1

instrument vector, Yo is the scalar endogenous variable. Also we have

U; = O.7ui,1 -+ €,

1 025
Eei‘/i = ZeV = [ ] ;

025 1
and ¢;, V; are jointly normally distributed with zero mean and .. as the covariance matrix.
As u; X; follows the following AR(1) process

Xi =X, 1p+e,

where p = (0.5,0.5,---,0.5) is k x 1 vector. e; is the standard normal distributed and
independent of X;, Y, V;, u;.

This setup is very similar to the one considered in Guggenberger and Smith (2006). The
sample size we consider is n = 100. We analyze several cases of interest such as Il = .1,k = 2
(weak identification with limited number of instruments), IT = .1, k = 5 (weak identification
with many number of instruments). The others that we consider are II = 1, k = 2 (standard

identification, limited number of instruments), II = 1,k = 5 (standard identification with

13



limited number of instruments). Specifically, we analyze sup AR,sup LM tests that are
shown in section 3. The limits of these tests are in Theorems 1 and 2. Now we describe the
boundedly pivotal tests in Caner (2007). We denote these by sup S,sup K. The boundedly

pivotal Anderson-Rubin test can be described in several steps. First, define for each r € =

B(r) = arg rﬁneig Su(B,7),

where B is a compact subset of the real line in this exercise,
[nr] 5 [nr]
Su(Byr) = [n'? Zw | e Zw

n

V 1
_1/2 Z @Dz 215_7”2 Hn—l/Z Z wz(ﬁ)]’
i=[nr]+1 i=[nr]+1

where 1;(3) = (ya1 — Yio8). Then by ¢ = 371 454(8)/[nr], w05 = 3004 ¥i(B). So define

[nr]—1 [nr]
Z Ko /) Z (1(8) — 1) (Yhi—u(B) — 1)’
1=v+1
[n'r] 1 [n7]
+ Z k(v/l,) ] Z (thi—o(B) — 1) (i (B) — 1),
i=v+1

n

= ) kot [W] S WilB) — D) (i ol(B) — Do)
[nr] i=v+1

n

+ Z k(v/l,) Tnr] Z (i—o(B) — th2) (i (B) — ¥2),

v=[nr] i=v+1

and k(v/l,,) is the Bartlett kernel. This is the one described in Newey and West (1987),
k(v/l,) =1—=v/(l,+1), for v<l,,

and 0 otherwise. This is also used in all test statistics considered here. According to Andrews
(1991), with n = 100 the optimal [,, = 4. This value is used for all test statistics analyzed.
The boundedly pivotal Anderson-Rubin type of test is:

sup Su(B(r), 7).

This tests the null of Hy : #; = s, in contrast to reparametrized but the same null in this
article Hy : 0 = 0.

14



To describe the boundedly pivotal Kleibergen test in Caner (2007) we need

B(r) = arg min K (B,r),

where

[nr] [nr]

K. (B,r) = [[nr] 1”2% VA8, 7)™ Py gy 172, VA (B, )] T2 ]2~ n(B)]

=1
n

+ [(”—[m’])_l/z Z wz'(ﬁ)],[%(ﬁaT)]_I/zp[VQ(g,r)]—l/%Q[Vz(ﬁa7’)]_1/2

i=[nr]+1
x =)™ Y wilO)],
i=[nr]+1
where - -
[)1 = <n71/2 ZXZY;2> ql(ﬁ> )[‘/1 ﬂa 1/2 sz
=1
[nr]—1 [nr] - -
(B,r) = k(v/ln)ﬁ Z (XiYie — Y1) (Yi—o(B) — ¥1)’
v=0 i=v+1
[nr]—1 1 [nr] - -
+ k(v/ln )[ , D (Wio(B) = G (XiYis = ),
v=1 1=v+1

where 1,1 = Z["T] X;Yia/[nr). Dy, Vi is defined accordingly replacing the first part of the

sample with second part of the sample. The test statistic is
sup K, (0,7).

This test is used for Hy : f1 = [, rather than Hy : 0 = 0.

