Simulation Smoothing for State-Space Models: A

Computational Efficiency Analysis

William J. McCausland *Université de Montréal, CIREQ and CIRANO
Shirley Miller TUniversité de Montréal

Denis Pelletier {North Carolina State University

Current version: December 1, 2008

Abstract

Simulation smoothing involves drawing state variables (or innovations) in discrete
time state-space models from their conditional distribution given parameters and ob-
servations. Gaussian simulation smoothing is of particular interest, not only for the
direct analysis of Gaussian linear models, but also for the indirect analysis of more gen-
eral models. Several methods for Gaussian simulation smoothing exist, most of which
are based on the Kalman filter. Since states in Gaussian linear state-space models are
Gaussian Markov random fields, it is also possible to apply the Cholesky Factor Algo-
rithm to draw states. This algorithm takes advantage of the band diagonal structure of
the Hessian matrix of the log density to make efficient draws. We show how to exploit

the special structure of state-space models to draw latent states even more efficiently.
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We analyse the computational efficiency of Kalman filter based methods and our new
method and show that for many important cases, our method is more computation-
ally efficient. Gains are particularly large for cases where the dimension of observed
variables is large or where one makes repeated draws of states for the same parame-
ter values. We apply our method to a multivariate Poisson model with time-varying
intensities, which we use to analyse financial market transaction count data.

Key words: State space models, Markov chain Monte Carlo, Importance sampling,

Count data, High frequency financial data.

1 Introduction

State space models are time series models featuring both latent and observed variables.
The latent variables have different interpretations according to the application. They may
be the unobserved states of a system in biology, economics or engineering. They may
be time-varying parameters of a model. They may be factors in dynamic factor models,
capturing covariances among a large set of observed variables in a parsimonious way.

Gaussian linear state-space models are interesting in their own right, but they are also
useful devices for the analysis of more general state-space models. In some cases, the model
becomes a Gaussian linear state-space model, or a close approximation, once we condition
on certain variables. Such variables may be a natural part of the model, as in Carter and
Kohn (1996), or they may be artificial devices, as in Kim, Shephard, and Chib (1998),
Stroud, Miiller, and Polson (2003) and Frithwirth-Schnatter and Wagner (2006).

In other cases, one can approximate the conditional distribution of states in a non-
Gaussian or non-linear model by its counterpart in a Gaussian linear model. If the approx-
imation is close enough, one can use the latter as an importance distribution for importance
sampling, as in Durbin and Koopman (1997) or as a proposal distribution for Markov chain

Monte Carlo, as in Shephard and Pitt (1997).



To fix notation, consider the following Gaussian linear state-space model, expressed

using notation from de Jong and Shephard (1995):

yr = XeB+ Zyoy + Gyug, t=1,...,n, (1)
app1 = Wi+ Thay + Hyug, t=1,...,n—1, (2)
o~ N(al, Pl), Ut ~ lld N(O,Iq), (3)

where 1; is a p X 1 vector of dependent variables, a; is a m x 1 vector of state variables,
and (3 is a k x 1 vector of coefficients. The matrices Xy, Z;, G¢, Wy, Ty and Hy are known.
Equation (1) is the measurement equation and equation (2) is the state equation. Let
y=(y!, - yp) and a=(af ,...,q))".

We will consider the familiar and important question of drawing « as a block from its
conditional distribution given y. There are several applications. In the case of models that
are Gaussian and linear, or conditionally so, drawing states is a natural component of Gibbs
sampling methods for learning about the posterior distribution of states, parameters and
other functions of interest. In the case of models that are well approximated by Gaussian
linear models, we can use draws for the Gaussian linear model as proposals in a Metropolis-
Hastings update of states in the more general model. Shephard and Pitt (1997) show how
to do this for a stochastic volatility model. We can also use draws from the Gaussian linear
model for importance sampling, where the target distribution is the conditional distribution
of states in the more general model. Durbin and Koopman (1997) show that this is useful

for approximating the likelihood function for the more general model. Section 5 below

shows an example of this.



Several authors have proposed ways of drawing states in Gaussian linear state-space
models using the Kalman filter, including Carter and Kohn (1994), Frithwirth-Schnatter
(1994), de Jong and Shephard (1995), and Durbin and Koopman (2002).

Rue (2001) introduces the Cholesky Factor Algorithm (CFA), an efficient way to draw
Gaussian Markov Random Fields (GMRFs). He also recognizes that the conditional dis-
tribution of « given y in Gaussian linear state-space models is a special case of a GMRF.
Knorr-Held and Rue (2002) comment on the relationship between the CFA and methods
based on the Kalman filter.

The Kalman filter is often used to compute the likelihood function for a Gaussian
linear state-space model. We can do the same using the CFA and our method. Both give
evaluations of f(aly) for arbitrary o with little additional computation. We can evaluate

the likelihood as
f(a) f(y|o)

1) = "Faly)

for any value of a. A convenient choice is the conditional mean of a given y, since it is
easy to obtain and simplifies the computation of f(a|y).

