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Abstract— Relaxed matching techniques for stabilization of
relative equilibria are developed for continuous-time mechani-
cal systems with symmetry that fail to satisfy classical matching
conditions. New terms in the controlled shape equations nec-
essary for carrying out relaxed matching are introduced. The
theory is illustrated with the problem of stabilization of the
steady-state motions of an inverted pendulum on a rotor arm.

I. INTRODUCTION

The method of controlled Lagrangians for stabilization
of relative equilibria (steady state motions) originated in
Bloch, Leonard, and Marsden [6] and was then devel-
oped in Auckly [2], Bloch, Leonard, and Marsden [7],
[9], [10], Bloch, Chang, Leonard, and Marsden [11], and
Hamberg [14], [15]. A similar approach for Hamiltonian
controlled systems was introduced and further studied in
the work of Blankenstein, Ortega, van der Schaft, Maschke,
Spong, and their collaborators (see, e.g., [18], [19], and
related references). The two methods were shown to be
equivalent in [12]. For related results on applications of gen-
eralized canonical transformations to stabilization of Hamil-
tonian systems see [13] and references therein. A nonholo-
nomic version of the method of controlled Lagrangians was
developed in [20], [21], and [3]. The method was extended
to the discrete setting in [4] and [5].

In the controlled Lagrangian approach, one considers a
mechanical system with an uncontrolled (free) Lagrangian
equal to kinetic energy minus potential energy. This Lagran-
gian is invariant with respect to the action of a Lie group G
on the configuration space. In order to stabilize a relative
equilibrium, the kinetic energy is modified to produce a
controlled Lagrangian which describes the dynamics of the
controlled closed-loop system. The equations corresponding
to this controlled Lagrangian are the closed-loop equations.
The new terms appearing in those equations corresponding
to the directly controlled variables are interpreted as control
inputs. The modifications to the Lagrangian are chosen so
that no new terms appear in the equations corresponding
to the variables that are not directly controlled. We refer
to this process as kinetic shaping. Once the form of the
control law is derived using the controlled Lagrangian, the
stability of a relative equilibrium of the closed-loop system
can be determined by energy methods, using any available
freedom in the choice of the parameters of the controlled

Lagrangian. To obtain asymptotic stabilization, dissipation-
emulating terms are added to the control input.

In order to proceed with kinetic shaping, one needs to
verify the matching conditions that ensure that the original
controlled mechanical system is identical to the system
associated with the controlled Lagrangian. These conditions
restrict the choice of the modified kinetic energy. It is not
always possible to satisfy the matching conditions (see [2],
[71, [9], [10], [11] for details). Thus, it is not always possible
to construct a stabilizing controller using the method of
controlled Lagrangians for an underactuated system.

In this paper we suggest the following modification of
kinetic shaping: The dynamics associated with the controlled
Lagrangian is amended by non-conservative forces that act
in the shape directions. As in the method of controlled
Lagrangian, we require that this dynamics is identical to the
original controlled dynamics. We show that our approach
is less restrictive than the original matching techniques.
We carry out the relaxed matching procedure explicitly for
systems with one shape and one group degree of freedom
in order to avoid technical issues and to concentrate on the
phenomena that emerge in the new setting.

The theoretical analysis is validated by simulating the
inverted pendulum on a rotor arm. When dissipation is
added, the inverted pendulum configuration is asymptotically
stabilized, as predicted.

In a forthcoming publication we intend to extend our
formalism to systems with nonabelian symmetries and to full
state space stabilization problems.

The paper is organized as follows: In Section II we review
the method of controlled Lagrangians for stabilization of
relative equilibria of mechanical systems. The main results
of the paper are exposed in Section III. Stabilization of the
pendulum on a rotor arm and simulations are presented in
Section IV.

II. MATCHING AND CONTROLLED LAGRANGIANS

In this section we briefly review some of the results of
Bloch, Leonard, and Marsden [10]. We limit this review to
the instance of one shape and one group degree of freedom.
We further assume that the configuration space @ is the
direct product of a one-dimensional shape space S and a
one-dimensional Lie group G.



