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The method of elementary solutions is used to analyze the situation in plasma oscillations when there

exists a real discrete eigenvalue.

I. INTRODUCTION

In two recent papers!:? it was argued that the original
van Kampen—Case method of elementary solutions®*
was incomplete for a particular situation concerning the
solution of the linearized Vlasov equation for a colli-
sionless plasma. Here we show that the method of
elementary solutions does, in fact, yield the correct
result for the considered exceptional case, To establish
the required notation, we review the development of the
solutions to

a

F(v’,t)dv’' =0,
(1)

Here F,(v,t) is the Fourier transform of the perturbed
distribution function, v is the speed, k is the transform
variable, and

wh d
nw)=-2% L 1), (2)
In Eq. (2), f,(v) represents the equilibrium distribution
and w, is the plasma frequency,
wi=47Ne*/m, (3)

where e and m are respectively the charge and mass of
the electron and N is the charge density.

3
"%_BTF"(U’t)+UFk(1)’[) "'Tl(v)f

=

On substituting solutions of the form

Fo(v,t) = ¢(v,v) exp(—ivkt) (4)
into Eq. (1), we find

w=-v)o,0)=n0) [ o, v)dv". (5)
The solutions can be normalized by taking

f_:qb(v,v’)dv’:l, 6)

and thus the continuum solutions corresponding to
v & (==, o) can be written as

oy, v) =nlv) ——r +a(v)6(v - ), (M
where
)\(v):1+wan(s)Sd_su. (®)

If we allow v to be complex, then the discrete solutions
are

CD(V&,U): TI(U), Q=1,2,3,.,,,K, (9)
V& -1

where v, is used to denote a zero of

AZ)=1 +f°°n(v) dv

V=-z

(10)
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If we write a general solution of Eq. (1) as

Fy(v,t)= aZ}lA“(b(V“’ v) exp(~-iv kf)

+ [ ZAWev, v) exp(= ivkt)dv, (11)
then the expansion coefficients 4, and A(v) must satisfy
the initial condition

F(U)zo.‘zz)lAaqb(Va,v) + [ AW, v)dy, ve(-w,=),
(12)

where F(v)=F,(v,0), Case has shown® that Eq. (12) can
be solved when F(v) and A(v) are Holder continuous
functions and the discrete eigenvalues are not real,
However, as Simon and Rosenbluth have pointed out,’
there is a problem with Case’s original solution for the
exceptional case when any of the discrete eigenvalues
becomes real and thus becomes embedded in the
continuum.

In a recent elegant paper? Arthur, Greenberg, and
Zweifel have used methods of functional analysis to
develop the solution for this elusive case. We show here
how the use of singular-integral equations yields the
correct result.

I1. ANALYSIS

For the sake of brevity, we consider that there is
only one discrete eigenvalue that is embedded in the
continuum and that it is a simple zero of A(z). To illus-
trate concisely the points of principal interest here, we
consider further that there are no other discrete eigen-
values. Thus we investigate

F(v):Acp(ul,u)m(v)pf”A(u)

-cc

L A A),

v € (=, ), (13)

where F(v) is an arbitrary, though specified, Haolder

continuous function,® Here since
A(p))=A"(v,) =0, (14)

where the + and - are used to denote limiting values as
the real axis is approached from above and below, we
see that

)\(Vl)=77(1/1)=0q (15)

We consider A{v) and n(v) to be differentiable and thus
write

dlvy, v)=-1'(v,). (16)

If we consider that A(v) is a Holder continuous function,
then we can follow Muskhelishvili, ® introduce
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Mo=gor [ AW 2, an

and thus rewrite Eq. (13) as

F() -A¢(v, ) =N @A (v) = N (0)A (),

v € (=oo, 00), (18)
which can be solved to yield
1 ® dv
Me)= 27iA(z) ,[ [Fw) —AdWw, 0T z (19)

However, it is clear that N(z) will have a “pole” on the
real axis unless we impose the conditions

wa [F(r) = A (v,, v)] =22

v -uy

£ mi[F(v,) =Ad (v, 1,)] =0, (20)

which clearly cannot be satisfied for F(v) arbitrary. We
thus conclude that, in general, Eq. (13) has no solution
with A(v) restricted to be Holder continuous.

Having decided that Eq. (11) does not represent a
sufficiently general solution of Eq. (1), we wish to con-
sider, for this exceptional case,

E(v,t)=Brwisgn(k)d(v,, v) exp(—iv,kt)

— [~ mi sgn(Bn(v) +a(v)] exp(-ivkt), (21)

where B is an arbitrary constant. By direct substitution
we can readily verify that Eq. (21) satisfies Eq. (1).
For this special case, we now replace Eq. (11) with

F(v,t)=A¢(v,,v) exp(—iky,t)
+ [T AW (v, v)exp(-ikvt)dv +E (v, 1), (22)
where A(v) is a Holder function. To show that the initial

condition can be satisfied, we proceed to establish the
solution to

Fu)=Ad(v,,v) +‘/.w AWy, v)dy + ” _vx(v),
vE(—w,co). (23)
Again, we introduce
1 - dv

Mz = e f% AW) 22 24)

and find
1 s das

N(Z):m[w F(s)'g—_—z s (25)
where

F(s)=F(s) =Ad(vy, ) - As). (26)

v, =8

Now to remove the “poles” from N(z), we must impose
the conditions

waﬁ(s) as_ _o @7)

S=v

—cc
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and

F(y,)=0. (28)

If we substitute Eq. (26) into Eqs. (27) and (28), then
we can evaluate two of the integrals to obtain

P RO B A - 2B ) (29)

and -
F(y))=-An'(v,) = x’'(v,)B. (30)

Clearly we can eliminate between Eqs. (29) and (30) to
obtain

A=[\2w,) + 0 2w ] [wl)

x PfF(s) vldis —TTZT)’(Vl)F(Vl)] (31)
and
B= = [ + ) [ )
XPI@ F(s) uldfs +)\'(V1)F(V1)]o (32)

With A and B as given by Egs. (31) and (32), we can use
Eq. (25) to find

A(u)A*(V)A'(V):E[n(V) 2

V-8

+)\(V)6(V—s)]1<:(s)ds,

(33)
and upon entering Eq. (26) into Eq. (33), we obtain

A=ty [ 9 =108t Ee s,
(34)
where
' r A(v)
d)(V,S):T_—; +n(—V)5(V—S) (35)
and
A+(V)A-(V) 2 2 -1
Z(V):m)— B + 702 (v) ' (v). (386)

We note that A(v) has a removable singularity at v=v,.

Finally, we conclude that A as given by Eq. (31), B
as given by Eq. (32), and A(v) as given by Eq. (34) con-
stitute the desired solution of Eq. (23).
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