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Abstract—Because of their economical operation and low en-
vironmental pollution, PHEVs (Plug-in Hybrid Electric Vehicles)
are rapidly substituting gasoline vehicles. However, there still
exist obstacles to proliferating their use, such as their relatively
short driving range and long battery charging time. At the same
time, it is recognized that the current increasing trend of PHEV
use will have a serious impact on the stability of power grids (i.e.,
electricity providers). Along with improving the performance of
PHEVs, the installation of charging stations, which addresses
such problems, is essentially required in smart grid communities.

This paper proposes an operational framework for multiple
PHEV charging stations. To maintain the power grid stabil-
ity, regulating electric supply for charging stations through
support planning is an attractive approach. In this direction,
we determine a condition under which customers can receive
improved QoS (Quality of Service), and provide an algorithm
which allocates PHEVs into the condition.

Our analysis is based on a multi-queue system, used as a model
of charging stations whose dynamics we investigate. Specifically,
our interest is the performance change when demand responses
(i.e., the behavior of customers) are controlled. We proceed with
our investigation in two steps: In the first step, we consider
the PHEV allocation problem. We formulate an optimization
problem which can minimize the waiting time of customers
and obtain its solution. Then, we additionally regard the size
constraint of charging stations and propose an optimal PHEV
allocation algorithm. In the second step, we modify this algorithm
to work in realistic scenarios. If PHEVs do not receive any
incentives (or penalties), there is no restriction to control their
allocation. At the station side, we suggest price control methods
and show that the optimal allocation can be attained by them.
For each step, we provide test results to validate our analysis.

I. INTRODUCTION

Increasing gasoline prices and environmental pollution
make Plug-in Hybrid Electric Vehicles (PHEVs) more effective
transportation option. Indeed, their use is rapidly penetrating in
the market. The number of consumers who purchase a PHEV
has been growing by 80% each year since 2000 [1] and 10% of
new vehicle sales are expected to be PHEVs by year 2015 [2].

However, there still exist obstacles to the proliferation of
PHEV use. The increasing number of PHEVs is expected
to add an additional 18% load to existing power grids and
this may impact the grid reliability due to less predictable
overloads [3], [4]. In addition, the vehicles’ relatively short
driving range and their long battery charging time, compared
to gasoline vehicles, need to be improved. At this stage, PHEV
charging stations are an essential factor for the success of
PHEVs, along with their performance improvement [6], [7],
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Fig. 1. An overview of PHEV charging station: Incoming vehicles (a(t))
are serviced by electricity support (s(t)) directly from power grids or a large
capacity battery. Also, there is a space limitation for vehicles waiting at
stations [5].

[8]. They are required to satisfy both the stability of power
grids and to offer a reasonable QoS (Quality of Service) to
customers.

This paper proposes an efficient operational framework for
multiple charging stations, in the sense of the throughput of
stations and the QoS offered to customers. We consider two
reasons that affect these performance metrics: First, power
grids establish their generation scheduling based on demand
expectation [9], [10], [11]. For charging stations, this troubles
to a time-varying electricity regulation during demand peak
time. Hence, the charging capability of stations can be limited
and the QoS and throughput are also affected by it.

Second, the behavior of customers has a high impact on the
performance. In general, charging stations provide different
service levels due to their facility size (e.g., the number of
charging plugs or waiting spaces). Also, the charging speed of
plugs may vary due to generation scheduling. As a result, the
customer behavior affects not only their QoS (e.g., expected
time to charge), but also the throughput of the stations.

Under these constraints, our objective is to introduce a
simple notification system for customers to induce QoS max-
imization behavior. This notification system could be imple-
mented through TPEG (Transport Protocol Experts Groups),
which allows the real time information delivery to PHEVs [12]
(e.g., real traffic information service in GPS) or smart-phone
applications either based on 3G network or Internet [13].

