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Abstract—Due to replacement infeasibility, methods to extend
the life-time of sensors have been an issue in Wireless Sensor
Networks (WSNs) and these should consider network connectivity
simultaneously. Controlling the sleep/awake of sensors is one
simple way to reduce their energy consumption. However, this
causes a network connectivity degradation by varying network
connection topology. For this reason, we propose a simple and
autonomous sensor sleep/awake method to achieve their balance.

The size of clusters can be a metric to measure network
connectivity in that a path exists among any cluster node.
From percolation theory, we observe that a cluster size suffers
a sharp transition based on edge connection patterns. This
allows us to design a sensor sleep/awake algorithm which has an
immense simplicity, but still requires global topology information.
In many cases, sensors are not aware of the global topology.
Further, managing the information becomes challenging under
physical topology changes such as sensor add/drop. We show
that the global knowledge requirement can be resolved by using
a consensus algorithm. Through several graph tests, we show that
our method achieves a network balancing between connectivity
and life-time with preserving its simplicity. Also, the balancing
is autonomous even under physical topology variations.

I. INTRODUCTION

As the tool of network construction, the primary purpose
of wireless sensors is on the establishment of network con-
nectivity. In contrast to other devices with an external energy
support, they are generally operated by battery power which
causes the periodic replacement of energy source. Moreover,
their installed locations are uncoordinated in many network
scenarios and this makes the replacement harder due to uncer-
tain sensor locations. In this respect, we observe that methods
to extend network life-time by the energy-saving of sensors
receive attentions [1—8]. In the procedure, it is also required
to consider network connectivity with them.

In Wireless Sensor Networks (WSNs), the processing capa-
bility of sensors has limitations. On the other hand, the sug-
gested balancing methods between connectivity and energy-
saving are becoming more intricate. From the observation
of recent energy-saving schemes, the balance is appeared as
a general trade-off between complexity and accuracy. For
example, [1], [2] propose the power control of sensors which
induces their connection topology to be a Minimum Spanning
Tree (MST) and this is regarded as a minimal energy consump-
tion topology while maintaining network connectivity. Either
maximizing the second smallest eigenvalue [3] or minimizing
the sum of effective resistance [4] on graph Laplacian is
also in a same vein to find the MST. For sensors, these
approaches require not only global topology information, but

also to solve an optimization problem. The duty-cycle control
of wireless sensors is another approach for energy-savings. [5]
suggests the construction of energy-optimal tree by using an
opportunistic sleep/awake control and [6] reformulates the
duty-cycle problem into a shortest-path finding on dynamic
graphs. However, for a sophisticated network management,
these go through a reinforcement period with heavy com-
putational burdens. We can additionally observe a multi-path
routing for the balanced energy consumption of sensors [7]
and the use of mobile sensors for data aggregation [8]. Still,
these require either global topology information or a time
synchronization among sensors. From these observations, we
need to reconsider whether sensors can percept the global
information and endure the computational complexity.

The necessity of simple and efficient energy-saving meth-
ods is not invariant to sensor deployment conditions. We
frequently observe situations when the sensor deployment is
uncoordinated (e.g., military operations which need a rapid
infrastructure construction or data collection networks under
extreme weather conditions). This restricts the use of above
mentioned schemes in that sensors do not know the global
topology information. Also, we need to concern the cost for
purchasing sensors. Using non-expensive sensors limits to ex-
ecute complex algorithms due to sensor processing capability.
For these reasons, this paper proposes a simple and distributed
energy-saving method which resolves above issues.

Percolation theory is widely used to determine clustering
behaviors on graphs [9]. Especially, it reveals that the ap-
pearance of giant clusters has a phase transition behavior
depending on edge connection patterns [10], [11]. We observe
that this transition behavior can be related to an energy-
saving algorithm if sensors know their global connection
topology [12] and the restriction is partly relaxed by utilizing
local edge degrees [13]. In contrast to them, we suggest a
distributed method to obtain the global information by using
a consensus algorithm and show its effectiveness in balancing
network qualities between connectivity and energy-savings.

The remainder of this paper is as follows: In section 2, we
explain network conditions and define two metrics to estimate
network performances. Section 3 reviews the giant-cluster
condition in percolation theory and consensus algorithms.
Based on them, we propose a sensor sleep/awake control
method for network balancing. Under several random graph
scenarios, we test the proposed method and compare the
results with analytical expectations in section 4. After that, we
conclude this paper with a summary and discussion section.