We make several contributions in this paper. In Section 2 we explicitly derive the
precision (inverse of variance) and covector (precision times mean) of the conditional dis-
tribution of « given y in Gaussian linear state-space models, which are required inputs to
the CFA. In Section 3, we propose a new method for drawing states in state-space models.
Like the CFA, it uses the same precision and covector and does not use the Kalman filter.
Unlike the CFA, it generates the conditional means E[ay|ayy1, ..., an,y] and conditional
variances Var[ay|oyy1, ..., Qn,y] as a byproduct. These conditional moments turn out to
be useful in an extension of the method, described in McCausland (2008), to non-Gaussian
and non-linear state-space models with univariate states. In Section 4 we carefully analyze

the computational efficiency of various methods for drawing states, showing that the CFA



and our new method are much more computationally efficient than methods based on the
Kalman filter when p is large or when repeated draws of « are required. For the important
special case of state-space models, our new method is twice as fast as CFA for large m.

We find examples of applications with large p in recent work in macroeconomics and
forecasting using “data-rich” environments, where a large number of observed time series
is linked to a much smaller number of latent factors. See for example Boivin and Giannoni
(2006), who estimates DSGE models or Stock and Watson (1999, 2002) and Forni, Hallin,
Lippi, and Reichlin (2000), who show that factors extracted from large data sets forecast
better than small-scale VAR models. Examples with large numbers of repeated draws of «
include the evaluation of the likelihood function in non-linear or non-Gaussian state-space
models using importance sampling, as in Durbin and Koopman (1997).

Finally, we illustrate these methods using an empirical application. In Section 5, we use
them to draw from the importance sampling distribution of Durbin and Koopman (1997) for
approximating the likelihood function in non-linear and non-Gaussian state-space models.
In our application, the measurement distribution is multivariate Poisson. Latent states
govern time-varying intensities. Data are transaction counts in financial markets.

We conclude in Section 6.

2 The Precision and Covector of the Distribution «ly

Here we derive expressions for the precision 2 and covector ¢ of the conditional distribution
of a given y, for the Gaussian linear state-space model described in equations (1), (2) and
(3). The matrix Q and vector ¢ are required inputs for the CFA method and our new

method.



Let v; be the stacked period-t innovation:

Gug
vy =

Hyuy
We will assume that the variance of v; has full rank. This is frequently, but not always, the
case and we note that de Jong and Shephard (1995) and Durbin and Koopman (2002) do
not require this assumption. The full rank conditional is not as restrictive as it may appear,
however, for two reasons. First, we can impose linear equality restrictions on the ay: we
just simulate the o for the unrestricted model and use the technique of “conditioning by
Kriging” to obtain draws for the restricted model. See Rue (2001) for a description in a
similar context. Second, as Rue (2001) points out, state-space models where the innovation
has less than full rank are usually more naturally expressed in another form, one that allows
application of his CFA method. Take for example a model where a univariate latent variable
oy is an autoregressive process of order p and the measurement equation is given by (1).
Such a model can be coerced into state-space form, with a p-dimensional state vector and
an innovation variance of less than full rank. However, the conditional distribution of «
given y is a GMRF and one can apply the CFA directly.

We define the matrix A; as the precision of v; and then partition it as:

-1

o GGl GH/ Ang Aizg
t = = ’
HtG;r HthT A21,t A22,t

where A1y, is the leading p x p submatrix. We also let Ao = P 1, the precision of ay
and Aj1p, = (G,,G))71, the precision of the time n innovation Gy u,,.

Clearly a and y are jointly Gaussian and therefore the conditional distribution of «



given y is also Gaussian. We can write the log conditional density of o given y as

1
log f(aly) = ~5 ol Qo — QCT(X] + k, (4)

where k is an unimportant term not depending on «. Using the definition of the model in

equations (1), (2) and (3) we can also write

1
log f(aly) = log f(a,y) —log f(y) = —59(ay) + K, (5)
where
gla,y) = (a1 —a1) Prl(aq —ay)
.
U oy — XoB — Zioy yr — XiB — Zyoy
+ A
t=1 |1 — Wi — Tioy a1 — Wi — Thay

+ (yn - Xnﬂ - Znan)T(GnG;lz—)_l(yn - Xnﬁ - Znan)7

and k' is a term not depending on «.

Matching linear and quadratic terms in the oy between equations (4) and (5), we obtain

(0 Qs 0 0 | -
Cc1

Qo1 Qo2 Qo
c2

Q=0 Qp . 0 c= ; (6)
Qnfl,nfl anl,n

Cn

L 0 0 Qn,n—l Qrm o




where
_ T T T T _
Qu =2, AnpgZy + Z; Ao Ty + T, Ao Zy + T, AgoyTi + Asoyq, t=1,...,n—1,

an = Zy—LrAll,nZn + A22,n717
W1 = —Ao 1 Zy — ATy, t=1,...,n—1,

Qi1 =2 Aoy — T,  Asoy, t=1,...,n—1,

e = (Z] A+ TV An )y — X18) — (Z) Arog + T A1) (W)
+ Az20(Wop + Toaw),
_ (T T T T

c = (Zy A+ Ty Ang)(ye — XiB) — (Zy Arge + Ty Agar)(Wif3)

—Ao1i—1(yi—1 — Xp—18) + Aso i (Wi 8), t=2,...,n—1,

cn = Zn A1 (Yn — XnB) — A21n—1(Un—1 — Xn-18) + Aszn—1(Wpn_10).

