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The elementary solutions of the one-speed neutron-transport equation with linearly aniso-
tropic scattering are used in conjunction with Chandrasekhar’s invariance principles to solve in a
concise manner the Milne problem for two adjoining half-spaces and the critical reactor problem

for a reflected slab.

I. INTRODUCTION

The elementary solutions of Case' were used
by Kuszell® to study neutron diffusion for prob-
lems defined by the presence of two dissimilar
media. That work, however, was limited to iso-
tropic scattering and was left in a somewhat
cumbersome final form. Later work by Mendel-
son and Summerfield® added to the general area of
multiregion problems; however, it is to the basic
work of McCormick*® and McCormick and Doyas’®
that we must look for the most significant contri-
bution to two-media problems with the effects of
anisotropic scattering included. Today in the field
of neutron-transport theory many researchers
consider the fundamental paper by Case® to be the
cornerstone of the theory of ‘‘exact’’ solutions.
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Later Pahor and Zweifel® in an elegant paper
demonstrated how the work of Chandrasekhar’ and
Case' could be coupled and utilized at the same
time to obtain in a profitable and concise manner
certain results for a variety of single-medium
problems.

In a recent Note, Siewert and Burkart® demon-
strated how the principles of invariance, as
developed by Chandrasekhar,” could be used effec-
tively to analyze the critical reactor problem for
a reflected slab with isotropic scattering. In this
paper, we wish to show explicitly the complica-
tions that arise when the same critical problem
and the Milne problem for two adjoining half-
spaces are solved for the case of linearly aniso-
tropic scattering.

II. THE MILNE PROBLEM FOR
TWO HALF-SPACES

We consider the one-speed neutron-transport
equation for region 1, x > 0, and region 2, x < 0,
written in the familar manner
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Here ¥, (x, ) denotes the neutron angular density
in region a, as a function of position (in optical
units) x and the direction cosine of the propagating
neutrons, p. In addition, ¢, denotes the mean
number of secondary neutrons per collision in
region a, and b, is the coefficient of anisotropic
scattering.

For the considered Milne problem, we seek a

diverging (as x — «) solution of Eq. (1) such that.

lim U,y (x, w) exp(-x/ve) < o (2a)
lim ‘I’z(x’ U-) =0 (2b)
X->=00
and
‘Ill(o’l-l-) = ‘1’2(0; IJ') ’ U e ("1’1) (20)

Here vy, denotes the discrete eigenvalue in re-
gion 1. (We use, with only slight modification, the
notation of Case and Zweifel,’ so that many of the
basic quantities need not be redefined here.)

Relying on the basic work of McCormick and
Kuscer,'® we can immediately write solutions to
Eq. (1) that satisfy the boundary conditions listed
as Eqs. (2a) and (2b):

¥, (x, ) = A(vo) ¢, (vo, 1) exp(-x/vy)
+ ¢1(‘Vo,li)exP(x/Vo)
+ [JAM) 0i(v, W exp(-x/v)dv  (3a)
and
¥, (x,1) = B(-10) ¢ (-0, 1) €xp (x/No)
+ JIB(-n) ¢:(-n, ) exp(x/m)dn . (3b)
Here
balbart) = SR (G gy (D
where
Ry(x,9) = 1+ [yxy
la = ba (1 -cq)
& = v
52 = "70 ’
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and where £,¢(-1, 1) is the positive zero of

Na(2) = 1 - CozRq(2,2) tanh™ 2+ culoz® . (5)

Also,

balt i) = 5 Ry (61 o+ Aa(BO(E- 1),
te(-1,1) , (6)

with

Ma(§) = 1-cotRo(E,8)tanh™ £+ cala8® . (T)

Since the solutions given by Eqs. (3) inherently
satisfy Eqgs. (2a) and (2b), we need simply to con-
strain them to obey Eq. (2c), which we choose to
write as

‘1’1(0, IJ') = ‘1’2(0,#) and ‘1’1(0, "l-‘») = ‘1'2(0""-) ’

ne(0,1) . (8)

At this pomt we can use the S function of Chandra-
sekhar’ to write

S sa (', (0, -py ap

ne(0,1) (9)

1
\1’2(01 IJ-) = 5’1

where
’ % “ ’
Se(W'sp) = —2&‘“—[1 - C2(p+ p) - Lapp']
TR
X Hz(p') Ha(u) (10)
Here H.(p) is Chandrasekhar’s H function for
region 2 and, in general,
& = Cala 0g,1
* 2 - ¢y,
- 2(1-¢y)
9a = 3. Ca%q,0

and

tayp = [ Ho (1) pPdp (11)

If we now enter Eq. (8) into Eq. (9), we can obtain
1 n ' '
¥, (0,p) = o _/(.,\Sz(ll,ﬂ)‘l’x(o"ﬂ')dﬂ )

rne(0,1) .