In our analysis, we model n PHEV charging stations as a
multi-queue system, where each station corresponds to a single
queue. From Fig. 1, the vehicle backlog dynamics at station i
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(Qi(t)) are simply described by the following equation:

Qi(t+ 1) = max[Qi(t)− si(t), 0] + ai(t), i = 1, . . . , n (1)

where si(t) is the amount of electricity supplied by the grid to
the station and ai(t) is the number of PHEV arrivals to station
i at time t.

Eq. (1) includes a basic supply and demand relationship. In
smart-grids, this supply and demand control is traditionally
used either to maximize profit or to guarantee the system
reliability. For example, support planning methods under antic-
ipated (or reported) demands are found in [14], [15] and [16],
[17], [18] study a demand adjustment based on optimization,
reinforcement learning or dynamic programming.

In our framework, we assume that the support s i(t), which
guarantees the stability of power grids, is given for stations
by the electricity planning mechanism. We study a demand
control method (i.e., the station visiting pattern of PHEVs) to
maximize the performance under this scheduled support.

In contrast to previous smart-grid examples, there exist
issues caused by the presence of multiple charging stations:

• Station Selection: To receive service, PHEVs are required
to select a charging station. This is different from the
direct transaction between supplier and customer, as
customer QoS and station throughput are affected by their
station selections.

• PHEV Controllability: Customer behaviors are sponta-
neous. For example, a customer can enter any neighboring
charging stations and it is hard for stations to refuse
service. Therefore, implementing a notification system
without enforcing behavior is not effective to improve
performance.

We proceed with a two level investigation of these issues.
In our framework, we first consider customer behavior which
improves QoS and throughput and we suggest a control
algorithm corresponding to this behavior. Then, we test several
price control methods to induce customer behaviors into the
desired pattern. This is to overcome the controllability issue
by giving incentives (or penalties) to customers.

The remainder of this paper is organized as follows: In
section 2, we describe the problem setting of multiple PHEV
charging stations and define our objectives. Section 3 derives
an optimal PHEV allocation policy which satisfies our ob-
jectives and we propose its corresponding control algorithm.
Then, we provide price control methods which mimic the
algorithm at charging stations in section 4. Several test results
to validate our analysis and algorithms are given in section
5. After that, we conclude this paper with a summary and
discussion.

II. PROBLEM DESCRIPTION

We consider an urban area, where multiple charging stations
exist in the neighborhood of PHEVs, and define N as the
station set, where |N |=n. Each station corresponds to a single
queue structure as shown in Fig. 2 (i.e., n queue system). We
set Qi(t) as the size of queue i at time t, where i ∈ N , and
its dynamics follow eq. (1).

Station Size  

Decision

Problem

…

Fig. 2. Multi-Station Framework: We model n charging stations as n M/M/1
queue system. We assume that service is regulated by support scheduling, and
we consider the decision problem of customers maximizing their performance.

For customers, the charging takes an exponential amount of
time with rate μi, where i = {1, . . . , n}. Further, we consider
that the occurrence of PHEV charging events follows a Poisson
process with rate λ. From the assumption that n stations are
located in the neighborhood and by Poisson thinning property,
the arrival process at each station is also Poisson with rate
λi. Under these conditions, each queue in the system is a
M/M/1 queue and it suffices to analyze their queue dynamics
by considering their input and output rates.

For convenience, we define vectors
−→
λ and −→μ whose ele-

ments denote the rate of PHEV arrival (λi) and station service
(μi), respectively. Customers enter one of the stations after the
charging station selection and this lets us consider a constraint
such that

∑n
i=1 λi is equal to λ.

The service at stations is work-conserving (i.e., each station
always keeps servicing if there is a waiting vehicle) and the
service rate vector, which guarantees the power grid stability,
is pre-defined (i.e., deterministic) by the electricity planning
mechanism. Each station can hold a limited number of waiting
PHEVs due to facility differences. Similarly, we set a station
size vector

−→
L and each element Li denotes the station capacity

in terms of PHEVs.
When −→μ (t) (i.e., the electricity scheduling profile) and

−→
L

are given, we consider the control policy of vehicle allocation
vector

−→
λ which increases the QoS of customers and the

throughput of stations. Then, we relate this to the charging
price control at stations, in order to induce spontaneous
customer behavior toward the objective satisfying

−→
λ .