3 Two Precision-Based Methods for Simulation Smoothing

Here we discuss two methods for state smoothing using the precision 2 and covector c
of the conditional distribution of « given y. The first method is due to Rue (2001), who
considers the more general problem of drawing Gaussian Markov random fields. The second
method, introduced here, offers new insights and more efficient draws for the special case

of Gaussian linear state-space models.



Rue (2001) introduces a simple procedure for drawing a Gaussian random vector a with
a band-diagonal precision matrix €. We let N be the length of o and b be the number
of non-zero subdiagonals. By symmetry, the bandwidth of € is 2b + 1. The first step is
to compute the Cholesky decomposition Q = LLT using an algorithm that exploits the
band diagonal structure. The next step is to solve the equation ¢ = LTo* for o*, where
e ~ N(0,Iy), using band back-substitution. Then a* + p, where p is the mean of a, is a
draw from the distribution of a. If the covector ¢ of « is readily available but not p, one
can solve for y in the equation LLT ji = ¢ using band back-substitution twice. Rue (2001)
recognizes that the vector of states « in Gaussian linear state-space models is an example
of a Gaussian Markov random fields. The previous section explicitly derives {2 and c. We
note that for the state-space model defined in the introduction, N = nm and b = 2m — 1.

We now introduce another method for drawing a based on the precision and covector
of its conditional distribution of « given y. We draw the oy backwards, each oy from the
distribution ay|ay41, ..., an,y. The following result, proved in Appendix A, allows us to

draw a and evaluate E[aly] in time n.

Result 3.1 Ifaly ~ N(Q71c,Q7Y), where Q has the block band structure of equation (6),

then

arl ity oy y ~ N(my — Qe r1ai41, %) and  Elaly] = (], oop )"

9

where

1= (Q) my = Xicy,
X = (Qtt - Qt,t—lzt—lgt—l,t)_l, my = Zt(Ct - Qt,t—lmt—l)a

Hn = Mp, Mt = Mg — EtQt,t—&-lHt—i-l‘



The result is related to a Levinson-like algorithm introduced by Vandebril, Mastronardi,
and Van Barel (2007). Their algorithm solves the equation Bz = y, where B is an n X n
symmetric band diagonal matrix and y is a n x 1 vector. Result 3.1 extends the results in
Vandebril, Mastronardi, and Van Barel (2007) in two ways. First, we modify the algorithm
to work with m x m submatrices of a block band diagonal matrix rather than individual
elements of a band diagonal matrix. Second, we use intermediate quantities computed
while solving the equation Qu = ¢ for p = E[aly] in order to compute Eag|ait, ..., an, Y]
and Var|og|ait1, ..., oan, Y.

We can now use the following algorithm to draw « from a|y (MMP method hereafter).
1. Compute X1 = (Q11)7%, m1 = X1cy.

2. Fort =2,...,n, compute 3; = (Qtt—Qtyt,lEt,lflt,Lt)_l, my = 2e(cr—Qpp—1my—1).
3. Draw a;, ~ N(my, 3,).

4. Fort=n—1,...,1, draw a; ~ N(my — Z¢Q 10441, X¢).

4 Efficiency Analysis

We compare the computational efficiency of various methods for drawing «|y. We consider
separately the fixed computational cost that is incurred only once, no matter how many
draws are needed, and the marginal computational cost required for an additional draw.
We do this because there are some applications, such as Bayesian analysis of state-space
models using Gibbs sampling, in which only one draw is needed and other applications,
such as importance sampling in non-Gaussian models, where many draws are needed.

We compute the cost of various matrix operations in terms of the number of floating

point multiplications required per observation. All the methods listed in the introduction
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have fixed costs that are third order polynomials in p and m. The methods of Rue (2001),
Durbin and Koopman (2002) and the present paper all have marginal costs that are second
order polynomials in p and m. We will ignore fixed cost terms of lower order than three
and marginal cost terms of lower order than two. The marginal costs are only important
when multiple draws are required.

We take the computational cost of multiplying an N7 x Ny matrix by an No x N3
matrix as N1 N9 N3 scalar floating-point multiplications. If the result is symmetric or if one
of the matrices is triangular, we divide by two. It is possible to multiply matrices more
efficiently, but the dimensions required before realizing savings are higher than those usually
encountered in state-space models. We take the cost of the Cholesky decomposition of a full
N x N matrix as N3 /6 scalar multiplications, which is the cost using the algorithm in Press,
Teukolsky, Vetterling, and Flannery (1992, p. 97). When the matrix has bandwidth 2b+1,
the cost is Nb2/2. Solving a triangular system of N equations using back-substitution
requires N?/2 scalar multiplications. When the triangular system has bandwidth b + 1,

only Nb multiplications are required.

4.1 Fixed Costs

We first consider the cost of computing the precision 2 and covector ¢, which is required
for the methods of Rue (2001) and the current paper.

