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ABSTRACT

The elementary solutions of the one-speed trans-
port equation are used, along with certain invariance
principles, to establish tractable solutions to re-
flected reactor critical problems in plane geometry.
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I. INTRODUCTION

A paper by Kuszell' was the first to use the elementary
solutions and associated analysis, newly developed by
Case,? to study critical problems, in one-group theory, for
reflected slabs. In the paper by Kuszell, the critical
problem for an infinitely reflected slab was reduced to a
set of integral equations, later solved numerically by
Kowalska.® In the present Note, we wish to show how the
invariance principles discussed by Chandrasekhar® can be
used to simplify greatly the analysis of the two-media
critical problem in plane geometry.

We consider the one-speed transport equations for the
core, -a = x =< g¢, and the reflector |x|> a, written in the
familiar® manner
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where @ = 1 implies the core and a.= 2 implies the reflec-
tor. Clearly we take ¢, > 1 and ¢, < 1. We thus seek
solutions of Eq. (1) such that ¥o(-x,-p1) = ¥, (x, 1), ¥.(a,p)=
¥z(a, 1), and ¥,(o,u) = 0. We consider that ¢, and c; are
given and thus seek, in addition to ¥,(x,u), @ = 1 and 2, the
critical half-thickness, a.

II. ANALYSIS

For the core region, we can write the solution to Eq. (1)
in a standard® notation as

¥ilx, 1) = Ao) [ &1 (vo, 1) exp(-x/vo) + &1(-vo, 1) exp(x/vo)]

+ fol Av) (@, (v, 1) exp(-x/v)
+ @ (-v, ) exply/v)]dv . (2)

The solution given by Eq. (2) in terms of Case’s elementary
solutions clearly satisfies the necessary symmetry condi-
tion. We need only consider x >a for the reflector region,
and thus, in a similar manner, we can write the solution in
the reflector as

W2 (X, 1) = B(no) @20, 12) exp(-x/710)

+ [ B)&stn, 1) expl-x/m)dn , x>a . (3)

Note that the arbitrary expansion coefficients A (vo),
A(v), Blmo), and B(n), as well as the critical half-thickness,
@, are now to be determined by applying the continuity
condition at x = a. In the past,’»®” Eqs. (2) and (3) have
been evaluated at x = a and equated; the resulting singular
integral equation was then''®” regularized and solved
numerically.

We would like now to proceed somewhat differently and
subsequently make use of an idea of Ishiguro® to introduce
the S function developed by Chandrasekhar®'® from basic
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invariance principles. We can first write
¥i(a,u) = ¥o(a,p) , u>0 ,
and
¥i(a, - 1) = ¥ala, -u1) ©w>0

However, we can use Chandrasekhar’s S function®

Sa(uy ) = co —2E b, (w0 H () (4)
2 » 2 Ii' + U 2 2
to write
1
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and thus, because of the continuity conditions,

\I’l(a: -“) =ﬁ ol sz(ﬂ'yu)‘[’z(a,ll')dll’ ’ u > 0 ’ (6)
or
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In Eq. (4), Hx(u) is the Chandrasekhar® H function for the
reflector; since we will also need the H function for the
core, we give
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where x, = Vo and x; = 7.

We can now substitute Eq. (2) into Eq. (7) to obtain the
coefficients A(vo) and A(v) and the half-thickness, a. On
making this substitution and evaluating several ensuing
integrals, we find we can write the resulting equation in the
tractable form

A
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= -A00) (1 - 2) H, (vo) exp(-a/vo) @, (-vo, )
Ci

- Jo 40 (1- 2)r ) expl-a/ (v, wav

ke(0,1) . (9)

Equation (9) is a singular integral equation that we can
readily regularize using the orthogonality properties of the
elementary solutions.® Before proceeding, however, we
wish to point out that the only differences between our
Eq. (9) and the equation obtained by Mitsis® for the bare-
slab problem is the presence of H.({) and the factor
[1 - (c/e)]in Eq. (9). In fact, for the vacuum limit, H, (£)
goes to 1 and c; goes to 0, and thus Eq. (9) reduces imme-
diately to the Mitsis equation.'°
If we now multiply Eq. (9) by u H, (1) &, (vo, 1), integrate
over u, and use the orthogonality relations of Kul&er
et al.," we find
N, (vo) 1 - Ca)Vo