III. VEHICLE ALLOCATION ANALYSIS

Our first objective is to study a load balancing policy to
optimize vehicle allocation. This includes both minimizing
the waiting time of customers and preventing the overflow
of a station’s waiting size. We propose a vehicle allocation
algorithm which satisfies these objectives in this section.

A. Optimized Load Balancing

As all queues are work-conserving, they need to be non
empty all the time to improve the station throughput. At the
same time, customer balancing is required under the given
service rate −→μ . From the stationary distribution of M/M/1
queue, we note that the mean queue size (E[N ]) at each station
is computed by E[Ni] = μi

μi−λi
. This is directly related to

the waiting time of customers in a queue. By Little’s law,
E[Ni] is proportional to the waiting time. For this reason, we
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Fig. 3. The effect of optimal allocation: For t ∈ (0, 500], (a) and (b) express
the dynamics of the number of vehicles waiting in the three charging stations.

Optimal Allocation Uniform Random
Mean Queue size 3.307 15.124

Throughput 6337 6343

TABLE I
MEAN GLOBAL QUEUE SIZE AND THROUGHPUT DURING 10, 000 S.

consider the following optimization problem which minimizes
the global queue size

∑
i∈N E[Ni]:

minimize−→
λ

n∑
i=1

μi

μi − λi
(2)

subject to
n∑

i=1

λi = λ (3)

μi − λi > 0 (4)

μi > 0, λi > 0 (5)

This finds the vector
−→
λ which minimizes the global number

of waiting customers. The value λ is the occurrence rate of
PHEV charging events and each subjective condition describes
the load balancing through poisson thinning, stability, positive
arrival and departure rates, respectively.

The solution vector
−→
λopt of this problem is given by:

λopt
i =

λ+
∑n

j=1(
√
μiμj − μj)

∑n
j=1

√
μj

μi

, where i = {1, . . . , n} (6)

Procedures to find the solution (6) are given in Appendix A.
We emphasize the necessity and importance of the appropri-

ate vehicle allocation policy through a simple 3 station exam-
ple. To show the effectiveness of

−→
λopt, we compare the queue

dynamics between the optimal allocation and a uniformly

random policy (
−→
λuni). The uniformly random policy allocates

PHEVs to stations with equal probability 1
n and this is suitable

whenever customers do not receive any information from
the stations. For three stations, we set −→μ = [1/2, 1/3, 1/4]

and λ = 1. The optimal allocation vector
−→
λopt becomes

λ[0.4670, 0.3063, 0.2267] by using (6) and λuni
i = 1

3λ for
i = {1, 2, 3}. For each incoming vehicle, we proceed with
a probabilistic station selection and the probability to select
station i is set to pi = λstrategy

i /λ (i.e., normalization).
Initially, all stations are empty and we test each strategy for

10, 000 s. Fig. 3 plots the queue size dynamics for the first
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Fig. 4. The effect of size-based AQM under optimal allocation: For t ∈
(0, 800], (a) and (b) show the station size dynamics under optimal allocation
policy (6) only and Alg. 1 which considers L, respectively.

500 s and Table. I depicts the mean global queue size (i.e.,∑3
i=1 E[Ni]) and throughput, which measures the number of

processed vehicles in t ∈ (0, 10000]. From Fig. 3(a) and (b),
we observe the load balancing capability of

−→
λopt. Minimizing

the global queue size (
∑

i∈N E[Ni]) is also effective to reduce
the size of local queues (E[Ni]). To reduce the global queue
size, the solution (6) produces a higher allocation probability
for the stations with the higher processing (charging) capabil-
ity. This is an intuitive approach, but the solution is not simply
proportional to −→μ . Also, Table I indicates that the allocation−→
λopt achieves almost 80% reduction in the queue size without
losing throughput performance.