The cost depends on how we specify the variance of v, the stacked innovation. The
matrices Gy and Hy are more convenient for methods using the Kalman filter, while the
precisions A; are most useful for the precision-based methods. We recognize that it is often
easier to specify the innovation distribution in terms of G¢ and H; rather than A;. In most
cases, however, the A; are diagonal, constant, or take on one of a small number of values,

and so the additional computation required to obtain the A; is negligible.
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There is an important case where it is more natural to provide the A;. Linear Gaus-
sian state-space models may be used to facilitate estimation in non-linear or non-Gaussian
state-space models by providing proposal distributions for MCMC methods or importance
distributions for importance sampling applications. In these cases, precisions in the ap-
proximating Gaussian model are negative Hessian matrices of the log observation density
of the non-Gaussian or non-linear model. See Durbin and Koopman (1997) and Section 5
of the present paper.

In general, calculation of the €y and €2 ;11 is computationally demanding. However,
in many cases of interest, A;, Z; and T; are constant, or take on one of a small number of
values. In these cases, the computational burden is a constant, not depending on n. We do
need to compute each c¢;, but provided that the matrix expressions in parantheses in the
equations following (6) can be pre-computed, this involves matrix-vector multiplications,
whose costs are only second order polynomials in p and m.

We now consider the cost of the Kalman filter, which is used in most methods for

simulation smoothing. The computations are as follows:

et =y — [ Xif] — Zvay, Dy = Z,PZ,) + (GG,

K, = (T,PZ + [HG[)D;', Ly=T — KZ,
arr1 = [WiB) + Trar + Kier, Pip1 = [TtPt]LtT + [HthT] + [HthT]Kt

Here and elsewhere, we use braces to denote quantities that do not need to be computed
for each observation. These include quantities such as [T;FP;] above that are computed in
previous steps, and quantities such as [HthT | that are usually either constant or taking
values in a small pre-computable set.

Table 1 lists the matrix-matrix multiplications, Cholesky decompositions, and solutions

12



of triangular systems required for three high level operations: an iteration of the Kalman
filter, the computation of Q@ = LLT using standard methods for band diagonal €, and
the computation of the ¥; and m; of Result 3.1. All simulation smoothing methods we
are aware of use one of these high-level operations. We represent the solution of trian-
gular systems using notation for the inverse of a triangular matrix, but no actual matrix
inversions are performed, as this is inefficient. The table also gives the number of scalar
multiplications for each operation as a function of p and m. Terms of less than third order
are omitted, so we ignore matrix-vector multiplications, whose costs are mere second order
monomials in m and p.

There are special cases where the Kalman filter computations are less costly. In some
of these, the elements of T; and Z; are zero or one, and certain matrix multiplications do
not require any scalar multiplications. In others, certain matrices are diagonal, reducing
the number of multiplications by an order.

The relative efficiency of precision-based methods compared with Kalman filter based
methods depends on various features of the application. We see that the precision-based
methods have no third order monomials involving p. For the MMP method, the coefficient
of the m? term is 7/6, compared with 2 for the CFA and 2 for the Kalman filter if T, P;
is a general matrix multiplication. If T} is diagonal or composed of zeros and ones, the

coefficient of m?3 drops to 1 for the Kalman filter.

4.2 Marginal Costs

Compared with the fixed cost of pre-processing, the marginal computational cost of an
additional draw from «|y is negligible for all three methods we consider. In particular, no
matrix-matrix multiplications, matrix inversions, or Cholesky decompositions are required.

However, when large numbers of these additional draws are required, this marginal cost
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Table 1: Scalar multiplications needed for pre-computation.

Method Operation Scalar multiplications

Kalman 1A m?p
Zi[P 7, mp? /2

TPz ] m?p

Dy = T;Y] (Cholesky) p3/6

[LPZ) + HGH(C]) 'yt mp?

KtZt m2p

T, P, m?

o m?

[HtG;r]Kt m2p

CFA Q=LLT 2m3
MMP (Qtt — Qt,t—lzt—lgt—l,t) = AtA;r (Cholesky) m3/6
A;IQt,t+1 TTL3/2

D145 141 = [At_IQt,tH]T[A;th,tH] m3 /2

becomes important. It is here that the precision-based methods are clearly more efficient
than those based on the Kalman filter. We use the methods of Durbin and Koopman
(2002) and de Jong and Shephard (1995) as benchmarks.

Using the modified simulation smoothing algorithm in Section 2.3 of Durbin and Koop-
man (2002) (DK hereafter), an additional draw from «|y requires the following computa-
tions. We define ¢, = Gyuy and 1 = Hyuy, and assume GtTHt = 0 and X0 = 0, recognizing
that these assumptions can be easily relaxed. The first step is forward simulation using

equations (6) and (7) in that article.

x1 ~ N(0,Pp), U;’ = Zixp + 62— 211 = Ty — Ktvj + "7t+:

where ¢ ~ N(0,Z;) and 5 ~ N(0,Q¢). The next step is the backwards recursion of

equation (5):

rn=0, T1_1= [ZtD;I]vt+ + Lg—rt,

14



and the computation of residuals in equation (4):