The configuration variables are written as (¢, s), with ¢ €
S and s € G. The velocity phase space, 7'Q), has coordinates
(o, s, b, $). We assume that the Lagrangian is G-invariant
and reads

L($,¢,$) = 1[ad? +2B()ds +1(¢)s] —U(4),! (1)

and the corresponding dynamics is
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where w is the control inputs.

Recall that a relative equilibrium of a system with symme-
try is a solution whose reduced trajectory is an equilibrium
of the reduced equations.

We assume that the relative equilibria ¢ = ¢, § = const
of uncontrolled system (2) and (3) are unstable. In the rest
of the paper we assume that ¢, = 0, which can always be
accomplished by an appropriate choice of local coordinates
for each relative equilibrium. In order to stabilize the relative
equilibria ¢ = 0, $ = const, Bloch, Leonard, and Marsden
[10] define the controlled Lagrangian by

Lro(,0,8) = L(¢,d, 5+ 7(0)0) + 50(8)(T()$)*. (4)

The velocity shift § — $47(¢)¢ corresponds to a new choice
of the horizontal space, while the last term in (4) changes
the metric along the vertical (i.e., tangent to the group orbit)
direction (see [10] for details).

The major result of [10] is the following theorem (recall
that here we only state the results for systems with one shape
and one group degree of freedom).

Theorem 1: The controlled Euler—Lagrange equations (2)
and (3) coincide with the Euler—Lagrange equations for the
controlled Lagrangian (4) if

(D) (6)d)

u =

Cdt
and the following matching conditions hold:
a(@)T(¢) = —B(9), S)
(0 (8) +7(0)/o(¢) =27 () /7(9), (6)
7 (@)7(¢) = 0. (7)

The quantities 7(¢) and o(¢) are selected in such a way
that the relative equilibria of interest become orbitally stable,
that is, one observes stability relative to the variables ¢, d)
and $, but not relative to s.

Matching conditions (5)—(7) imply that v(¢) = const
generically. In order to use the matching techniques in the
case of non-constant 7(¢), Bloch, Leonard, and Marsden
introduced a more general controlled Lagrangian

Lrop(d.0,8) = L(¢, 6, $ + 7(9)d) + 30()(1()9)?
+ 3(p(0) —1(8))(5 + B()d/7(0) + T() ).

IThe coefficient o in (1) is assumed to be independent of ¢. This is done
in order to simplify the exposition.

The presence of an extra term leads to a less restrictive set
of matching conditions (see [8], [9], [10], [11] for details).

In this paper we introduce an alternative approach to the
problem of stabilization of relative equilibria of (2) and (3)
in the case of non-constant metric coefficient v(¢). While
we develop the theory for systems with one shape and one
group degree of freedom, it will be clear from the exposition
that the method is general and that it can be applied to a
class of systems that is wider than systems stabilizable by
the original method of controlled Lagrangians.

III. RELAXED MATCHING
A. Matching with Shape Forcing

The key idea of relaxing matching techniques is to
introduce a non-conservative force in the shape equation
associated with the controlled Lagrangian (4). That is, the
dynamics associated with (4) is

d0L., OL.,
ddLl,o
% % = Udiss; (9)

where ugiss = ¢(¢)¢ is the dissipation-emulating term that
is necessary for asymptotic stabilization. Let C'(¢) be an
antiderivative of c(¢) that vanishes at ¢ = ¢,. In the rest of
the paper the dependence of the quantities C(¢), ¢(¢), 3(d),
v(9), o(¢), and 7(¢) on ¢ is not always written explicitly.