B. Station Size Limitation and Vehicle Allocation Algorithm

The vehicle allocation vector
−→
λopt gives a load balancing

capability and this supports a lower waiting time for customers
while charging their PHEVs. Now, we consider the station’s
capacity constraint. This is included in the size vector

−→
L ,

where an element Li indicates the size capacity of station
i. First, the solution

−→
λopt assumes that the size of stations

is infinite. However, the computed mean number of waiting
customers at each station under the allocation (i.e., E[N i] =

μi

μi−λopt
i

) can be over the capacity of stations (i.e., E[N i] > Li

for some i ∈ N ).
Second, the optimal allocation requires a stability condition

on local queues. During peak times, the incoming PHEV rate
can be temporarily higher than service rate (i.e., λ opt

i > μi)
and this leads to an increase of the local queue size.

In the previous example, suppose the station size vector is−→
L = [20, 15, 5]. Then, we observe that overflows appear at
station 3 in Fig. 3(b). Although the allocation

−→
λopt prevents

the overflows as shown in Fig. 3(a), this still occurs under
the optimal allocation. Consider that the customer arrival is
increased by 30% during a demand peak time. Under the same
station setting, we adjust λ into 1.3. Fig. 4(a) plots the queue-
size dynamics and we again see overflows at station 3.

To mitigate this temporal station capacity overflow, we
utilize a size-based active queue management (AQM). We set
a congestion indicator ci(t) as shown below:

ci(t) = 1{Qi(t)>Li}, where i ∈ N (7)



The purpose of this setting is to exclude stations experiencing
congestion in the computation of the optimal allocation (6).
The following Alg. 1 describes this:

Algorithm 1 PHEV Allocation Control by using AQM

Require: λ,−→μ (t) and −→c (t) with size |N |
for i = 1→ |N| do

if ci(t) = 1 then
μi(t)← 0 (Exclude Station i)

end if
end for−→
λopt(t+ 1)← λ+

∑|N|
j=1(

√
μiμj−μj)

∑|N|
j=1

√
µj
µi

By setting μi = 0 for the station i experiencing congestion,
Alg. 1 induces λopt

i = 0. In the computation of
−→
λopt at the next

time step, this makes an optimal vehicle allocation among non-
overflowing stations. We compare this AQM added strategy,
which accounts for the capacity limitation

−→
L , with the optimal

allocation only case in Fig. 4(b). In contrast to Fig. 4(a),
overflows at station 3 are now controlled and we see that the
overflow vehicles are balanced to station 1 and 2.

IV. CUSTOMER CONTROL BY USING PRICE MATCHING

Until now, the allocation policy
−→
λopt to maximize throughput

and QoS has been investigated while assuming that the behav-
ior of customers is controllable. However, in reality, it is hard
to expect from customers to follow this policy even if they are
aware of the optimal allocation. For this reason, we give an
incentive to customers by differentiating the charging price at
stations under the assumption that customers generally prefer
to select a station which supports a lower charging price. By
using a price control, we propose methods which make the
PHEV allocation mimic Alg. 1.

We set common conditions in our price matching methods.
The price update at stations occurs periodically with duration
T and the price range varies within (pmin, pmax) in a day.
Also, stations measure the average input (λi) and output rate
(μi) every T units of time, in order to estimate their traffic
status variation. The value λ implies the estimated summation
of PHEV arrivals during T (i.e., λ =

∑
i∈N λi) [19].

A. Method 1: Utilizing a Price Sensitivity Function

First, we consider the case when the price sensitivity of
customers is known. In general, this can be any decreasing and
differentiable function, and a more sophisticated form can be
attained by using customer surveys or reinforcement learning
while operating the framework [18].

Suppose that a probability function f exists for the price
sensitivity of customers. When the function satisfies an one-to-
one correspondence, there always exists its inverse form. This
provides an exact price setting at stations to induce relevant
customer behaviors:

qi = f(pi)↔ pi = f−1(qi), for all i ∈ N (8)
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Fig. 5. The price sensitivity function f : When this is known to charging
stations and satisfies an one-to-one correspondence, the direct price matching
to induce a desired customer behavior is available by using an inverse function
f−1. We consider two sensitivity types for our tests.