II. PROBLEM FORMULATION

A. Network Conditions and Assumptions

We consider a WSN with n static sensors and define a
graph G which represents its connection topology. While con-
structing the network, the sensor deployment is uncoordinated.
Therefore, the topology is unknown information for sensors.

Each sensor makes an independent sleep/awake decision
to extend its life-time. In a discrete-time system, we set a
parameter p which implies the sleep probability of sensors
and consider that a sensor energy consumption is proportional
to its awake period. Under these, the connection topology is
time-varying and the topology graph G is dynamic (i.e., G(t)).

Due to cost limitation, we assume non-expensive sensors
whose functionalities are restricted. Computations are eligible
only for light loads due to small memory space. Also, they
do not have a power control (i.e., only have an on/off option)
and a time synchronization scheme with other sensors.

In the circumstance, the sleep probability p is an important
parameter which decides the network performance. We want
to find a value which balances the network connectivity and
the energy-consumption of sensors. Additionally, the value
needs to be adjusted autonomously even if there occur physical
topology changes such as sensor add/drop (e.g., additional
sensor installations after the first deployment or imbalanced
sensor die-outs due to unfair energy consumptions).

B. Performance Measurement Metrics

We use two metrics to estimate the network performance
and these are based on packet transmission tests. Each sensor
periodically generates a packet whose destination is uniform
randomly selected among n—1 other sensors. For those packets,
we consider the following metrics (Note. the only distinction
is whether a delayed packet delivery is allowed or not):

o Communicability: Suppose that a packet generation time

is t;. For each packet, we observe whether there exists
a path to its destination under the connection topology
G(tx). If the topology does not have a path, the packet
is dropped. This metric measures the rate of successful
path existence at each packet generation instance.

o Latency: In contrast to Communicability, a packet is not
dropped under no path existence. Instead, it waits until
the first path is established on the time-varying G(t) and
we observe the delay for each packet. Latency measures
the mean delay of packet transmissions.

Additionally, we estimate the average sleep probability of
sensors during tests to measure the degree of energy-saving.
When the value is p, this implies that network sensors save
their energy consumption with degree p.

ITI. CONTROLLING THE SLEEP/AWAKE OF SENSORS WITH
PERCOLATION THEORY AND CONSENSUS ALGORITHM
We show procedures how the giant-cluster condition in per-

colation theory matches to the sleep/awake control in WSNs

and point out the necessity of global topology information.

By adding an average consensus algorithm on it, we propose

a sensor sleep/awake method to balance network qualities

between connectivity and energy-consumption.

A. Matching Giant-Cluster Condition to Sensor Sleep/Awake

Percolation theory investigates the behavior of clusters on
graphs and one attractive result is the sharp transition of cluster
size according to edge connection patterns [10], [11]:

Theorem 1: (The Phase-Transition of Cluster-Size [10])
A graph G has a giant-cluster with high probability if each
node has connections with at least two other nodes. When
a random variable X follows the distribution of local edge
degree on graph G, the giant-cluster condition is given by:

B[X?]
U (G) = B[X] >2 (1)

The appearance of giant cluster in G(¢) improves connec-
tivity as it guarantees a path existence among cluster sensors.
In the network, suppose that a sensor makes a sleep decision
at time t;. This simply corresponds to the node removal on a
time-varying connectivity graph G (). For this reason, finding
out the feasible fraction of random node removal on G which
satisfies Theorem 1 is equivalent to determine the region of
statistical sensor sleep probability p that prevents a severe
connectivity loss in the network.

For the graph with p fraction node removals, [10], [11]
show procedures to gain the first and second moments of edge
degree distribution. When we set E[Xo] and E[X?] as the
two moments of G, respectively, and combine them with (1),
it gives the feasible range of sensor sleep probability, which
conserves the giant-cluster condition, as follows:

57 [Xo] @)
E[Xg] - E[Xo]

In WSNs, we observe that similar approaches are used
in [12], [13]. However, still the global information (i.e., the
first and second moments) is unknown for local sensors when
their deployment is uncoordinated.

p<1-—

B. Consensus Algorithms

In multi-agent systems, consensus algorithms define meth-
ods to reach a value agreement among agents only with local
interactions (see the survey [14] and references therein for
details). Especially, the sleep/awake formulation (2) lets us
focus on an average consensus. Even for a dynamic graph
G(t), we observe that there exist algorithms that achieve a
value convergence and choose such an algorithm from [15].