We use 1000 iterations for the tests here. We report the rejection rate of the true null
of Hy : 1 = B2 = 0.5 (boundedly pivotal tests) or reparametrized version of Hy : 6 = 0 (for
tests that are considered in this article). The critical values for our sup AR, sup LM tests
are 11.79, 8.85 at 5% level which are obtained from Table 1 of Andrews (1993) for k = 2,
and one parameter respectively. When k& = 5 the sup AR test critical value is 18.35 at 5%
level. For the boundedly pivotal tests , the AR type test has critical values of 14.8, 25.4
at 5% level in Table 1 of Caner (2007) for k = 2,k = 5 respectively. For the boundedly
pivotal Kleibergen type of test the 5% critical value is 10.4 from Table 1 of Caner (2007)
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corresponding to one parameter. The limits for the boundedly pivotal tests are explained in
the remarks after Theorems 1 and 2. The results of the size exercise are in Table 1. When we
look at the case of weak identification with limited number of instruments, boundedly pivotal
Kleibergen test has 6.3% size. This comes closest to nominal size of 5%. The Anderson-
Rubin type test that is proposed here underrejects severely at 0%. When we increase the
number of instruments to 5 then we see that sup LM test gives the best result at 0.8%.
The boundedly pivotal tests have massive size distortions. Their respective sizes are 54.1%,
32.5% for sup Sn(B(T),T), supK,(B(r),r). This is puzzling since these tests are boundedly
pivotal. However, these boundedly pivotal tests have distributions bounded in the limit.
Caner (2007) also shows that in small samples they are oversized as documented in this
article.

We also calculated power and size adjusted power of the tests analyzed in the cases of
interest outlined above. The size adjusted power results are shown in Tables 2a-b. § = 3;— [,
and ¢ takes the values of 5,1,-1, -5 respectively. In other words, we generate half of the
observations in regime 1, and the other in the second regime 2. For example, for § = 5
case, the first 50 observations are generated with (; = 2.5 and the next 50 observations are
generated by using (§; = —2.5. Equation (22) is used with different 5 in each regime. The
reduced form equation is the same in the size exercise. When 6 = 1,5, = 0.5, 35 = —0.5,
for the negative 6 numbers 3’s reverse. Each case in the size adjusted power are explained
at the head of the Table, Il = .1,k = 2 represents weak identification with small number
of instruments, and II = .1,k = 5 represents the case with weak identification and large
number of instruments. This is Table 2a. Table 2b is done in the same way but with strong
identification.

In Table 2a we see that the power of the tests are very similar, they almost have no
power. This is because of the weak identification of the parameters in that setup. In the
strong identification case in Table 2b, the AR based tests do well compared to Kleibergen
type of test.

5 Conclusion

This paper introduces tests for structural change for the structural parameters in a simulta-
neous equations. When there is weak identification in the parameters of the reduced form
system as introduced in Staiger and Stock (1997) the existing tests are not asymptotically
pivotal. This is shown recently by Caner (2007). Caner (2007) also introduced structural
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Table 1: Size at 5% level

Tests M=1k=2 II=1,k=2 II=.1,k=5 II=1k=5
sup AR 0.0 0.0 0.0 0.0
sup LM 241 11.9 0.8 0.4
sup S, (3(r),7) 6.8 26.4 54.2 78.1
sup K, (B(r),r) 6.3 18.9 32.5 54.3
Note: n = 100, 1000 iterations are used to generate the table. The critical values are

explained in Monte Carlo section. sup AR and sup LM tests refer to tests in Theorems

1 and 2. supS,(6(r),r),supK,(B(r),r) are the boundedly pivotal test statistics that are
explained in Caner (2007).

Table 2a: Size Adjusted Power

M=.1,k=2 M=.1,k=5
Tests 60=1 6=5 6=-5 6=—-1|6d=1 6=5 6=-5 6=-1
sup AR 39 71 6.8 4.7 51 7.0 7.0 5.8
sup LM 46 103 9.0 7.0 52 8.1 7.5 5.6
sup Sp(B(r),r) | 57 123 114 6.6 131 166 128 13.2
sup K,,(B(r),r) | 59  11.1 9.5 5.2 33 71 6.4 6.1

Note: n = 100, 1000 iterations are used to generate the table. The critical values can be
obtained from the author on demand. sup AR and sup LM tests refer to tests in Theorems
1 and 2. supS,(B(r),r), supK,(B(r),r) are the boundedly pivotal test statistics that are
explained in Caner (2007). 11 is the reduced form coefficient vector, where 0.1 is the value
i each cell of the vector. This is the weak identification case. K represents number of

mstruments.
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Table 2b: Size Adjusted Power

