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The elementary solutions of the linearized time-dependent BGK equation are shown to have, for the case
of no discrete eigenvalues, the half-range expansion property necessary for half-space analysis. Also the
partial indices corresponding to the basic matrix Riemann problem encountered are shown, for the general

case, to be nonnegative, as required for the half-space analysis.

I. INTRODUCTION

The time-dependent BGK model in the kinetic theory
of gases can be linearized and expressed in the manner

(;i— +Cxéa—» +1)h(X, c,t)= (77)-3/2’[ h(x’c”t)[l +2c-¢’
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where %(x, ¢, !) represents the perturbation of the dis-
tribution from the Maxwellian distribution, ¢, with
components ¢,, c,, and c, and magnitude c, is the
velocity, ¢ is the time, and x is the space variable. In
the manner of Cercignani,' we find that Eq. (1) can

be decomposed, by taking moments, into a set of two
coupled equations plus three uncoupled equations. Since
the uncoupled equations have been discussed in consid-
erable detail,” we consider here only the coupled
equations,
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Here, the elements of the two-vector ¥(x, u,f) are re-
lated! to the density and temperature of the gas, and

¥, 4, and { represent, respectively, the position, veloc-
ity component, and time, in dimensionless units. In
addition,
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We note that the time-independent version of Eq. (2) has
been studied extensively by Kriese, Chang, and
Siewert, 2

Since we wish ultimately to solve initial and boundary-
value problems relevant to Eq. (2), we first will estab-
lish the required elementary solutions.

H. ELEMENTARY SOLUTIONS
We seek solutions of Eq. (2) of the form
¥(x, u,t) =exp(st)® (v, u;s)exp[—-(s +1)x/v], (4)
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where, in general, s is complex, but s# -1, and v is
to be determined. Equation (4) can be entered into Eq.
(2) to yield, after some elementary analysis has been
carried out,

(v~-w) (v, p;s) = wr Q)T +yvuD]M(v; s), (5)
where

y=2s/(s +1), (6a)

(M) 2w =1/(s +1), (6b)

0 0
.0
01

and the normalization vector is given by
M(v;s):f_:é(u)é(v,u;s)e'“zdu. (8)

Since the velocity component p € (-, ), we can solve
Eq. (5) for v (=, ) by writing

¢<u,u;s):w[upu(vi—u>+x<u)a<u—u> (1)

X(I+yvuD)M(r;s). 9)

Here Pn»(1/x) denotes the Cauchy principal-value distri-
bution, and 5(x) represents the Dirac delta distribution.
We note that Eq. (9) is a generalization of the “singular
eigenfunction” introduced in 1960 by Case® and discussed
extensively in the text by Case and Zweifel.® In Eq. (9)
the function A(y) is considered, at this point, “arbi-
trary”; however, if we multiply Eq. (9) by Q(u) exp(- u?)
and integrate over u, we find

vy s) =A()¥ly; )| M(v;s) =0, (10)
where
V(s s) = we™” Qu) QUuNI +yu®D), (11)
and
° X dav
x(u;S):Hqu ‘l’(v,s)y_“ . (12)

From Egq, (10) we deduce that det{A(v;s) —Ai(v)\IT(u;As)}:O
and hence that there exist two X’s, i.e., A;(v) and A,(v).
We thus write our so-called continuum soluticns as

& (v, u;s)=w I:VP”(;‘l:—’l) +x, (v) 6(w - u)]

XQ(uXI+yrvuDIM,(v;s), a=1and?2.
(13)
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In regard to the discrete spectrum, we consider now
v ¢ (=, =) and write

12

Ble vy, 1) =o(7ED) Q) W rva D) Mlvss),  (14)
where
Altv,;s)M(vy,;s)=0, (15)
Az;s)=1 +z[m\lr(u;s)ud_“2 ’ (16)

and v, is used to denote each of the “positive” zeros of
A(z;s)=detA(z;s).