We modify the algorithm for non-weighted graphs. Suppose
a graph G(V, E(t)), where |V| = n (i.e., n nodes or agents)
and assume that a node ¢ holds its local initial value z;(0) at
t =0, where ¢ € V. Then, each node proceeds the following
distributed simple decisions:

gi(t)= D (x(t) — z:(t) 3)
JEN;(t)
where ¢ € V and N;(t) is a ¢’s neighboring node set at time
t. This leads an asymptotic value convergence given by:
x1(t) = x2(t) = ... = z,(t) = o (Average Consensus)
We note that the sum of all node states (i.e., El ;) 18
invariant to time. This implies that the sum of initial values

> icy *i(0) is preserved regardless of time. For all agents, (3)
always leads a direction where the value gap with neighbors



decreases. These support that the value agreement « reaches

L5 ey #i(0) (i.e., an average consensus) in steady-state.

C. Sleep/Awake Control Method for Performance Balancing

In our method suggestion, each sensor only requires four
values and a simple computing capability. For sensor ¢, we
set parameters x;1, T2, szl and xZTQ First two parameters are
used to decide the sleep/awake probability p and the other two
are to reflect physical topology variations.

1) Initial Value Estimation: The essence of the average
consensus is the equal distribution of the initial value sum
> _icy ©i(0) through linear interactions. Hence, an initial value
estimation is important to reach a correct value agreement.

Each sensor is required to measure its local edge degree
when all sensors are awake. Suppose that G, is the connection
topology. For sensors, estimating the local degree is not instant
as they are utilizing an independent sleep/awake. Hence, they
first have a waiting phase to measure an exact local degree.

As the sleep/awake decision is independent, the expected
waiting time for a sensor wake up follows a geometric
distribution in a discrete time system. For this reason, we
set the waiting phase to (ﬁ} slots, where ¢ is reasonably
close to 1. Each sensor uses this local measurement and its
square value as x;1(0) and 2;2(0), respectively, and joins the
following consensus process.

2) Consensus Process and Sleep Probability Decision:
Sensors proceed two consensus processes with local neighbors,
given by:

Ei1(t) = D jen ) Bl (t) — za (1))

Tio(t) = 2 jen r) B2 (t) — zia(t))

where i,j € V and N;(t) is a neighbor set at time ¢. [ is a

small positive constant and affects the speed of convergence.

From [15], these processes are guaranteed to reach an

average consensus even if the connection topology is dynamic.

Hence, in steady-state, sensors have the global information

E[Xo] and E[X?] in (2). During the consensus processes, we

utilize transient measurements x;1(t) and x;2(¢) to set up a
sensor sleep probability p as follows:

Zi1 (t)
pilt) =1- s = ®)

We are aware that this sleep probability decision also will
arrive at a consensus among sensors as the two independent
processes guarantee a convergence. When ¢ = 0, the sleep
probability p locates on the phase-transition boundary in (1).
For this reason, we set a small positive constant v to prevent
a steep connectivity loss.

3) Sleep Probability Adjustment for Topology Variations:
During a network operation, the life-time of sensors is uneven.
Moreover, we can install additional sensors. These make the
connection topology graph G sparser or denser. In these cases,
sensors are required to find a newly balanced sleep probability
p for the varied topology. By using the average consensus, an
autonomous sleep probability adjustment is capable.

We assume that sensors have a unique ID when they are
installed (e.g., i-Mote). This allows sensors to detect their local
degree variation when there occurs an add/drop. Then, the
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Fig. 1. We generate two random graphs whose W is slightly over and less 2
with 150 nodes and observe a steep decrease on their maximum cluster size.

issue is how effectively reflect the local topology change into
the consensus process for global parameter estimations.

Once after a sensor participates in the consensus process
(4), its parameters x;; and x;2 keep varying to the convergence
values E[X,] and E[X?2], respectively. Hence, substituting the
newly measured local degree and its square values into x;;
and x;o during the process does not make correct convergence
values for the varied topology.