Theorem 2: The controlled Euler—Lagrange equations (2)
and (3) coincide with equations (8) and (9) associated with
the controlled Lagrangian (4) if

d, . :
u=—=(17¢) +c9, (10)
w= (B + 07'2){13 —'7(p+ C)d/vy + Tcd

+ (BT + BT+ 3T+ S(or?)) PR (D)

Proof: We start by asking that equation (3) is identical
to equation (9). This is accomplished by setting

doL dOL;, ;

U= Gos dt 05
Straightforward calculation shows that this requirement is
equivalent to condition (10), which defines the control input
u for system (2) and (3).

Equation (9) is equivalent to the conservation law

aL‘r}o' _
where
aL‘r o 5 . 3
9% = Bé+ s +7d
$

is the controlled momentum, and the constant p labels the
levels of the conservation law (12).

To finish the proof, we require that equations (2) and (8),
restricted to controlled momentum levels, are the same. This
defines the term w by the formula

o= (8% ) (252
dt d¢ ¢ dtop  09) a1, —c—p




which is equivalent to (11), as a direct calculation shows. B
Remark. Condition (11) replaces the matching conditions

5)-(7).
B. Reduced Dynamics and Stability Conditions

Recall that equations (8) and (9) have a conservation
law (12). We now compute the reduced dynamics, i.e., the
dynamics on the level sets of conservation law (12). We will
see that the reduced dynamics has the structure of the forced
Euler-Lagrange equations, which is important for stability

analysis.
Define the reduced Lagrangian by the formula
%w@=%(—g—mwhﬂ (13)
where
vo)=vie) - [ G,
oy [ A

is the amended potential. Let f be a (non-conservative) force
defined by

f= j(pw)ms

+ (060 -+ e+ ),

The following statement is obtained by a straightforward
caclulation.

Theorem 3: Dynamics (8) and (9) reduced to level sets of
conservation law (12) is given by the forced Euler—Lagrange
equations for the reduced Lagrangian (13),

d ol, az,_i@gﬂf

dt o 09

Remark. Neither the reduced Lagrangian, nor control
input (10) depends on the term %0(7’@2 in the controlled
Lagrangian (4). Thus, without loss of generality we can set
o = 0. Of course, in the case when the standard matching
techniques are applicable, one may be motivated to select o
that satisfies the matching conditions (5)—(7) as this value of
o eliminates force f in (14).

Recall that ¢ = 0, § = const are relative equilibria of (2)
and (3). That is, ¢ = 0 is an equilibrium of the reduced shape
equation (14). If this equilibrium is stable, the corresponding
relative equilibria of (2) and (3) are orbitally stable.

The energy associated with Lagrangian (13) is

2
By(6.6) = 5 (=T = pr)i + U,
We now show that (15) can be used as a Lyapunov function
for stability analysis of relative equilibria ¢ = 0, § = const.

Recall that the relative equilibria of interest of the uncon-

trolled system are unstable, which implies

d‘f;(UJrgi)(o) <0.

(14)

5)

We assume here that U}/(0) is negative.” We then select 7(¢)

such that )
(a — 6— — 67') <0,

which makes reduced energy (15) negative-definite in a
neighborhood of the equilibrium of interest. The flow deriva-
tive of F), is

(16)

-2 g

Thus, selecting ¢(¢) such that

Pe | Y (p+CO)r
v v

<0 17)
makes Ep non-negative in a neighborhood of the equilibrium
of interest. LaSalle’s invariance principle can then be used
to establish asymptotic stability of the equilibrium ¢ = 0
of (14) and the size of the basin of attraction. Summarizing,
we have the following result.

Theorem 4: The equilibrium ¢ = 0 of the reduced shape
equation (14) is asymptotically stable if U}’,’ (0) is negative
and conditions (16) and (17) hold.

IV. STABILIZATION OF THE PENDULUM
ON A ROTOR ARM

Consider a planar pendulum attached to a horizontal
rotor arm as shown in Figure 1. This mechanical system
is studied in Astrém and Furuta [1] and Bloch, Leonard, and
Marsden [8]. The latter paper shows that matching conditions
(5)—(7) cannot be satisfied for the pendulum on a rotor arm.

