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ABSTRACT
Principles of invariance ave used with the tradi-
tional P-L method to yield concise and improved
vesults for critical calculations of reflected reac-

tors.
ANALYSIS

The purpose of this Note is to report the results of a
simple approximate solution to the reflected critical-slab
problem. The technique blends the features of the Chan-
drasekhar H function® with the usual P - L approximation to
give a result for the critical dimension that is consistently
more accurate and, in a sense, less complicated than that
obtained from the traditional P-L method.

We seek a solution to

B Yol )+ Wiy w) = e [ (14 b Wale, )’
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where y,(x,u) denotes the angular flux in the core,
xe(-a, a), and where y,(x, u) is the angular flux in the
infinite reflector, |x| > a. Here we consider that C1, C2, by,
and b, are given, and thus we seek the value of a for which
there exists a real non-negative solution of Eq. (1), subject
to the boundary conditions

Volx, ) = Yol-%, -p) (2a)
ll;fll?:" Ylx,u) =0 (2b)

and
Ula, 1) = Yela, u) , pe(-1,1) (2c)

We note that a rigorous solution of this problem is re-
ported in a related paper?; but here, we wish to give a
simple approximate solution that can be useful for low-
order calculations. For the core, we can write the
properly symmetric P-L solution, for L odd, as
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L
Ulx,p) = 25

I=0 j=1
x[exp (-x/v)) + (-1) exp (x/v))] 3)

where P)(u) denotes the Legendre polynomial, the arbitrary
coefficients A; are to be determined from the boundary
conditions, and the polynomials T;(¢) follow from®

[20+ 1 - ci0+ 26y 0)] ETy(8) = (I + 1) Tp(8) + ”_1-1(»&) )
(4)

!S. CHANDRASEKHAR, Radiative Transfer, Oxford University Press,
London and New York (1950).
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with To(¢) = 1. Also, the eigenvalues v; required in Eq. (3)
are the ‘‘positive’’ 3(L + 1) zeros of T p,,(¢).

Were we to pursue the traditional P - L approximation,
we would now write an expression similar to Eq. (3) for the
reflector, equate moments of the two expressions evaluated
at x = a, and thus obtain a critical condition that the deter-
minant of the resulting (L + 1) X (L + 1) coefficient matrix
must vanish. Here, however, since ¢, < 1, we can use the
Chandrasekhar result,’

1 1 ’ 7 ’
Wla,-w) =5 [ SW L wde, ) dw , pe0,1) , (5)
where
S(p',p) = f—f{% H)H@)[1-cu+p)-Lu'] , (6)
with
Leb(l-c) , é=52B0 ang g o [ R
2 2 2 y 2 _ c2H° ) a 0 [ K uo,
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to write the continuity condition, Eq. (2¢), as
1 ’ ’ ’
Wla,-u) =5 [P S, mva(a,p)dp’ , pe(0,1) . (8)
2u Jo

We note that H(u) required in the foregoing is the Chandra-
sekhar H function.' In addition to an analytical expression
for H(p), there exists the useful (for numerical calcula-
tions) nonlinear integral equation,

1

C2 1 dax
_}T(m=1-—2-uj; (1 + I,x*)H (x)

x+u

uef0,1] . (9)

If we now enter Eq. (3) into Eq. (8), we can use Eq. (9) and
the recursive relation,

(20 + 1) pPy(p) = ( + 1) Pa(p) + 1Piy(u) (10)
to evaluate the integration over p’ to obtain
L [(Ls1)/2] (97, 1
#2502 (B nenriena,
o T
x [exp(-a/v) + (-1)' exp(a/v))] =0 , pe(0,1) (11)

A. R. BURKART, Y. ISHIGURO, and C. E. SIEWERT, Nucl Sci.
Eng., 61, 72 (1976). )
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Here the 7 polynomials can readily be generated from

(20 + Vpm () = Ki(-p) + (0 + Dmyy(p) + Imoau) (12)

with m(u) = 1 and

ca(2l + 1) fol WP () H () [1 - e+ p) - Lppldy
2 - c2Hy + c;¢H, )

Kj(u) =
(13)

It is clear that the polynomials K;(u) can easily be ex-
pressed in terms of moments of H (i1). We note that for the
case of isotropic scattering in the reflector, b, = 0, the
polynomials K;(p) are simply constants. For the case
cz = 0, the polynomials K;(u) are all zero; thus, m,(u) —
Py(u), and Eq. (11) reduces to the statement that yy(a, -u) =
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matrix M(a) are given by
v . )
Map @) = 25 (2 [ W0 Puoes) B ) 1) T
X [exp (-a/vg) + (-1)" exp(a/vp)] (16)