The property of selected consensus algorithm is the equal
distribution of total state sums ), x;1 and ) ., @s2. For
this reason, fitting those values according to the topology
variation is one way to reach a correct consensus. We suggest
a simple recursion by using parameters z7; and z),. When
sensors join the consensus process, their parameters x;; and
T2 are same as z2, and z1, respectively. Then, suppose that
a sensor ¢ acknowledges that its degree is changed at ¢ and
the value is "WV, By using dummy parameters x; and x2,
we consider the following recursions:

Zi1 (tJr) = Ti1 (t) + 51, T2 (tJr) = X2 (t) + 52 (6)

where 07 = 21V — 27 and §; = (2MW)2 — 2L After the

changes, the sensor puts z1°V and its square value into 27
and zL, respectively.

These recursions reflect the number of added (or subtracted)
edges when a topology change occurs and lead the consensus
algorithm to be aware of the correct total edge degree sum
during operations.

IV. SIMULATIONS ON RANDOM GRAPHS

We generate random graphs which have different ¥ and
each graph represents a connection topology G, when all
sensors are awake. In a random graph generation with n nodes,
an edge between nodes is established by probability e and
we gain different ¥ graphs by varying e. First, we assure
the validity of giant-cluster condition and consensus algorithm
used in this paper. Then, the effect of the proposed method is
tested under several network scenarios.

A. Cluster Size Variation and Average Consensus

Our sensor sleep/awake method arises from the correctness
of the giant-cluster condition and average consensus algorithm.
For this reason, we provide simple results to recognize their
validity.

1) Phase-transition on the cluster size: Theorem 1 implies
that the cluster size on random graphs suffers a shape transition
around ¥ =2. In Fig. 1, we plot two random graphs with 150
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Fig. 2. Convergence test results: x;(0) is the local edge degree of G where

i € V,|V| =300. We observe that (3) induces a correct convergence x; =
3.184 under sensor sleep/awake situations only with a speed difference.

sensors. By varying the edge construction probability e, their
U is controlled to be slightly over (2.0482) and less (1.92)
than 2, respectively. We estimate their maximum cluster size
and observe the occurrence of a steep size reduction (51—14)
around ¥ =2. Except in the boundary case, we observe that the
cluster size reduction is gradual with the ¥ decrease (similar
results can be found in [16]).

2) Average consensus on dynamic graphs: We generate a
connected graph G with 300 sensors whose graph measure-
ment ¥ is 2.8. By setting their local edge degree as initial
values, we test the convergence of algorithm (3). From the
estimation of G, the correct average of edge degree is 3.184.
Fig. 2 shows the degree variation of sensors under the graph G
and its dynamic node removal with p = 0.4 which corresponds
to a sensor sleep/awake scenario, respectively. For both cases,
sensors reach a convergence into the correct average and the
only difference appears in the speed of convergence. This
verifies that (3) can be utilized to find a balanced sleep
probability p even under sensor sleep/awake scenarios.

B. The Proposed Sensor Sleep/Awake Method Tests

By using two metrics (Communicability and Latency), we
test the performance of proposed sleep/awake method. These
metrics are designed to measure network connectivity through
packet transmissions. We are aware of the steep transition of
cluster size and its occurrence is highly related to the sensor
sleep/awake decision. This allows us to expect that the similar
performance transitions will appear on communicability and
latency measurements.

1) No Sensor Add/Drop Case: We generate a graph G with
300 sensors whose ¥ is 3.93 and assume that there is no
sensor add/drop during tests. From the graph, we measure two
local edge degree moments (i.e., E[Xo] and E[XZ]) and those
values are 3.12 and 12.27, respectively. Then, the expected
sleep probability p of sensors is 0.619 when a convergence is
reached by using (4) with 1) = 0.04.

First, we test whether our method leads the expected p.
At initial, we set p = 0.5 for all sensors. Fig. 3 plots two
snapshots for the sleep probability of 300 sensors. At t=10 s,
we observe a sleep probability disagreement among sensors.
The difference diminishes by using (4) and (5). At t =40 s,
the sleep probability snapshot almost shows an agreement with
the expected p. This can be a validation that two independent
consensus processes in (4) also reach a correct convergence.

0.75 __075

o
3

0.65

°
>
e
1
o
%
L
4

0.55

A Sleep Probability (p)

o
o

A Sleep Probability (p

b
=

50 100 150 200 250 300
Sensor ID

50 100 150 200 250 300
Sensor ID

(a) Sensor sleep probability at t = 10 s

Fig. 3.  We observe the sleep probability of sensors at ¢ = 10 and 40 s.
They show the sleep probability agreement among sensors where p = 0.619.