We consider that Eq. (12) is the basic equation
now to be satisfied, since if A (v,) and A(v) are
established by Eq. (12), then B(-n,) and B(-n) can
be obtained immediately from Eq. (8) by using the
half-range orthogonality relations of McCormick
and Kuséer.'

On substituting Eq. (3a) into Eq. (12), we find
that we can evaluate the integral over pu’ to obtain

(12)
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AL 0o - W)
+ j‘;l 12((1:)))[¢1(V7“) = W(V)]d’/
= o B - W]
pe(0,1) , (13)
where
WD) = 3 gy (e - @A) - 1]
- C2Ri(&, B} (14)

Equation (13) clearly is a singular integral equa-
tion that can be regularized by using the half-
range orthogonality relations for one medium
(McCormick and Kuséer'®). Thus, if we multiply
Eq. (13) by

[¢1(Vo, W o+ ‘V" c ]uHx(u)

and integrate over u, we find

A(VO) [Nl(Vo) H(vo) - Vo¢hW(Vo)] - VoqlA
= 'K(I_V_O)[J('VO, vo) = ve1W(-vo)] (15)
where
= _ 1 AW
4= j:’ AR (16)
(1 - ¢1) R, (3vo, Vo)
) VoR (Vo, Vo) ] ’ (17)
and
- civof
I, ) = 2(vo + &) Hy(vo)
X [1 - Lvet + &1(vo + §)] (18)

In a similar manner, we can multiply Eq. (13) by

[‘151(1/', w + 0121/

é\‘1] I-'LHI(IJ-) ’ VI € (09 1) ’

and integrate to obtain

A(Vo) A (V)

DA (v )Nl(v')H(v)-VqlA

V' W (vo) +

1

= -m[J(-VO, VI) - U,éIW("VO)] (19)

Here,

Ni(v) = V{[’h(l/)]2 + [612” Ri(v, V)] } . (20

If now we rearrange Eq. (19) and multiply by
W(v'), we can integrate to find

¢1K1R; (vo, vo) A(vo) Hy(vo) Ni(vo) Ko
4H1(V0) Hz('Vo) Von(Vo) ’

(21)

where the two constants K, and K, are given by

= -

! vW(v)(vo - v)
K, = j(; Ni(v) Hi(v) (vo + V) (22a)
and
_ 1 vw()
K= f Sty ¢ (220)

Equation (21) can be used in Eq. (15) to find A (vy),
and subsequently A(v) can be found from Eq. (19):

= Hz(Vo)
% {Cwo[l - Luvs + 20081 + G2 KRy (vo, vo)] - 4voHy (vo) G W (- vo)}
[4 M (vo) Hi(vo) Hi(vo) (1 - 3.K2) - dvoH, (vo) P AD)

(23)
and
___VHy(v) A (o) Hi(vo) N1 (vo)
A(V)—Nl(V)Hl(V) [ voH> (1)
c1(vo = v) Ry (vo, vo)
" 4(vo + V) Ha(-10) Hl(VO)] (24)

Equations (23) and (24) are explicit expressions
for the expansion coefficients A(v,) and A(v).
Though our final results were obtained differently
and are different in appearance from those of
McCormick® and McCormick and Doyas,® they are
similar in that there appear extra terms, in our
case, W terms, in regard to either the isotropic
scattering case, I, = I, = 0, or the single medium
result, ¢, = 0.

We note that the neutron density in region 1 is
given by

pr(x) = [ wi(x, ) du
= A(vo) exp(-x/vo) + exp(x/vy)
+ [)IA(V) exp (-x/v) dv (25)

Also, an asymptotic solution can be written as

P1alx) = A(vo) exp(-x/vo) + exp(x/vo) (26)
Thus, if we write
Zo = -—ln[-A(vo)] , (27)
» then Eq. (26) becomes
P1a(%) = exp(x/vo) - exp[-(x + 2z0)/v,) (28)