When stations update their price at time tk, they have an
estimation for customer arrival rate λi for a period T (i.e., a
time window (tk − T, tk]) and Alg. 1 provides the optimized
PHEV allocation vector

−→
λopt based on these measurements.

Utilizing a normalization
−→
λopt
i /λ makes this into a weight

vector.
For the price decision for the upcoming duration (tk, tk +

T ], we convert this weight vector to the station price vector−→
P (tk,tk+T ] by using (8):

−→
P (tk,tk+T ] = [f−1(

λ1

λ
), . . . , f−1(

λ|N |
λ

)] (9)

This price marking induces a customer behavior appropriate
for the optimal allocation. In addition, the effect of overflow
relaxation is already included in it. When an overflow (i.e.,
ci(t) = 1) occurs, Alg. 1 excludes the station in the

−→
λopt

computation, by setting λopt
i = 0. In (9), this corresponds to the

highest price due to the decreasing f and a customer selection
for that station decreases significantly in the next T duration.

We test this approach under linear and concave functions.
Both include the decreasing customer preference to the price
increment and, especially, the latter concave function implies
that the customer selection becomes more sensitive to the price
increase. We also compare the differences when the congestion
notification c(t) is used or not under this price matching.

B. Method 2: Regression Based Price Control

We suggest a regression method for adjusting the charging
price of stations based on a simple first order auto regressive
(AR-1) model. Utilizing higher order models or Additive
Increase and Multiple Decrease (AIMD), similar to that used
in Internet congestion control [20], will improve the perfor-
mance in the price adjustment speed. However, for the scope
of this paper, we focus on showing that the charging price
adjustment is available even if the customer behavior function
f is unknown. To simplify our treatment, the price update
framework is considered as a discrete time system. Each time-
slot duration is T and stations share the averaged values λ i

and μi at each price update instance for all i ∈ N .
We proceed with the greedy price control of stations by

using the rate difference between the optimal λ
opt
i (t) and

measurement λi(t). At time t, we set this difference to di(t):

di(t) = λi(t)− λopt
i (t), where i ∈ N (10)
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Fig. 6. Station size dynamics comparison between Alg. 1 and price method 1 under linear f1: The tick size of Y-axis is 10 in (a) and (b).
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Fig. 7. The station size variation depending on AQM when the price method 1 with concave f2 is used: The tick size of Y-axis is 20 in (a) and (b).

The occurrence of PHEV charging events has a temporal
correlation (i.e., the steep increase or decrease of the summed
station visiting rate λ rarely occurs). Under this,

−→
λopt defines

an objective rate to maximize performance. Thus, a positive
di(t) means that more vehicles than optimal are entering into
station i, meaning that it is required to decrease the input rate.
In addition, the opposite case also holds. By controlling the
price of stations, we posit the regression model:

pi(t+ 1) = pi(t) + γdi(t), where i ∈ N (11)

Under the assumption that customers select stations inverse-
proportionally to their charging price, this simple regression
would incur a price convergence to p∗

i , where the difference
di(t) becomes 0. Note that (11) always works into the direction
that di(t) decreases even if time-varying changes occur in λ
and −→μ . The issue is the convergence speed (i.e., whether a
fast customer response is possible through price adjustments),
which is related to the parameter γ (Note, higher order regres-
sions and AIMD can relax this even under their occurrences).

We also expect that the overflow relaxation can be attained
by using (11). As Alg. 1 allocates λopt to 0 for congesting ex-
periencing charging stations, the additive term γd i(t) becomes
a maximum under station overflow, and this gives a clear price
increase, compared with non-congestion experiencing stations.

We show that this regression model can adjust charging
prices to mimic Alg. 1 even if the price sensitivity of customers
is unknown to charging stations. Also, we compare the price
convergence behavior with a varying speed parameter γ.

V. TEST CASES AND DISCUSSIONS

The service rate vector −→μ is originally time-varying accord-
ing to the support scheduling of power grids. However, we first
fix the service rate vector −→μ to test the effectiveness of our

price control methods. In particular, we want to see whether
they are capable of attaining the effect of Alg. 1 by controlling
prices. After that, we show test results in the case where the
scheduled electricity support plan is time-varying.