(b) Sensor sleep probability at ¢t = 40 s

By measuring communicability and latency, we investigate
the effectiveness of the controlled sleep probability. We as-
sume that sensor generate a packet at every second with
a uniform destination. In Fig. 4, we plot the two metric
results with varying the sleep probability of sensors. For
communicability, it generally decreases with the increase of
sleep probability. However, one notable point is the decreasing
degree of measurements. We see that communicability shows
a steep decrease when the sleep probability of sensors is over
the controlled p value. This nature is similarly observed in the
latency measure with having a sharper transition behavior.

Under the assumption that the energy consumption of
sensors is proportional to their awake period, finding out the
controlled p has a certain contribution to balance the network
performance. For example, from the latency measure Fig. 4(b),
it allows sensors to save 60% energy consumption only with
a slight delay increase in packet transmissions.

2) Sensor Add/Drop Case: While operating a WSN, the
additional installation or uneven die-out of sensors can make
changes on G. We test whether the proposed method can
autonomously adjust the sleep probability p under those cases.

For consistency, we start from the graph G in the previous.
In there, sensors reach a sleep probability consensus at 40
s with p = 0.619. We uniform randomly drop and add 50
sensors on G at 40 s and define their graphs as G; and Go,
respectively. The followings are their measurements where
G(# of sensors, ¥, E[X,], E[X3], Expected p):
G1(250,3.06,1.71,4.61,0.38), G2(350,6.19,3.17,12.88,0.64)

These sensor add (drop) makes G more dense (sparse) and
we observe that the expected p is also increase (decrease). In
Fig. 6, we plot the sleep probability of sensors at 80 s. For both
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Fig. 4. Performance measures under no sensor add/drop: We plot communi-
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and latency with varying a sleep probability p, we observe that their performance suffers a steep degradation after passing the controlled sleep probability.

add and drop cases, we see that p reaches another agreement
value that exactly corresponds to our analytical expectation.
We note that sensors reflect the topology variation locally
by using (6) and the value adjustment is achieved only with
distributed local interactions.
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Fig. 6. The sleep probability of sensors for the sensor add case G; and drop
case Go at t = 80 s (i.e., 40 s passed after the topology change).

In Fig. 5, we measure communicability and latency with
varying the sleep probability p for G; and Gs. In there,
we observe that the metric performance decreases with the
increment of p. Especially, there still exists regions where steep
performance decrements occur. We indicate the autonomously
controlled sleep probability p, which is attained by using the
proposed method. For both communicability and latency, those
values locate just before the steep performance reduction.

In Fig. 5(a), the controlled p saves 38% energy consump-
tions with less than 10% communicability reduction. Also,
Fig. 5(d) indicates that almost 65% energy can be saved only
with a 5 s delay increase. It is extremely notable that utilizing
a consensus algorithm gives an autonomous property to find
out the balanced p even under topology variations. Also, our
test results show that the duration to reach a sleep probability
consensus is relatively short.

Our method has an additional advantage in the sense of fair
energy consumption among sensors. Under the assumption that
sensors consume an energy only when they are awake, our con-
sensus approach prevents the imbalanced energy consumption
of sensors, dealt in [7].

V. CONCLUSION
In WSNs, the life-time extension of sensors is required due
to their replacement infeasibility and the method must be pro-
ceeded under the network connectivity assurance. Controlling
the sleep/awake of sensors is one way to extend the life-time.
However, it has a trade-off against network connectivity and
is challenging to find out their balanced point.

By controlling the sleep/awake degree of sensors, this
paper proposed a simple and autonomous method to balance
network connectivity and the life-time of sensors. When global
topology information is known, we explained that the giant-
cluster condition in percolation theory can be used for sensor
energy-saving methods. In addition, by utilizing a consensus
algorithm, our method allows sensors to obtain the global in-
formation only with distributed interactions. We provided test
results under several network topologies. Depending on sensor
sleep probability, we observed the expected steep performance
degradation region and showed that the proposed method
properly achieves a balance between connectivity and energy-
consumption. Our method is not only simple and autonomous,
but also prevents imbalanced sensor energy consumptions.
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