77t+ = QtTt-

A draw 7 from the conditional distribution of 7 given y is given by

where 7 is a pre-computed vector. To construct a draw & from the conditional distribution

of a given y, we use

oy = a1 — Pirg+x1, g1 = Tioy + 1,

where &; is pre-computed.
de Jong and Shephard (1995) (DeJS hereafter) draw «|y using the following steps, given
in equation (4) of their paper. First ¢ is drawn from N (0, 02C;), where the Cholesky factor

of 02Cy can be pre-computed. Then r; is computed using the backwards recursion
ri_1 = [ZtTDt_let] + LtTTt — [VtTC't_l]et.
Next, ay41 is computed as
a1 = [WiB] + Thoy + Qury + €.
In our approach, we draw, for each observation, a vector vy ~ N(0, I,;;) and compute

-1
ap = my — [SeQpp1]oppr + A v

15



Computing A, vt using A; (which is triangular, see Table 1) requires m(m — 1)/2 multipli-
cations and m floating point divisions. If we are making multiple draws, we can compute
the reciprocals of the diagonal elements of A; once and convert the divisions into multipli-
cations, which are typically much less costly.

The band back-substitution used by Rue (2001) is quite similar to this. However, it is
a little less efficient if one is using standard band back-substitution algorithms. These do
not take advantage of the special structure of state-space models, for which €2 has elements

equal to zero in its first 2m — 1 subdiagonals.

5 An Empirical Application to Count Models

Durbin and Koopman (1997) show how to compute an arbitrarily accurate evaluation of
the likelihood function for a semi-Gaussian state-space model in which the state evolves
according to equation (2), but the conditional distribution of observations given states is
given by a general distribution with density (or mass) function p(y|a). To simplify, we
suppress notation for the dependence on 6, the vector of parameters.

The approach is as follows. The first step is to construct a fully Gaussian state-space
model with the same state dynamics as the semi-Gaussian model but with a Gaussian

measurement equation of the following form:

Yr = Wt + Zioy + €, (7)

where the ¢; are independent N(0,Z;) and independent of the state equation innovations.
The Z; are matrices such that the distribution of y given o depends only on the Z;ay. They
choose p; and Z; such that the implied conditional density g(y|«) approximates p(y|«) as

a function of a near the mode of p(«|y). The next step is to draw a sample of size N from

16



the conditional distribution of « given y for the fully Gaussian state-space model. The
final step is to use this sample as an importance sample to approximate the likelihood for
the semi-Gaussian model.

The Gaussian measurement density g(y|«a) is chosen such that log g(y|«) is a quadratic
approximation of log p(y|«), as a function of «, at the mode & of the density p(«|y). Durbin
and Koopman (1997) find this density by iterating the following steps until convergence to

obtain y; and =y

1. Using the current values of the p; and Z;, compute & = E4|a|y], where E; denotes
expectation with respect to the Gaussian density g(aly). Durbin and Koopman
(1997) use routine Kalman filtering and smoothing with the fully Gaussian state-

space model to find &.

2. Using the current &, compute the u; and Z; such that log p(y|a) and log g(y|a) have
the same gradient and Hessian (with respect to ) at &. Durbin and Koopman (1997)

show that p; and Z; solve the following two equations:

Ologp(yeldw) 1

8(Zt0dt) =t (yt — Zyly — )ut) = 0, (8)
Ologp(yeléy) 1
8(Zt06t)8(ZtOét)/ + —t = 0 (9)

It is interesting to note that this delivers the specification of the measurement equation
error of the fully Gaussian model directly in terms of the precision =, ! rather than the
variance =; directly.

The likelihood function L(#) we wish to evaluate is

L(0) = ply) = / p(y, a)da = / p(yla)p(a)da (10)

17



Durbin and Koopman (1997) employ importance sampling to efficiently and accurately

approximate the above integrals. The likelihood for the approximating Gaussian model is

_ 9y, ) g(yla)p(a)
Ly(6) = 9(v) = glaly) — glaly) 1

Substituting for p(a) from (11) into (10) gives

p(y|o)
L6)=1L 9/ glaly)da = L,(0)E,|lw(a)], 12
(0) = Ly(0) g(y,a)(\) g(0)Eglw(a)] (12)
where
o) = 2010)
9(yla)
One can generate a random sample (M), ..., a®™) from the density g(a]y) using any of the

methods for drawing states in fully Gaussian models. An unbiased Monte Carlo estimate

of L(0) is
L1(6) = Ly(0)w, (13)

where @ = N~ 2N w(a®).

It is usually more convenient to work with the log-likelihood, and we can write
log L1(0) = log Ly(6) + log w. (14)

However, E[log @] # log E,[w(a®], so (14) is a biased estimator of log L ().

Durbin and Koopman (1997) propose an approximately unbiased estimator of log L(0)

18



given by

2

A _ s
log Lo(#) = log Ly(8) + log w + 2Nu@}T12’ (15)
where 52, is an estimator of the variance of the w(a®) given by

5.1 Modifications to the Algorithm for Approximating L(0)

We propose here three modifications of the Durbin and Koopman (1997) method for ap-
proximating L(6). The modified method does not involve Kalman filtering.

First, we use the MMP algorithm to draw « from its conditional distribution given .

Second, we compute L, (6) as the extreme right hand side of equation (11). The equation
holds for any value of a; convenient choices which simplify computations include the prior
mean and the posterior mean.