E(Vo)[m + H(vo) e 2 exp(-Za/l/o)]

" (c1 - c2)v'vy

2007 + v0) (10)

= -j: E(w")H (v exp(-2a/v') dv' ,
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where
_C1 3 Cr 1
Nx(Vo) = 2 O(Vg -1 ;g) 3 (11)
_Hy(§) .
H(E) “Hl(g) 3 &‘ Vo Or §€ (071) ) (12)
and
E(§) =A(&) expla/t) , E=w or £€(0,1) . (13)
In a similar manner, we can multiply Eq. (9) by

pHy (1)@, (v, 1) and integrate over u to obtain the regular
integral equation
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II. CONCLUSION

The problem of finding the critical half-thickness of an
infinitely reflected slab reactor has been reduced to the
regular integral equations,

4
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developed in Sec. II [note that we have arbitrarily imposed
the normalization E(») = 1]. Equations (16) are similar
but not apparently identical to the results of Leuth#user,"
who used the standard technique of Muskhelishvili'® to regu-
larize his singular equations. Note that in Eqs. (16), as
well as in Eq. (9), the reduction to the vacuum limit is
accomplished by setting c; = 0 and Hz(§) = 1. It is thus
apparent that an existing program written to solve the bare-
slab case could very easily be modified to solve this re-
flected case. This we have done, and we found that for the
cases considered, an iterative solution of Egs. (16) con-
verged rapidly to yield results we believe correct to six
significant figures, though agreement with the Kowalska®
results was, in general, established only to two or three
significant figures.

It is clear that an ‘‘asymptotic’’ solution to the consid-
ered problem can be obtained immediately by ignoring
Eq. (16b) and taking E(v) = 0 in Eq. (16a). We find a critical
condition identical to the bare case, except that the ex-
trapolated endpoint is defined differently:
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aozil-'WlVo"Zo ’ (17)
where
_ ¥ 4N:(vo) ]
%= 2 Log[Hz (vo)(cL - ca)vo ’ (18)

Equation (18) is equivalent to the expression reported by
Leuthiuser™ for the Milne extrapolated endpoint for ad-
jacent half-spaces. Note that Log is used in Eq. (18) to
denote the principal branch of the log function. Numerical
results obtained for ao and 2o are in agreement with the
results of Leuthduser'® and of Doyas and McCormick'®; our
exact results agree exactly with Caroll and Aronson.!” In
addition to providing an excellent general discussion of this
problem, the review of McCormick and KuSéer'® contains a
summary of other methods of solution and approximation
techniques.

Though our final results differ only slightly from the
Leuthduser” equations, we believe the method used to
establish them is more concisely expressed and will
prove of value for the two- or multigroup version of this
problem or one-group problems with anisotropic scatter-
ing.

ACKNOWLEDGMENTS

The authors are grateful to Y. Ishiguro of the Instituto de
Energia Atbmica, Cidade Universitiria, Sao Paulo, Brazil for
providing a preprint of one of his recent papers. The authors wish
also to express their gratitude to N. J. McCormick for several
helpful suggestions regarding this work. .

Mg -p. LEUTHAUSER, Atomkernenergie, 10, 97 (1965).

15g -D. LEUTHAUSER, Atomkernenergie, 13, 385 (1968).

!®R. J. DOYAS and N. J. McCORMICK, *Transport-Corrected
Boundary Conditions for Neutron Diffusion Calculations,’”’ UCRL-
50443, Lawrence Radiation Laboratory, Livermore (1968).

G. CAROLL and R. ARONSON, Nucl. Sci. Eng., 51, 166 (1973).

!8N. J. McCORMICK and 1. KUSCER, Advan. Nucl. Sci. Technol.,
7, 181 (1973).