The plane of the pendulum is orthogonal to the arm. The
rotor arm is subject to a control torque u that we intend to
use for stabilizing the upward vertical relative equilibrium
of the pendulum. As shown in the figure, the length of the
pendulum is [, the pendulum bob mass is m, the length of
the rotor arm is R, the mass attached to the rotor arm is
M, and the tilt of the pendulum measured from the upward
vertical is ¢. The orientation of the rotor arm is given by
the angle s. The configuration space for this system is the

Fig. 1. The pendulum on a rotor arm.

two-dimensional torus parametrized by the angles ¢ and s.

2This is true for the pendulum on a rotor arm and, more generally, for
systems with 7/(¢) vanishing at the relative equilibria.



The Lagrangian for this system is given by formula (1)
with the kinetic energy metric coefficients «, 5(¢), and v(¢)
defined by the formulae

a =mi?,
B($) = mIRcos 6,
() = ml? sin® ¢ + (m + M)R?,

and the potential energy given by the formula

U(¢) = mgl cos ¢.

This system is invariant with respect to rotations about the
axis of the rotor arm, i.e., s is a cyclic variable. The relative
equilibria of the unforced (u = 0) system are

¢:¢€7 ¢:Oa

where w = const and where ¢, are roots of the equation

s=wt+ 89, S$=uw,

sin(/)(w2cos¢+%) =0, (18)

see [8] for details. Equation (18) has two solutions ¢, =
0,7 if w? < g/I. When w? > g/I, two additional solutions
¢ = £ arccos(—g/(w?l)) appear; the corresponding relative
equilibria are stable. The upright vertical relative equilibrium
¢ = 0 is always unstable. The relative equilibrium ¢, = 7
is stable if w? < g/I. It becomes unstable when w? > g/I.
We now stabilize the upward vertical relative equilibrium

¢e =0, (19)

of the pendulum on a rotor arm using techniques developed
in Section III. Note that condition (16) fails if ¢ = +7/2, and
thus the range of ¢, for any choice of 7(¢), cannot exceed
the interval (—m/2,7/2).

Below we assume that ¢(¢) is a negative constant, c. The
amended potential and its derivative for the pendulum on the
rotor arm are

S=w

U, = mgl cos ¢ — mgl

¢ 2 2
_/ ml .51121xcosa:(p+c:v) dr. 20)
o (mi%sin®z+ (m + M)R?)2

ml? cos ¢ (p + cg)?
(mi2sin® ¢ + (m + M)R?)2
Formulae (20) and (21) imply that the amended po-
tential U,(¢) is negative-definite throughout the interval
(—=m/2,7/2) and has a single maximum at ¢ = 0.

Define 7(¢) by the formula
B(¢)

7(¢) = HW.

U = —Singﬁ{mgl—l—

4 . (2D

(22)

Condition (16) becomes
(M — km)R* + (mR*(1 + k) +mi?) sin® ¢
(m 4+ M)R2 +mi2sin? ¢ <0
The latter holds if

-M
|| < arcsin _r—M/m .
k+1+12/R?

(23)

Since

k—M/m ) k—M/m
——— <1 d 1 ——— =1
\Vrrive/me =0 M A\ e T

interval (23) approaches (—m/2,7/2) as k — oo. Thus, the
proposed controller results in a larger stabilization region for

¢ than
/| R2
‘¢| < arcsin m,

which is the maximal possible range one can obtain by using
the original matching procedure (see [8] for details).
Stability conditions (16) and (17) for this controller are
satisfied if ¢ belongs to interval (23) and |p| is not too
large. Therefore, the upward vertical relative equilibrium (19)
becomes stable. The simulation results for the pendulum on
a rotor arm with m = 1kg, M = 2kg, [l = 1 m, and
R = 2 m are given in Figure 2. The initial conditions and
numerical values of the gain parameters in this simulation
are ¢(0) = w/4rad, ¢(0) = Orad/s, s(0) = Orad,
5(0)=0rad/s,c=—10N-m-s, and x = 2/3.