A. Price Adjustment Method Tests

1) Method 1 Test: Here, the price sensitivity of customers
is known. We set |N |=5,−→μ = [0.2, 0.2, 0.25, 0.25, 0.3] and
Li = 7, where i ∈ N , in common. The price update of stations
occurs at every T = 20 (min) with synchronization. At each
price update instance tk, stations share the estimated average
rate λi(tk − T, tk], μi(tk − T, tk] and the congestion status
ci(tk). Then, the optimal PHEV allocation

−→
λ is computed by

using Alg. 1. The price range (pmin, pmax) is set to (6, 15)
based on 200 (miles/charging) and 0.03 (dollars/mile) [3]. We
use two types of customer behavior functions f1 and f2, which
are linear and concave, respectively:

f1(p)=− 1

pmax−pmin
p+

pmax

pmax−pmin
, f2(p) = 1−( p

pmax
)2

(12)
The shape of these functions is shown in Fig. 5.

We first test whether the price control by (9) is equally
effective as the direct rate control of Alg. 1. Under the use of
linear customer function f1 and PHEV arrival rate λ = 1.5,
Fig. 6(a) and (b) plot the station dynamics for 1, 000 mins by
using Alg. 1 and price control method 1, respectively.

For both cases, more vehicles are allocated to the faster
processing capable stations (i.e., those with higher μ) and
station overflows are relaxed by the size-based AQM. In
contrast to Alg. 1 which suffers from consistent overflows
once when occur, congestions appear as peaks under this price
control mechanism. This can be explained by the update period
T . Once a high price is set due to congestion, the price is kept
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Fig. 8. Price method 2 test results: In all results, the customer behavior function f1 and f2 are unknown to stations. (a) and (b) plot the dynamics under
the linear f1. (c) and (d) are dynamics under the concave f2. Two price sensitivity functions are shown in Fig. 5 and the parameter γ in (11) is set to 0.5.

until the next price update instance. Thus, our price method
is more effective to reduce station overflows. Fig. 6(c) plots
the dynamic price matching under method 1. In there, we see
price peaks at stations when overflows occur and these match
to the instances of size overflows shown in Fig. 6(b).

Fig. 7(a) and (b) show the station size dynamics when
the behavior of customers follows the concave function f 2

with λ = 2 (i.e., the occurrence of PHEV charging events
is increased by 33.3%). These comparisons show the effec-
tiveness of size-based AQM. In Fig. 7(a), where only the
optimal PHEV allocation (6) is used without AQM, we see
station overflows under this increased PHEV charging event
rate. In contrast, these overflows disappear and the amount of
overflows are redistributed to other non-congesting stations in
Fig. 7(b), where AQM is added to the optimal allocation. The
dynamic price adjustment of this is shown in Fig. 7(c).

2) Method 2 Test: We test the rate difference based regres-
sion (11) with γ = 0.5. Results are plotted in Fig. 8. Here,
the customer behavior is decided by either f1 or f2 and it is
unknown to charging stations when they decide price updates.

We use the same service vector −→μ and price range
(pmin, pmax), and the charging price for stations is set to $10
at initial. In contrast to method 1 tests, stations update their
price in every minute. This fast update is necessary, as the
price variation at each update is limited by the small factor
γdi(t) in (11). Fig 8(a) and (b) shows the dynamics under
the linear customer f1 and Fig 8(c) and (d) are under the
concave customer f2. The following major findings are from
these experiments:

• Autonomous Price Adjustment: Although the customer
behavior function f is unknown to the stations, there
occurs a price differentiation among charging stations.
From the price dynamics Fig. 8(b) and (d), we observe

that price stabilization is achieved by regression updates.
These price differentiations autonomously capture the
unknown customer behavior. For example, at t=4, 000,
the price gap between station 1 and 2 appears larger
under the concave f2 (Fig. 8(d)), than under the linear
f1 (Fig. 8(b)). We note that a bigger price reduction is
required under f2 to induce the same optimal behavior−→
λopt, as customers are more sensitive to the price incre-
ment under concave functions (see Fig. 5).