As we have discussed in a previous paper,® the dis-
persion function can be written as

Az 9)= aqyrliste? +(s +1)(s = $)(s +3)

+[5s%2* +322(4s% = 1) +5(s +1)(&s +1)]A(2)

+2(s +1 +2s?) A%2)}, (17)
where
1 ) w2 _di
A(z):1+\/_ﬂzf e (18)

We have shown® that A(z;s) has «(s) pairs of zeros,
where «(s) can be either 0,1,2, or 3 when s is contained
respectively in S, S;, S,, or S;, as previously

defined. ®

Having established the required elementary solutions
of Eq. (2), we now formally write our general solution
{(with s as a parameter) as

\I/(X, iyt; S):eS’a’f)[A(Va)é(Va’ :U‘;S)exp[_ (S +1)X/VaJ
+A(= vy ) ®(=vy, u;s)exp{(s +1)x/v, ][]

® o2
+ ) 2 A @, (v, u58)

-

x exp[-(s +1)x/v]dv;. (19)

Here A(zv,), A,(v), and A,(v) are the expansion coeffi-
cients to be determined from the boundary and initial
conditions. If we let A(v) denote the expansion vector

A(w)=A (MM, (v;s) +4,(n) M (v; s), (20)

then Eq. (19) can be written as

T(x, u,[;s):gst{x(zs) [Av,) ®(v,, u;s)exp[—(s +1)x/v, |

a=1

+A(_ Ua)Q(_ Vas u;s)exp[(s +1)x/Va”

+fmd>(v,u;s)A(u)exp[—(s +1)x/v]du},

~o0

(21)
where the continuum malrix is
1
#(,155) = v Py (5 2) Q) @ +ywaD)
+0(v - ) e QI W)A(w; s). (22)

I1l. HALF-RANGE ANALYSIS

We wish now to show that the “eigenvectors” estab-
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lished in the previous section have an important prop-
erty that allows us to write

x(s) ©
W)= 2 AW, 8(ve, u35) + [ 70(v, 1;5) Alw)av,

p e (0,), (23)
where I(y) is an arbitrary two-vector which is Holder
continuous on any bounded interval of the positive real
axis and further satisfies

[1,(u)] <Ce*, a=1,2, pe(0,x), (24)

where C is a positive constant.

Equation (23) is the statement equivalent to Case’s®
half-range completeness theorem for the one-speed
neutron problem and clearly will be required when we
wish to solve explicitly a typical half-space problem.

In order to illustrate explicitly the analysis required
to prove Eq. (23), we consider currently only those
values of s € S, so we can allow «(s) to be zero, By
introducing the sectionally analytic vector function

1 o
N(Z):—z-FZ f V(I +‘)/VZD) A(V) Vd_VZ ’ (25)
[}
with limiting values
N N dv
N*(#) = 57 Pf V(I+yutD)A(v)V_f
0
+ 341 +y?D) A(t), (26)

we can express the equation
Ku)= f: &(v, u;s)A(v)dv, we(0,°) andscS,, (27)
in the form

PI() Q(u) e K u) =8 (3 ) (= p) N*()

-8 (u; )T~ )N (). (28)

Here we have introduced

n(z):x-(zi>n, (D22 =4, (29)

1

and

Q5 uw; s) =T()[A(1;8) £ mu¥(p; s)| O (w). (30)
It can easily be shown that the matrix

Q(z; ) =T(2) Az; )M (2) (31)
has the limiting values given by Eq. (30) and can be
written as

Q(z;s):l+z[ By s) 2L, (32)

- -z

where

Vs s) =) ¥(p; ) I (p). (33)

The §(z;s) matrix has other important properties that

we will soon require,
2(z; §)E§(z;s):ﬂ(— z;s):ft(z;s). (34)

If now we let X(z;s) denote a canonical solution, of
ordered normal form at infinity,%'® to the matrix
Riemann problem defined by
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X(u;s)=Glu;s) X (u;s), wpel0,), (35)
where
Glu; s) =@ (u; $)[8 (u39)]7, (36)

then we can write the solution to Eq. (28) as

du
w2 +R(Z)> ’

K(z; $) I~ o) N(e) = 5= ([wrm)

(37)
where
L) = uX ;) [ )] () Q) e Hw).  (38)

In Eq. (37) we use R(z) to denote a vector of rational
functions. At this point we wish to make use of the fact
(proved in the next section) that the partial indices,

k; and k,, basic to the Riemann problem defined by Egs.
(35) and (36), are nonnegative. Since we are consider-
ing here the case x=0, then clearly k, =x,=«=0, and
thus we can normalize our canonical solution by taking

X(o;s)=1, k=0, (39)

On investigating Eq. (37) for large z and noting that
R(z) can be singular only at z=~2z;, we conclude, after
examining the form of Eq. (25) for large |2/, that

R(z)=(z, +2)"R, (40)

where the constant vector R can be expressed as

R= f: T(w)du -(I-D) f: vA(v)dv -yz,D fo"’ AW)vidv.