Finally, in the rest of this section we present a method for computing the p; and =; of
the fully Gaussian state-space model. It is based on a multivariate normal approximation
of p(aly) at its mode & and the application of Result 3.1. It is computationally more
efficient than Kalman filtering and smoothing.

We first compute & by iterating the following steps until convergence.

1. Using the current value of &, find the precision H and co-vector ¢ of a Gaussian
approximation to p(aly) based on a second-order Taylor expansion of logp(a) +

log p(y|a) around the point @.

2. Using the current values of H and ¢, compute i = H ~1Z, the mean of the Gaussian

approximation, using Result 3.1.
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We then use equations (8) and (9) to compute the u; and Z;.

We compute the precision Has H+H , and the co-vector ¢ as ¢ + ¢, where H and ¢
are the precision and co-vector of the marginal distribution of « (detailed formulations are
provided for our example in the next section), and H and ¢ are the precision and co-vector
for a Gaussian density approximating p(y|a) as a function of o up to a multiplicative
constant. Since H is block-diagonal and H is block-band-diagonal, H is also block-band-
diagonal.

We compute H and ¢ as follows. Let a(oy) = —2log[p(y|ar)]. We approximate a(oy)
by a(ay), consisting of the first three terms of the Taylor expansion of a(ay) around dy:

- o Oa(éy) . 1 ,0? (
aloy) ~ alay) = a(éy) + B (ap — &y) + 2(0zt — & ) Bonda

(O[t — éét)

t)
/
t
If we complete the square, we obtain

(~I(Oét) = (Oét — h;lct)'ht(at — h;lct) + k,

where

19%a(ay)
hy =
2 Doy oy’
1 0a(&
Gt = htat_2a(a:)7

and k is an unimportant term not depending on ay. Note that h; and ¢; are the precision and
co-vector of a multivariate normal distribution with density proportional to exp[—3a(cu)].
Since log p(y|«) is additively separable in the elements of «, it means that it is reason-

ably well approximated, as a function of «, by [[;, exp[—%d(at)], which is proportional
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to a multivariate normal distribution with precision H and co-vector ¢, given by

hy 0 --- 0
C1
- 0 hy --- O
H = and ¢=
Cn
O 0 --- hy,

5.2 A Multivariate Poisson Model with Time-Varying Intensities

As an example of a semi-Gaussian state-space model, let us consider a case where y; =
(Y1, - -+, Yp) is a process describing multivariate count data. We assume that the y, are
conditionally independent Poisson given the time-varying stochastic count intensity vector

At = (M1, .., Agp). Thus the conditional distribution of y; given \; is given by

p Yti
exp(—Ag ) A}
p(ytl)'"7ytp’)\t17'”7)\tp) = H¥7 (16)
i=1 Yti-
The latent count intensities A1, ..., Ay are assumed to follow
m
)\ti = exp Zzijatj y 1= 1,...,n, (17)
j=1
Qi1 = (1 — gbj)(jéj + ¢jatj + N5, j=1...,m, (18)

where the 7;; are independent N(0,Q;). Denote by @ the diagonal matrix with the Q;’s
on the diagonal: @ = diag(Q, ..., Q). We assume that given the process {n;}, the y; are
conditionally independent, with conditional probability mass function given by (16). The
parameters of the model are 0 = (&, ¢j, Q;,7; Zij)ic{1,...p} je{1,....m}-

We now turn to the problem of estimating the likelihood L(6) of this particular semi-

Gaussian model using the approach of Durbin and Koopman (1997). We first need to
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determine the matrix Z; in the measurement equation (7) of the fully Gaussian model. For
cases like this one where the measurement distribution is in the exponential family, they
provide a choice for Z;, which in our case is Z; = (2ij)i=1,... p;j=1,...,m. See Section 4.1 and
especially equation (24) in Durbin and Koopman (1997) for details. Also, for this example,

the precision H and co-vector ¢, are given by

FIH ng 0 s 0 0 - -
_ _ _ C1
Hy Hiy Haz - 0 0 ~
_ _ C2
_ 0 H H 0 0
- 32 133 ee
_ _ En—l
0 0 0 n—1,n—1 Hn—l,n _
_ _ Cn
0o 0 0 Hyn-1  Hpn ) ]
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where

Hiy = Hy=Q,
(1+¢9)/Q1 - 0
‘HJJ = ; - : , J=2 ,n—1,
0 o (14 67,)/Qm
—¢1/Q1 -+ 0
Hjjv1 = Hjpy;= : : ., j=1,...,n—1,
0 o —0m/Qm

ar(l—¢1)/@Q1

Cl = Cp= : )

O_ém(l - ¢m)/Qm
a1(1—¢1)%/Qr

O_ém(l - ¢m)2/Qm

We compare the computational efficiency of all three methods for estimating the like-
lihood for this semi-Gaussian state-space model. We do so by counting computational
operations and profiling code.

Since a large number of draws from g(«a|y) is required for a good approximation of L(6),
we focus on the marginal computational cost of an additional draw. We will see that for
a typical number of draws, the computational overhead associated with the first draw is
small.