• Load Balancing: Initially, the price method 2 is the same
as that of uniform PHEV allocation policy since there
is no price differentiation among stations. Thus, more
PHEVs are stuck at slower service stations (i.e., those
with smaller μ) at the early phase in both Fig. 8(a) and
(c). We observe that these imbalances disappear as the
price adjustment through the regression (11) evolves.

• Overflow Relaxation: In the price dynamics Fig. 8(b)
and (d), there appear instances where the variation of
charging prices has a steep and continuous increase.
These match overflow occurrences as shown in Fig. 8(a)
and (c). This verifies our expectation that the price
variation γdi(t) is maximized at updates under overflows
and shows its effectiveness to relax overflows.

Method 2 requires an initial warm-up phase to induce a
price stabilization and this highly depends on the regression
parameter γ. For this reason, we plot the price variations for
station 1 and 5 with varying γ in Fig. 10. Although overshoot
degrees are different, we still observe that the price converges
to p∗1 and p∗5, respectively, regardless of γ.

B. Tests under Electricity Support Regulation

We differentiate the service rate of charging stations accord-
ing to the electricity support scheduling. Fig. 9(a) shows the
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Fig. 9. Test results under electric support regulations: During a day-time the service at charging stations is regulated by (a) and eq. (13). (d) plots the station
dynamics without price control methods. We compare the result with the dynamics under method 1 ((b) and (c)) and method 2 ((e) and (f)).

peak-time division from Ontario Energy Board during summer
time (May 1 ∼ Oct.31) [11]. We perform day-time simulations
(7 am∼7 pm) where both an on-peak and a mid-peak exist.
We set 5 neighboring charging stations and their service rates
to be regulated by the following −→μ Mid-Peak and −→μ On-Peak:

−→μ Mid-Peak = [0.2, 0.2, 0.1, 0.1, 0.4]
−→μ On-Peak = [0.1, 0.1, 0.25, 0.25, 0.3] (13)

The rate of PHEV charging events is also time-varying. We
set λ = 3 for commute times (7 am∼8 am, 5 pm∼6 pm) and
a lunch time (12 pm∼1 pm). All other periods have λ = 2.
The price range is (6, 15) and the size Li is 10 for stations.

First, we plot the station backlog dynamics under the
uniformly random allocation policy in Fig 9(d). This indicates
the situation where there is no PHEV control framework.
Under this, we observe severe overflows at station 1∼4.

Fig. 9(b) is the station dynamics under the price control
method 1 with the customer behavior function f1 and T = 30
(min). The horizontal dash lines are overflow occurrence points
and we observe that those are well alleviated through price
control and relaxed in a short time. Further, we observe the
dynamic PHEV allocation according to the support scheduling.
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Fig. 10. The effect of regression parameter γ in method 2 price dynamics.

Station 3 and 4 start providing the faster service than station
1 and 2 during on-peak times from the electricity regulation
(13). In Fig. 9(b), it can be that the customers behavior is
adjusted to the support regulation by the price control shown
in Fig. 9(c).

Fig. 9(e) and (f) are test results for the price method 2 when
γ=1.5 and T =5 (min). In comparison to Fig. 9(d), method 2
shows adequate overflow relaxations. We also see the dynamic
allocation adjustment to the time-varying support by observing
the variation of station dynamics during peak-times. In contrast
to the method 1, there appear warm-up phases, expressed as
rectangular areas, to stabilize the charging price as shown in
Fig. 9(f). Also, method 2 takes a little bit more time to relax
overflows. These are due to the limited price variation at each
update that comes from the parameter γ.

We also measure the total throughput of stations during
simulations. Under the price control method 1 and 2, charging
stations provide a service for 601 and 546 PHEVs, respec-
tively. When there is no price control, the number of serviced
vehicles is 532. This implies that the proposed price control
methods are beneficial not only for customers, but also for the
throughput of stations.