(41)
Thus we can now write Eq. (37) as
. 3 1 © du 1
1 - = i N — .
1= 2)N() =X (25 8) 5 [fo r(w -+ —— R]
(42)

If now we notice that Eq. (26) yields
N*(#) = N-(¢) = ¢T1(#) TI(— ) A(D), (43)

we can obtain from Eq. (42) the expression

HIE) AlD) = fx (U(t)f—f— + V(1) 6(u —l‘))X(—l;s)Q(oo;s)

R
z, +¢ )
In developing Eq. (44) we have used the fact that the X
matrix factors £(z;s) in the following manner:

XT(u)dp +U() X(=1;5) Q(o; s)

(44)

2(z;5) =X(z;5) R(;s)X(=2;5), k=0, (45)
Here we have defined

27U = [t 8)] = [27(4; 8) ] (46a)
and

v =[R(;) ™ [t )] (46b)

We can find from Eq. (44) the moments of A(v) required
in Eq. (41) to establish R. After using the integral
representation

83z, 8)X(—2;8) =Y (03 8) + [ U(t)X(—t;s)tti—tZ

k=0, 47)

to help simplify our result, we find
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R= -2z [I+X(-z,; s)DX! (z,;8)]™"

Xi(—zl;s)DSJ(‘l(zl;S)f r(w) du
[¢]

IJ'_ZI.

(48)

Since R is now established explicitly, we consider the
proof that I{i) can be represented as given by Eq. (23)
completed for the case x=0.

IV. PARTIAL INDICES

As mentioned in the previous section, we require in
our proof of “half-range completeness” the knowledge
that the partial indices basic to the matrix Riemann
problem defined by Eqs. (35) and (36) are nonnegative.
The proof that we will develop here is similar to the one
given previously’ for a problem relating to the scatter-
ing of polarized light; however, because £(z;s) is not
symmetric and because the problem contains a complex
parameter s, some additional work is required. We
consider in this section the total index « to be 0,1,2, or
3.

First of all, we note that
@(z;s)zﬁ(z;s)i“(— 2;8) (49)
is a solution of the Riemann problem defined by
& (u;s)=Gu;s) @ (u;s), nel0,*), (50)

where G(u;s) is given by Eq. (36), and thus® &(z;s) can
be expressed as

®(z;5)=X(z;5) P(2), (51)

where P(z) is a matrix of polynomials. It is clear that
Eqs. (49) and (51) yield the factorization

ﬁ(z;s):X(z;s)P(z)XN(—z;s). (52)
We note that by definition® a canonical solution of
ordered normal form at infinity is such that

FAR SN
Jim X(z; s)
z o 0 ZK2

=K, detK#0, (53)

where «, < k, and «, are the partial indices and «; +«,
=k. If we use Eq. (53) in Eq. (52), as |z2| — =, we can
readily deduce that x;, = 0 unless P,,(z)=0. Thus to show
that k,> k, > 0, we need to prove that Py,(z)#0.

If we now change s to S in Egs. (35) and (36) and take
the complex conjugate of the resulting equations, we
can use Eq. (34) to deduce that

X(u;8)=G,(1; )X (;8), welo,=), (54)
where

Gl s 8) = [Gu; 5)] 7 = @ (w5 $)[@ (w5 )] (55)
and we have defined

?:((Z;S):m. (56)

Using the fact that W(z;s)=1(2) II(- z) A(z; s) is sym-~
metric, we can deduce a convenient relationship,

B(u) Gx(u; ) = G(u;s) B(w), (67)
where

B(u) =0 (u) I(=p). (58)
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It is not difficult now to deduce that
X(z;5) =B2) X(z; ) R(2), (59)

where R(z) is a matrix of rational functions. Further,
we observe from Eq. (59) that R(z) must be of the form