(24)
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Fig. 2. Asymptotic stabilization of a pendulum from ¢(0) = 7/4; 7(¢)
is given by formula (22).

The torque produced by this controller is

w = ,% (KB($)9) +cd = —% (kmiR cos ¢ @) +cé. (25)

Formulae (23) and (25) suggest that one needs a large value
of x if the goal is to stabilize the pendulum from a near-
horizontal initial position.
Since a large value of the gain parameter ~ is not always
desirable, we suggest below a different selection for 7(¢).
Define 7(¢) by the formula

mi?
Ble)
In this case stability condition (16) becomes
m21?R? cos® ¢

o <
(m 4+ M)R? + ml? sin” ¢
This stability condition is satisfied for the entire interval
lp| < w/2 if

7(¢) = »

(26)

mi% — mi%x — 0.

x> 1.



Stability condition (17) is satisfied if |¢| < 7/2 and |p| is
not too large. The torque produced by this controller is

d | sy(¢)ml*¢

v=g | e |t
_ %[leSin2¢+(M+m)R2]q5 .
Todt Rcos¢ +eg. @7)

Since the denominator in (27) vanishes as ¢ — =+7/2,
formula (27) suggests that this controller may be capable
of stabilizing the upward relative equilibrium from near
horizontal initial tilt of the pendulum even if s is not too
large. This is confirmed by numerical simulation as discussed
below.

The gain parameters for simulation results in Figures 3
and 4 are ¢ = —50 N-m-s and » = 8/5.

Figure 3 demonstrates stabilization of the pendulum by
control torque (27) from the state ¢(0) = 7/4 rad, ¢(0) =
Orad/s, s(0) = Orad, $(0) = Orad/s. The convergence
rate appears to be faster than in Figure 2, possibly because
of the value of the coefficient c.
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Fig. 3. Asymptotic stabilization of a pendulum from ¢(0) = 7 /4; 7(¢)
is given by formula (26).

Figure 4 demonstrates stabilization of the pendulum by
control torque (27) from a nearly horizontal position ¢(0) =
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Fig. 4. Asymptotic stabilization of a pendulum from ¢(0) = 7/2 —0.02;
7(¢) is given by formula (26).

7/2 — 0.02 rad. The remaining initial conditions are ¢(0) =
0 rad/s, s(0) = 0 rad, $(0) = 0 rad/s.

Note that the controller in [8] cannot stabilize the pen-
dulum from the initial tilt ¢(0) = 7/2 — 0.02 rad as this
tilt fails to satisfy condition (24). The latter reads |¢| <
arcsin(2/v/5) ~ 1.10715 for the system parameters used in
the simulations.

V. CONCLUSIONS

This paper has introduced relaxed matching techniques for
mechanical systems with symmetry and has shown that these
lead to an effective stabilizing controller design. Suggested
formalism makes use of the intrinsic structure of mechanical
systems and is less restrictive than the original matching
procedure. Systems with non-commutative symmetry and
combined kinetic and potential shaping for full state space
stabilization will be treated in a forthcoming publication.

VI. ACKNOWLEDGMENTS

The authors would like to thank Professors A.M. Bloch,
J.E. Marsden, and the reviewers for helpful remarks. The re-
search was partially supported by NSF grants DMS-0306017
and DMS-0604108.

REFERENCES

[1] Astrém, K.J., & K. Furuta, Swinging up a pendulum by Energy
Control, IFAC 13, 1996.

[2] Auckly, D., L. Kapitanski, & W. White, Control of Nonlinear Under-
actuated Systems, Commun. Pure Appl. Math. 53, 2000, 354-369.

[3] Bloch, A. M., Nonholonomic Mechanics and Control, Interdisciplinary
Appl. Math. 24, Springer-Verlag, 2003.