Clearly det M (a) = 0 yields the desired half-thickness.
NUMERICAL RESULTS

To tabulate concisely our numerical results, we let 1>
traditional P-L solution, II = Eq. (14) with W(u) = H™ (),

) TABLE I
0, pe(0, 1), the obviously correct boundary condition for the
bare slab. Basic Data
For finite L, Eq. (11) cannot be satisfied pointwise, and
so we choose to satisfy instead moments of Eq. (11): Case Q b Cz b2
L L lLsnrel (97 41
W (W) Pza-a(p) H (1) (————)m(- YTi(vi)A; 1 1.01 0.0 0.9 0.0
) il Z 2z 2 wEREE 2 1.01 1.0 0.9 0.0
. 1 g 3 1.01 0.0 0.9 1.0
xlexp(-a/vj) + (-1) exp(a/v))]dp =0 4 1.01 1.0 0.9 1.0
_ L+1 5 1.06 0.0 0.9 0.0
@=1,23...73 (14) 6 1.06 0.0 0.9 1.0
In Eq. (14), the function W(y) is arbitrary. For the vacuum 7 1.20 0.0 0.4 0.0
case, ¢; » 0, H(y) — 1, m(u) — Py(u), and thus if W(u) = 1, 8 1.20 1.0 0.4 0.0
Eq. (14) will yield the traditional Marshak result.® In the 9 1.20 0.0 0.4 Lo
present study, we have considered two choices for W(u): 10 1.20 1.0 0.4 L0
W(u) = H %) and W(u) = 1. In general, Eq. (14) is a sys- 11 1.50 0.0 0.9 0.0
tem of algebraic equations, which we can write as 12 1.50 1.0 0.9 0.0
M@A=0 , (15) 13 1.50 0.0 0.9 1.0
14 1.50 1.0 0.9 1.0
where A is a vector with elements A,, @ =1, 2. .. 15 1.60 0.0 0.4 0.0
[(L + 1)/2], and the [(L + 1)/2]® elements of the coefficient 16 1.60 1.0 0.4 0.0
17 1.60 0.0 0.4 1.0
K. M. CASE and P. F. ZWEIFEL, Linear Transport Theory, Addison- 18 1.60 1.0 0.4 1.0
Wesley Publishing Co., Inc., Reading, Massachusetts (1967).
TABLE 1I
Critical Half-Thickness
I I I
Case P-1 pP-3 P-5 P-1 P-3 P-5 P-1 P-3 P-5 v Exact
1 7.301 7.2178 7.2157 7.287 7.21817 7.2160 7.266 7.2168 7.2154 7.214751 7.214751
2 8.510 8.3978 8.3949 8.490 8.3991 8.3953 8.459 8.3964 8.3945 8.393351 8.393532
3 7.576 7.4973 7.4957 7.563 7.4981 7.4960 7.545 7.4967 7.4956 7.499008 7.495017
4 8.909 8.8022 8.8000 8.891 8.8035 8.8004 8.863 8.8014 8.7998 8.804780 8.799010
5 2.149 2.0576 2.0538 2.139 2.0577 2.0539 2.125 2.0554 2.0532 2.052395 2.052360
6 2.347 2.2501 2.2470 2,338 2.2505 2.2471 2.324 2.2485 2.2465 2.249949 2.245784
7 1.352 1.2061 1.1894 1.301 1.1949 1.1855 1.296 1.1938 1.1852 1.182975 1.182419
8 1.550 1.3569 1.3371 1.478 1.3426 1.3321 1.472 1.3413 1.3317 1.328226 1,328237
9 1.391 1.2411 1.2251 1.342 1.2309 1.2216 1.337 1.2297 1.2212 1.221402 1.218626
10 1.607 1.4057 1.3867 1.536 1.3926 1.3822 1.529 1.3911 1.3818 1.382234 1.378425
11 0.3434 0.30030 0.29022 | 0.3408 | 0.29792 | 0.28854 | 0.3370 | 0.29545 | 0.28731 | 0.2910616 | 0.2825876
12 0.3537 0.30742 0.29684 | 0.3509 | 0.30492 | 0.29509 | 0.3468 | 0.30231 | 0.29381 | 0.3002338 | 0.2889746
13 0.4008 0.34412 0.33255 | 0.3979 | 0.34170 | 0.33088 | 0.3936 | 0.33881 | 0.32954 | 0.3345442 | 0.3248086
14 0.4173 0.35503 0.34273 | 0.4140 | 0.35245 | 0.34098 | 0.4091 | 0.34934 | 0.33956 | 0.3484569 | 0.3347018
15 0.5854 0.48585 0.46192 | 0.5520 | 0.47169 | 0.45519 | 0.5493 | 0.47048 | 0.45465 | 0.4509333 | 0.4468885
16 0.6539 0.52632 0.49844 | 0.6090 | 0.50942 | 0.49066 | 0.6056 | 0.50797 | 0.49003 | 0.4922023 | 0.4817374
17 0.6120 0.50455 0.48004 | 0.5787 | 0.49080 | 0.47362 | 0.5753 | 0.48929 | 0.47298 | 0.4706506 | 0.4653584
18 0.6907 0.55034 0.52155 | 0.6448 | 0.53375 | 0.51406 | 0.6403 | 0.53193 | 0.51331 | 0.5183184 | 0.5051470
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TABLE III
Errors (in percent)
1 II I