1 -~
= 60
RE=(5) Ao, (60)
where /5(2) has polynomial elements. If we let
z* 0
X(z; )~ K(s) , 2|, (61)
0 z™*

then we can find the general form of f-’(z) by investigat-
ing Egs. (59) and (60) as | z| — =

. Ty, T, 27
M)~z y 2] =, (62)
Ty 2270 Ty,
where
-1 0
T :K-I(S) K(g). (63)
01

We assume here that «; # k,, for otherwise no proof that
K, and k, are nonnegative is required, and thus we can
consider

01
K(s)= (64a)
10
or
1 b(s)
K(s) = (64b)
0 1
and deduce that the most general form of /:’(z) is
- 1311 +z 0
Pa=+ |, (65)
P,(z) P~z

where 13“ and 1322 are constants. If now we use Egs.
(65) and (60) and evaluate Eq. (59) at z=0, we obtain

X,5(0;8) = *(})ﬁn X,,(0; s) (66a)

and

o A= 1 iy
D 22(0;3):i(?—) P,, X,,(0;s). (66b)
"1
Equations (66) allow us to prove the required state-
ment that the polynomial P;,(z) appearing in Eq. (52) is
not identically zero. Since £(0;s)=1I, we can solve Eq.
(52) to obtain

P (0) =X2(0; 5) [XT,(0; 5) +X3,(0; 5)], (67)
where X(0;s)=detX(0;s). To allow P,,(0)=0 yields
X5,(0; s) =+4X,,(0;5) (68)

which contradicts Eqs. (66). Since P,,(0)# 0 it follows
that the partial indices basic to the Riemann problem
defined by Eqs. (35) and (36) are nonnegative.
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V. THE H MATRIX

If we go back to Eq. (52) and use the normalization
X(w;s)=1, k=0, we can write

£(z;s) = X(z; ) X1(0; ) X10; 5) X(~ 23 5). (69)
Therefore, if we define the H matrix by

H(z;s) = X(- z;5) X(0; ), (70)
then a factorization of ©(z;s) becomes

(z;s) =H(- z;8)H™(z; s). (1)

Since ultimately we wish to express all of our results
in terms of the convenient H matrix, we can use
1

-1 . — -1 . —_—
H(z;8) = Hi (o3 8) + 5

Xf H(-t;5) [@°(; ) - (1 )] =2 (72)

R t—z
or )
(e s) =Tz [ il s) 600022 (73)
’ . ’ 4z
to compute H(z;s) for z¢ (0, =) after we have solved
. © 5 : d
Hl(u;s):l—u[ H(t;s)\ll(/;s)t+“ s uel0,),

° (74)

iteratively. It is clear that Eq. (74) has a solution since
we know that X(z; s) exists and the subsequent definition
of H(z; s) in terms of X(z;s); however, the recent work
of Zweifel and co-workers®® could prove very useful for
showing that an iterative solution of Eq. (74) converges
to the desired result,

VI. SOUND-WAVE PROPAGATION

It is evident that we can readily solve half-space
problems based on Eq. (2) subject to a free-surface
boundary condition of the form

¥(0, u,t)=exp(st) F(u), u=0, (75)
and a specified condition as x~ «, Here, we consider
F(u} to be, in general, an arbitrary Hélder function.
For example, for sound-wave propagation in a half-
space defined by ¥(x, u,f)—~ 0 as x—~ =, and

Y0, u, ) =expliwt) F(n), >0, (76)
we simply let s =iw and write the desired solution as
V(x, u,t) =expliwt) 2 AW) 8(vy, 1 iw) expl- (G +1) x/v,]

+f0°°d>(v, u;iw) Alv) exp[- (Gw +1)x/u]du]
(77)
If we constrain Eq. (77) to meet Eq. (76), we get

F(u) =3 Ara)@(v,, w3 i) + [~ (v, us iw) Alv)dv,

1
u=0, ('78)

The solution of Eq. (78) is given in Sec. III for the case
k=0; we note from our previous work® that w
>2.14517- .. =>k=0. We are confident that explicit
solutions of Eq. (78) for a general index will soon be
forthcoming.
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