[4] Bloch, A.M., M. Leok, J.E. Marsden, & D.V. Zenkov [2005], Con-
trolled Lagrangians and Stabilization of the Discrete Cart-Pendulum
System, Proc. CDC 44, 6579-6584.

[5] Bloch, A.M., M. Leok, J.E. Marsden, & D.V. Zenkov [2006],
Controlled Lagrangians and Potential Shaping for Stabilization of
Discrete Mechanical Systems, Proc. CDC 45, 3333-3338.

[6] Bloch, A.M., N. Leonard, & J. E. Marsden, Stabilization of Mechan-
ical Systems Using Controlled Lagrangians, Proc. CDC 36, 1997,
2356-2361.

[7]1 Bloch, A.M., N. Leonard, & J. E. Marsden, Matching and Stabilization
by the Method of Controlled Lagrangians, Proc. CDC 37, 1998, 1446—
1451.

[8] Bloch, A.M., N. Leonard, & J.E. Marsden, Stabilization of the

Pendulum on a Rotor Arm by the Method of Controlled Lagrangians,

Proc. IEEE Int. Conf. Robotics Automat., 1999, 500-505.

Bloch, A.M., N. Leonard, & J. E. Marsden, Potential Shaping and the

Method of Controlled Lagrangians, Proc. CDC 38, 1999, 1652-1657.

[10] Bloch, A.M., N.E. Leonard, & J. E. Marsden, Controlled Lagrangians
and the Stabilization of Mechanical Systems I: The First Matching
Theorem, IEEE Trans. on Systems and Control 45, 2000, 2253-2270.

[11] Bloch, A.M., D-E. Chang, N.E. Leonard, & J. E. Marsden, Controlled
Lagrangians and the Stabilization of Mechanical Systems II: Potential
Shaping, Trans. IEEE on Autom. Contr. 46, 2001, 1556-1571.

[12] Chang, D-E., A.M. Bloch, N.E. Leonard, J.E. Marsden, & C.
Woolsey, The Equivalence of Controlled Lagrangian and Controlled
Hamiltonian Systems, Control and the Calculus of Variations (special
issue dedicated to J. L. Lions) 8, 2002, 393-422.

[13] Fujimoto, K., & T. Sugie, Canonical Transformation and Stabilization
of Generalized Hamiltonian Systems, Systems and Control Letters 42,
2001, 217-227.

[14] Hamberg, J., General Matching Conditions in the Theory of Controlled
Lagrangians, Proc. CDC 38, 1999, 2519-2523.

[15] Hamberg, J., Controlled Lagrangians, Symmetries and Conditions
for Strong Matching, In: Lagrangian and Hamiltonian Methods for
Nonlinear Control, Elsevier, 2000.

[16] Marsden, J. E., Lectures on Mechanics, London Mathematical Society
Lecture Note Series 174, Cambridge University Press, 1992.

[9

—



[17] Marsden, J.E. & T.S. Ratiu, An Introduction to Mechanics and
Symmetry. Texts in Appl. Math. 17, Springer-Verlag, 1999.

[18] Maschke, B., R. Ortega, & A. van der Schaft, Energy-Based Lyapunov
Functions for Forced Hamiltonian Systems with Dissipation, IEEE
Trans. Automat. Control 45, 2001, 1498-1502.

[19] Ortega, R., M.W. Spong, F. Goémez-Estern, & G. Blankenstein,
Stabilization of a Class of Underactuated Mechanical Systems via

[20]

[21]

Interconnection and Damping Assignment, IEEE Trans. Aut. Control
47, 2002, 1218-1233.

Zenkov, D. V., A.M. Bloch, N.E. Leonard, & J. E. Marsden, Matching
and Stabilization of Low-Dimensional Nonholonomic Systems, Proc.
CDC 39, 2000, 1289-1295.

Zenkov, D.V., A.M. Bloch, & J.E. Marsden, Flat Nonholonomic
Matching, Proc. ACC, 2002, 2812-2817.