In the DeJS approach, one additional draw oy requires the following computations per
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observation [see equation (5) of their paper]:

ny = [Di'e] — K/, € = [0751/2]]\7(07[10), & =T'ing + €,

Zoy = [y — ] — &, ri_1 = [Z'D; el + Liry — [V/C; Ve

In the DK approach, one additional draw requires the following computations per ob-
servation. (Here we do not simulate « but rather the Zay, which we obtain more easily by
simulating the disturbances €; according to Section 2.3 of Durbin and Koopman (2002).)

There is a forward pass to simulate v;':
+_ + 4t + ot ot +
v =+ Zr e, wiy =T+ — Kyl

where € ~ N(0,Z;) and n;” ~ N(0,Q). This is followed by a backward pass [see equations
(4) and (5) and Algorithm 1 of their paper]:

& =EuD; o — Kjre), 11 = [2'Dy o + Lim,

~ ,\+ + _ ~
€ =€ —€ +€, ZOét—[yt—Mt]—ﬁm

where €; is pre-computed.
In the MMP approach, one additional draw requires the following computations per

observation!:
oy = My — [EtQt,t+1]Odt+1 + [Z%/2]N(O, Im)

The computational costs per observation for an additional draw of «; are summarized in

L Adding p x m multiplications for each of the Zay, which are required to evaluate p(yla).
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Table 2: Computational costs per observation per additional draw of oy

Algorithm  +/— X No.1
DeJS 3p+2m (3p? +p)/2 + 2mp + m? P
DK 6p+3m  (5p>+p)/2+4mp+2m+m? p+m
MMP 2m (3m? +m)/2 + pm m

Table 2.

We profile code for all three methods to see how they perform in practice. We use
data on the number of transactions over consecutive two minute intervals for four different
stocks in the same industry. For one business day (November 6, 2003), we look at all the
transactions for four different gold-mining companies: Agnico-Eagle Mines Limited, Barrick
Gold Corporation, Gold Fields Limited and Goldcorp Inc. We use all the transactions
recorded during normal trading hours on the New York Stock Exchange Trade and Quote
database. This gives 195 observations for each series. The data are plotted in Figure 1.

We take the number of factors to be equal to the number of observed series. That is,
m = p = 4. To ensure identification, we impose z;; = 1 and z;; = 0 for j > .

For all three methods, we compute & using the fast method presented in Section 5.1.
This puts all methods for drawing states on an equal footing. We point out, though, that
this gives a small advantage to the estimation of L(€) using either the DeJS or DK methods,
relative to the case where the Kalman filter and simulation smoother are used to compute
Q.

For various values of the size N of the importance sample, Table 3 gives the ratio of
the time cost in 100ths of seconds of (i) generating N draws of a(¥) and (ii) the total cost
of evaluating the log-likelihood once, which consists of the former plus some overhead,
including the computation of u:, Z¢, & and the w(a(i)). For the latter, we report costs for

two different approximations of &: one using a single iteration of steps 1 and 2 in Section
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5.1, the other using five iterations. All times are averaged over 100 replications?.

First, we see that the cost of evaluating the log-likelihood over and above the cost of
drawing the states is around 0.1 second (one iteration for &) or 0.3 second (five iterations)
and that it is the major cost for small number of draws. Second, except for the case
N = 1, DeJS is computationally more efficient than DK, by a factor of about 2 with
N > 50. Third, MMP is much more computationally efficient than DeJS and DK for any
number of draws, with the efficiency increasing with N. As a point of reference, Durbin
and Koopman (1997) consider N = 200 (combined with antithetic and control variables)

as an acceptable value in an empirical example they consider.

Figure 1: Transactions data

Barrick Gold Agnico-Eagle
40 30
30
20
20
10
10
0 0
0 50 100 150 200 0 50 100 150 200
Gold Fields Goldcorp
50 40
40 30
30
20
20
10 10
0 0

0 50 100 150 200

o

50 100 150 200

2The simulations were performed on an AMD Athlon(tm) 64 X2 5600+ cpu with Matlab R2006a. Note
that the reported time costs are in the case where matrix multiplications involving triangular matrices
are performed with Matlab’s built-in matrix product, which does not take advantage of the triangular
structure. We tried dynamically loading a function written in C for triangular matrix multiplication, but
the additional overhead exceeded the savings.
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Table 3: Time cost of drawing o and the total cost of evaluating the likelihood, as a
function of the number of draws IN. For the total time cost, numbers are reported when
performing one and five iterations to obtain &. Figures are in 100ths of seconds.

Method N =1 N =10 N =50 N =150
DelJS «a draw 9.7 22.0 78.3 215.1
total (19.2-38.7) (31.9-51.7) (89.6-108.9) (229.2-253.6)
DK «a draw 7.1 34.6 156.6 462.9
total (16.7-36.6) (45.1-64.9) (168.1-185.7) (477.8-491.0)
MMP o draw 4.6 10.0 34.9 103.5

total  (14.6-33.9) (20.3-40.4)  (46.5-65.5)  (118.2-136.3)

6 Conclusion

In this paper we introduce a new method for drawing state variables in Gaussian state-
space models from their conditional distribution given parameters and observations. The
method is quite different from standard methods, such as those of de Jong and Shephard
(1995) and Durbin and Koopman (2002), that use Kalman filtering. It is much more in
the spirit of Rue (2001), who describes an efficient method for drawing Gaussian random
vectors with band diagonal precision matrices. As Rue (2001) recognizes, the distribution
aly in linear Gaussian state-space models is an example.