M=14k=2 M=1,k=5

Tests §=1 6=5 6=-5 6d=—-1|6=1 6=5 6d=-5 6=-1
sup AR 321 816 798 365 | 442 613 649 445
sup LM 465 780 751 464 | 134 291 285 9.9
sup S, (G(r),r) | 40.9 859  86.9 425 | 314 623 647 320
sup K,,(B(r),r) | 41.0 798 789 415 | 118 288 318 12.1

Note: n = 100, 1000 iterations are used to generate the table. The critical values can be
obtained from the author on demand. sup AR and sup LM tests refer to tests in Theorems
1 and 2. supS,(B(r),r),supK,(3(r),r) are the boundedly pivotal test statistics that are
explained in Caner (2007). 11 is the reduced form coefficient vector, where 0.1 is the value
in each cell of the vector. This is the weak identification case. K represents number of

mstruments.

change tests which are robust to identification problems. But these are boundedly pivotal

and hence may suffer from low power. The tests in this paper are different from the tests

in Caner (2007). First of all, they are asymptotically pivotal. Then also takes into account

time series nature of the data better into account. They are also robust to identification

problems. A reparametrization of the model provides the way for building similar tests.
APPENDIX

Proof of Lemma 1. We consider the limit behavior, under the null of 6 = 0,

(X y)”  (Xo)” (XLX)’”[(X’X)‘”]_l(X’Ul)w (23)

nl/2 T pl/2 n n nl/2
In (23) we analyze the first term on the right-hand side. The proof follows closely Lemma
1 in Guggenberger and Smith (2006). First, we know that z;, = #;1f<pny. Then use the
definition of the truncated kernel

min(i—1,5p)

n n

—1 w —1 —1

n (Tirvi)” =n E S, E L (i—5)rV(i—g)1-
=1 =1

j=maz(i—n,—Sy)
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Then following exactly the same steps in the proof of Lemma 1 (i.e. equation (A.6)) in
Guggenberger and Smith (2006),

n

n n_Sn
-1 w -1 1a-1
n E (Tipva)” = 2n E Ty + 0TS, E TirUs1
i—1 =1 =S t1

n

Sn
+ n_ngl Z(Z — Sp)xipvin + n_ngl Z (=Sp+n—i+ 1)zy,va
i=1

i=n—Sn+1

= op ! Z TipUin + op(n_l/Q),
i=1

where the remainder is obtained via Assumption 3 and (7)(8).
Then

n [nr]

w2y (@) =207y won +o,(1) = 20712 Y v + 0,(1),
i=1 =1

i=1
by definition of x; = x;1{;<[ny;. Then use Assumption 3 to have

nTV2Y (wgvn )Y = 25 Wi(r). (24)

zvl
i=1

Next given Assumption 2a and 4a, 4e by applying Lemma 1 in Guggenberger and Smith

(2006) for nonzero mean random variables, uniformly in r
n! Z(a:“ﬂm;)w 2oy, (25)
i=1

Then the full sample versions of (24)(25) provides

n_1/2 Z(mivﬂ)w — QEI/QWk(l)

zvl
i=1

n

n! Z(xlx;)“’ 2 2%, (26)

i=1
Then combine these in (23) to have, under the null hypotheses of 6 = 0 to have the desired

result.Q.E.D
Proof of Lemma 2. First we analyze A%, B in (14).

n n

A =) (i) 1Y ()]

i=1 =1
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Then by (25)(26), uniformly over r

Since
n n

BY = [Z(mix;)w]_l[Z(%Uﬂ)w]y

=1 i=1

given Fz;v; = 0, and Lemma 1 in Guggenberger and Smith (2006) provides

Tlil Z(:I:ivﬂ)w & 0,
=1
and
BY 2o, (28)

Equations (27) and (28) provide very useful two results that will be used in subsequent

proofs. Now, given (14) we rewrite

anr = = Z (wipv31)" — (zix) BY — A" (2011)" + AY(2;25)" BY]
X [(xirvil) — (fL’Z‘TZEZ-)wa — flw(xivﬂ)w + flw(:zz-:v;)wa]’. (29)

Furthermore (29) can be decomposed into several terms.

¢ Sn - w Nw] Jw’
Qll,r = —Z 2311«7%1 Uzlx ) - [? Z(xirvil) (Uuiﬁi) ]A
i=1
_an - w ! \w _an - w Nwi gw’
— AV (wion) (vaah,)"] + AR (wvn)" (vax))JAY + 0p(1). (30)

n n

i=1 =1
In (30), at the end of this proof we explain the asymptotically negligible remainder term.