VI. CONCLUSION

In this paper, we proposed a PHEV charging station frame-
work to satisfy both the QoS of customers and the power-grid
stability. We started from the reasoning why this framework
is necessary in smart-grid communities. Under the electricity
regulation of PHEV stations which is to guarantee the stability
of power systems, we showed by examples that QoS and
throughput can be very different according to the existence
of PHEV allocation policy.

We performed a two-stage investigation to build our frame-
work. Our initial objective was to find an optimal customer



behavior to maximize their QoS and to prevent station over-
flows. We derived an optimal solution which satisfies the first
objective and the second objective is resolved by utilizing
a size-based AQM. Based on these, we proposed a PHEV
allocation algorithm.

Subsequently, we related this algorithm to price control
methods. This is because customers are allowed to select
charging stations spontaneously, even if the optimal solution
is known. A price control represents an effective way to
offset their behavior by providing incentives (or penalties). We
suggested two price matching methods which are distinguished
by whether the price sensitivity of customers is known a prior
or not. For both cases, we explained the reasoning of our
price matching and provided test results to validate them.
Finally, under the scheduled electricity support (i.e., time-
varying regulation), these methods were tested and we showed
their feasibility to satisfy our objectives.

APPENDIX A: PROCEDURES TO COMPUTE THE OPTIMAL

SOLUTION (6)

We show this optimization is convex. First, all subject
functions are linear. For the objective functions, suppose
g(λ) = μ

μ−λ . Then, g′′(λ) > 0 for all λ under the stability
condition (4). As the summation of convex functions is also
convex, the objective function is also convex.

Now, consider its Lagrange dual L(
−→
λ , u):

L(
−→
λ , u) =

n∑
i=1

μi

μi − λi
+ u(

n∑
i=1

λi − λ) (14)

When the problem is convex, this is a Wolfe dual problem so
that it is minimized when ∇L(−→λ , u) = 0 is satisfied. We use
a mathematical induction to obtain

−→
λopt for a general n station

case.
Suppose n = 2 and find

−→
λopt = [λ1, λ2]. Then,∇L(−→λ , u) =

[∂L(
−→
λ ,u)

∂λ1
, ∂L(

−→
λ ,u)

∂λ2
, ∂L(

−→
λ ,u)

∂u ] becomes:

∂L(
−→
λ , u)

∂λ1
=

μ1

(μ1 − λ1)2
+ u (15)

∂L(
−→
λ , u)

∂λ2
=

μ2

(μ2 − λ2)2
+ u (16)

∂L(
−→
λ , u)

∂u
= λ1 + λ2 − λ (17)

By setting ∇L(−→λ , u) = 0, we find the solution which satisfies
stability (i.e., μi > λi) and positive parameter (i.e., λ, μ > 0)
conditions. The optimal allocation

−→
λopt becomes:

[λopt
1 , λopt

2 ] = [
λ+
√
μ1μ2 − μ2

1 +
√
μ2/μ1

,
λ+
√
μ1μ2 − μ1

1 +
√
μ1/μ2

] (18)

When n = l, ∇L(−→λ , u) = 0 has l equations. Assume
the optimal solution λopt

i , where i = {1, . . . , l}, follows the

solution λ
opt
i =

λ+
∑n

j=1(
√
μiμj−μj)

∑n
j=1

√
µj
µi

, where i = {1, . . . , l}.

Now, consider the ∇L(−→λ , u) = 0 when n = l+ 1. For the
first l equations, they have a form of (15) or (16):

∂L(
−→
λ , u)

∂λi
=

μi

(μi − λi)2
+ u, where i ∈ {1, . . . , l} (19)

Select any mth equation among them and eliminate u in all
other l − 2 equations by substituting the m th equation. This
induces the following l − 2 equations.

λi = μi±(μm−λi)
√
λi/λm, where i ∈ {1, . . . , l}\m (20)

Now, change the form of
∑l+1

i=1 λi = λ (i.e., the last gradient
element of L) into

∑
i∈N\{m} λi + λm = λ. Putting this into

(20) gives the full solution of (6) when n = l + 1.
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