Case P-1 P-3 P-5 P-1 P-3 P-5 P-1 P-3 P-5 v
1 1.19 0.042 0.013 1.00 0.054 0.017 0.70 0.028 0.009 0.000
2 1.38 0.051 0.016 1.14 0.067 0.021 0.78 0.034 0.011 0.002
3 1.08 0.030 0.009 0.91 0.042 0.013 0.66 0.022 0.007 0.053
4 1.24 0.037 0.012 1.04 0.051 0.016 0.73 0.028 0.009 0.066
5 4.71 0.25 0.071 4.24 0.26 0.073 3.54 0.15 0.042 0.002

6 4.51 0.19 0.052 4.10 0.21 0.057 3.48 0.12 0.033 0.19
7 14.3 2.00 0.59 10.0 1.05 0.26 9.65 0.97 0.23 0.047
8 16.7 2.16 0.67 11.3 1.08 0.29 10.8 0.98 0.26 0.001

9 14.2 1.84 0.53 10.1 1.00 0.24 9.69 0.91 0.21 0.23

10 16.6 1.98 0.60 11.4 1.03 0.28 10.9 0.92 0.24 0.28

11 21.5 6.27 2.70 20.6 5.42 2,11 19.3 4.55 1.67 3.00

12 22.4 6.38 2,72 21.4 5.52 2,12 20.0 4.62 1.67 3.90

13 23.4 5.95 2.38 22.5 5.20 1.87 21.2 4.31 1.46 3.00

14 24.7 6.07 2.40 23.7 5.30 1.88 22.2 4.37 1.45 - 4.10

15 31.0 8.72 3.36 23.5 5.55 1.86 22.9 5.28 1.74 0.91

16 35.7 9.25 3.47 26.4 5.75 1.85 25.7 5.44 1.72 2.17

17 31.5 8.42 3.15 24.4 5.47 1.78 23.6 5.14 1.64 1.14

18 36.7 8.95 3.25 27.6 5.66 1.76 26.7 5.30 1.62 2.61

III > Eq. (14) with W(u) = 1, and IV = the ‘‘wide slab’’
approximation based on the extrapolated endpoint zop, as
discussed in Ref. 2. Because the result is so simple in the
P -1 approximation, we give

1o 1 tan-1| Lz c2) " (3 - clbl)l/z]
[(er - 1) (3 - ¢25,)]* (cr - D2 (3 - cabo)/2]
. (17a)
I - 1
[(01 -1)(3 - C1b1)]1/2
- { (2 - C:Ho+ C,CH,) (3 - €,b,)"/2 }
2(cy- 12 [H,3 3 - Hy(Calp + 2 €38) + 2 - ¢,H,)
(17b)
and
mo_ 1
[(Cl -1) (3- Clbx)] 1/2
« tan-! (8- c101)”2 H\(2 - c;Ho + 22 Hy)
3(c, - 1)1/2 [H2(2 - CH, - 625H1)+02(Hf - l2H§)] '
(17¢)

Sets of selected data appear in Table I, and the results
for approximations I, II, and III for L =1, 3, and 5, along
with approximation IV and the exact result,® are given
in Table II. In Table III we give the errors associated with
the various approximations for the cases considered.

Needless to say, the approximations given as I through
IV are parameter dependent; however, we have observed
generally that III is the best of the P - L-type approxima-
tions, as illustrated by Table III. Also, for hand calcula-
tions II or III is somewhat easier to handle than I, since the
determinant of an [(L + 1)/2] x [(L + 1)/2] matrix is re-
quired, rather than the determinant of an (L + 1) X (L + 1)

matrix. Of course, moments of the H function are required
for II or III, but these moments are available.*

This method has been applied to the problem of a finite
reflector, and the resulting expressions for the m polyno-
mials (as well as explicit expressions for the case
considered here) and some preliminary numerical results
have been established.*

‘K. NESHAT, MS Thesis, North Carolina State University, Raleigh,
North Carolina (to be submitted).