So we consider the first term on the right-hand side of (30). First note that we can apply
Lemma 2 in Guggenberger and Smith (2006). However, this has to be done uniformly over
r in addition to Lemma 2 in Guggenberger and Smith (2006). So following the proof of
Lemma 2 in Guggenberger and Smith (2006) we need

sup sup E||z,v05: 2, < 0o,

TEE i)

and
n s+Sn

Z > spviepony | = o(1).

jlzs

re= se€Z
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One important fact to remember is x4 = ;1<) and then

sup sup E||ziviavj @), || < sup E||zonv05].

rez i, ,J
n s+Snp n  s+Sn
sup sup EH E E T (i45) rU(erj)lU]l-I'Jrl E E L(i+5)V(i+4)1V51T H
rez seZ n J=1 i—s [

Apply Assumption 4b and use Lemma 2 of Guggenberger and Smith (2006) to have
- Z xzrvzl Uzl$ ) - 2jn($i7"vi1a LirUi1, ’I") & Oa

uniformly over r € Z. jn(xirvﬂ, x; v, 1) is described in (5)(6). Next apply Assumption 4d,

to have uniformly over r

p
Jn(ﬂﬁirvil,%rvﬂﬂ”) = g1 < 00.

Combining the last two results
Z 21" (il ) 2 210t (31)
=1

Then in the same manner but also benefiting from (27)

.
A D) (asy )] 2 (32)
flw[& Zn:(xv )Y (virah) U] A L 22 (33)
n a 1V11 114 xvl-

Substituting these into (30) uniformly over r
Qll,r L 27“(]_ — T)Exvl'

We can analyze how the asymptotically negligible remainder term is obtained in (30).
We show that in (29) all the terms involving BY are 0,(1). We provide the proof now. We
consider one of those cross-product terms in (29)

n n

/ S Sn w nw
*Z zipvin)" B (wiay, )" < [25 Z||($irvi1)w||2]l/2[;2II(CCz‘fC%r) P12 B |l.
=1 i=1 (34)
First we know that by (28)
B %o



Then see that

[ (zirvin) || < [[(zivin)“ |- (35)

[y )| < [ (i)l (36)

Then by Assumption 4b, we can obtain Lemma 2 in Guggenberger and Smith (2006) and
then applying Assumption 4d for the full sample r = 1, we have

223 M) = 0(1). @7

Next by Assumption 5a we obtain Lemma 2 of Guggenberger and Smith (2006). Then apply

Assumptions 5b and 5c to have
S'ﬂ - w |2
;ZH(%%) 17 = Op(1). (38)
i=1
Use these results in (34) to have
— Z TipVi)” B (wxl,)" 20, (39)

uniformly over r € Z. The same method applies to all terms with B and they converge in
probability to zero as well. So we have the asymptotically negligible remainder in (30).Q.E.D

Proof of Lemma 3. In (19) consider

n n n n n

Y (@ Vi)t = Ty (Vi )= ()it D (i) ) T Y (Vi)

=1 =1 =1 =1 i=1

Note that the first and the last terms are the same since z;.V,, = x;Vis,. Then we use the

2r

same analysis in the proof of Lemma 1, equations (24)-(26) to have
n~1/? Z vec(x} Vig, ) = 2(1 — r)Ei{éWkl(r), (40)

where Wy (r) is kl x 1 dimensional standard Brownian Motion. X, is the limit for
varn V237" vee(z; Vi)
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Analyze in (19), by assuming weak instrument asymptotics IT = C'//n!/2,

n

n71/2 Z(x:;”:c;’r')wn = n Z ZT’ ZT‘

=1
Y () C — (7 Y (el A"
=1 =1

by (27)(25)(26). So

n

n_1/2 Z Uec(xzrxzr) I 5 2’/’(1 - r)vec(ZmC'). <41)

=1

So substitute (41)(40) in (19) to have the desired result.Q.E.D.
Proof of Lemma 4. QQLT can be rewritten using (20)(14)

A w w’ w
Qo1 = —E vec(xir Yig, )" (vi 2, g vec(wi Y, ) BY (x;2),.)

n

— S
- Z”ec irYio, )" (vin i) A + f > vec(wi Y, ) BY (i), ) A

i=1

Sn Nw pw w Snn Nw pw] pw’ ! \w

- ?Zvec[(wrwi) FY)(virziy) —i—?Zvec[(aﬁwxi) FY|BY (z;z},)
=1 =1

Snn I\ W WY, I w qw! Snn o w pw W (. I\ w  w’
+ - Zvec[(m,ra:i) FY(vi1x;) A Zvec[(a:wxi) FY|BY (zz;)" A