Our first contribution is computing 2 and ¢ for a widely used and fairly flexible state-
space model. These are required inputs for both the CFA of Rue (2001) and the method
we described here.

Our second contribution is a new precision-based state smoothing algorithm. It is
more computationally efficient for the special case of state-space models, and delivers the
conditional means E|og|agy1, ..., an,y] and conditional variances Var[oy|oyi1,. .., an, Y]
as a byproduct. These conditional moments turn out to be very useful in an extension of
the method, described in McCausland (2008), to non-linear and non-Gaussian state-space

models with univariate states.
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The algorithm is an extention of a Levinson-like algorithm introduced by Vandebril,
Mastronardi, and Van Barel (2007), for solving the equation Bz = y, where B is an
n X n symmetric band diagonal matrix and y is a n x 1 vector. The algorithm extends
theirs in two ways. First, we modify the algorithm to work with m x m submatrices of
a block band diagonal matrix rather than individual elements of a band diagonal matrix.
Second, we use intermediate quantities computed while solving the equation Qu = ¢ for the
mean p given the precision 2 and co-vector ¢ in order to compute the conditional means
Elat|agyt, ..., an,y] and conditional variances Var|oy|ait1, ..., an, Y.

Our third contribution is a computational analysis of several state smoothing methods.
One can often precompute the €2;; and €2 411, in which case the precision-based methods are
more efficient than those based on the Kalman filter. The advantage is particularly strong
when p is large or when several draws of « are required for each value of the parameters.
Kalman filtering, which involves solving systems of p equations in p unknowns, requires
O(p?) scalar multiplications. If the A; can be pre-computed, or take on only a constant
number of values, the precision-based methods require no operations of higher order than
p?, in p. If the Z;, and T} can also be pre-computed, or take on only a constant number
of values, the order drops to p. For large m, our method involves half as many scalar
multiplications as CFA.

We consider an applications of our methods to the evaluation of the log-likelihood

function for a multivariate Poisson model with latent count intensities.

A Proof of Result 3.1
Suppose aly ~ N(Q 7 te,271) and define
51 = (1), my = Xic,
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X = (Qtt - Qt,t—lzt—lgt—li)il, my = 2t(Ct - Qt,t—lmt—1)~

Now let iy, = my and fort =n—1,...,1,let gy = my—3;Q p 10441 Let p = (,ulT, AR
We first show that Qu = ¢, which means that p = E[aly]:
Quipn + Qiape = Qi(ma — 21Quap2) + Qiape
= O1((1) e — (1) Qapn) + Quopz = c1.
Fort=2,...,n—1,
Qpe1pit—1 + Qugpre + Qe gp1pie41
= Queo1(mi—1 — e 1Q—1 1) + Queepie + Qe g1 1
= Qpami—1 + (e — Q1 X1 Qe—14) e + Q1 fle1
= Quamy1 + 5+ Q1 e
= Qa1 + 5 (e — Qi1 pier1) + Qg1
= Quioimp—1+ (¢t — Qep_1my—1) = ¢t
Qn,n—l,ufn—l + an,un = Qn,n—l(mn—l - En—lQn—l,nﬂn) + anﬂn
- Qn,n—lmn—l + Z:7;1,11%
= Qn,n—lmn—l + Eyjlmn
= Qn,nflmnfl + (Cn - Qn,nfl)mnfl = Cp.-
We will now prove that Ela|ogi, ..., an, y] = me—2 410441 and that Var{oy|airr, ..., on,y] =
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>t. We begin with the standard result
al:t’at+1:na y~N (Nl:t - Qiil;tﬂlzt,ﬂrl:n(aﬂrl:n - Mt+1:n)a Qi%,l:t) s
where u, o and €2 are partitioned as

M1t Q¢ Ql:t,l:t Q1:t,7§+1:n
M = ) o = ) Q = )

Hit+1:n Qty1:n Qt—i—l:n,l:t Qt+1:n,t+1:n

with 1.4, a1+ and €11y having dimensions ¢tm X 1, tm x 1, and tm X tm respectively. Note
that the only non-zero elements of €)19) come from ;1. We can therefore write the

univariate conditional distribution oy|ayy1., as
at‘at—i-l:n ~ N(Mt - (Q;tl,l:t)ttQt,t-f—l(at-‘rl - /’Lt+1)7 (Ql_:tl,l:t)tt)'
The following inductive proof establishes the result Var[ag|oy i1, ..., an,y] = Xy
Q) =%
Q) = (-0 Q) Q -1
Qe = (Qu— Qa1 1421 Qa-1,)
= (Qu— Qt,t—lzt—th—l,t)_l = 2.

As for the conditional mean,

pr — S 1 (e — 1) t=1,...,n—1
E[at|at+la sy anvy] =

Un t=n.
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By the definition of p;, my = py + X4 t41/1441, SO we obtain

my — Yo t=1,...,n—1
E[Oét|0£t+1, s 7aﬂ7y] =

I
s

My, t
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