: n
i=1 i=1
Sn - Aw ! \w ! \w Sn - w pw’ ! \w
- ?ZUGC[A (xi}/;2r) ](Uilxi'r) +;ZU€C[A (xl z2'r) ]B (xl'rzr)
1=1 =1
Sn - AY (.Y wAw S’Vl Aw Bw wAw’
b S el A ¥ o)A — 53 el A7 () i)
i=1 =1
S - Aw Nw pw ") Sn - AW Nw pw) pw’ ! \w
+ ?Zvec[A (xixy) Y FY) (virx,.) —?Zvec[A (xx) Y FY|BY (x5,.)
i=1 i=1
- &zn:vec YY) (v 2} A + &zn:vec[fl (z;x)) Y F)|BY (wia}) A .
n " i=1

Taking into account
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and under weak instrument asymptotics we have

Yo = X,-S_ 415

" nl/2

Benefiting from (21) and (28) proceeding exactly as in (35)-(39) (using Cauchy-Schwartz in-
equality) uniformly over 7 € = we see that all terms involving B, F*’ converge in probability

to zero. Then we have the following expression:

- Sn —
!/ /
Dy, = — E vec(ry Yo, )" (vi )w_ﬁ E vec(xy Y, )Y (vipx)) AY
i=1

n

n AW w w Sn w w Tw'
_ W;UGC[A (2:Y,) " (vinzs, ) +Wizlvec[A (@Y )] (0" A + 0,(1).

We begin analyzing the first term on the right hand side of the equation above.
— Zvec 2y Yo, ) (vaal, ) = — Zvec zpay, I (v, Zvec T Vig, ) (v}, ).

Under weak instrument asymptotics (I = C//n'/?)

n

1 S, S
n Zvec 23V, )" (O] = =20 3 vee(ayal, C)" (vl )"+ 22 Y veewi Vi, )" (val,)".

i=1 =1

First we consider the following term as in (31),

w P
s E vee(xi Vip, )" (vina), ) = 21,01,

uniformly over r € =. Note that in the same manner, uniformly over r € =

1 S,
ey R Z vec(zypa,, C) (va ) 5 0.
n'/2 n

i=1

Combining these we have, uniformly over r € =
— Zvec T Y )Y (vin 2, )Y 2 2001 (42)
Then in the same manner as in (32)(33) (27), uniformly over r € =

w 'LU
— E vee(zi Y, )" (vaz)) A 2 212501
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S, - o
— Z vec[AY (x5 Yh, ) (vaah) P AV L 235, 01
n
i=1
In the results above we use

S n
Fn Z vec(z Y, )" (vinxh)® 2 Y01,
i—1

which is basically obtained in the same way as (42). So combining these last three results
we obtain the desired result.Q.E.D

Proof of Theorem 2. The proof relies on showing (X*'y;)” and J are asymptotically
independent (i.e. Spae, and Thae, (15)(17) are asymptotically independent). Note that under

/2 where C is a k x [ constant matrix.

the weak instruments assumption IT = C/n
We can prove the asymptotic independence of J and (X;f/yl)"”. Note that by Lemma 3,

4 and (41)

vee(J, (n_l/Q(X:,yl)w) = r(1—r)vec(X,.C,0)

Iy —(1 =72t n12vec( X* Vo, )
0 I (X )Y

By Lemma 1, (40) the sample variance covariance converges to the following limit uni-

formly in r € =

n~2vec( X ¥ Va, ) r(1—7r)?See r(1—7)*Tem
var ] — : (44)
n V(X )Y r(L =) r(1=7)%mm
Using (44) in (43) gives us the limit variance covariance matrix for
: 1—7)%[Sa02 — (1 = 1) Suan o 2, 0
UGT(UGC(J, n71/2(X;< y1)“’)) _ T‘( T) [ 2 ( T) 21~ z01 zv21}
0 r(1— T)Zmﬂ( )

The asymptotic independence of J and (X*,)* is shown by the above equation. Note
that we can rewrite the LM test statistic by (15)(17)

1 \w )~ o * w
LM = o (0 X0) Q0 Py O (X ) (46)

Note that PQ171142J = Q;ﬁizj(J’QﬁlmJ)—lj’Qfllﬂ/HQ, Using Theorem 1 and the form of the test
statistics in (46) we have the desired result.Q.E.D
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