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Abstract

Vertex algebras in higher dimensions correspond to models of Quantum
Field Theory (Wightman axioms) with Global Conformal Invariance. We
review how such a vertex algebra can be generated from a collection of
local fields, or from a vertex Lie algebra. The one-dimensional restriction
of a vertex algebra in higher dimensions to a time-like line gives a chiral
vertex algebra endowed with an action of the (higher-dimensional) confor-
mal Lie algebra. We announce that from such data one can reconstruct the
initial vertex algebra.

1 Definition of a vertex algebraon  CP

One of the main problems of mathematical physics, which has remained open
for more than fifty years, is to construct models of interacting quantum fields in
higher dimensions. In the presence of the so-called global conformal invariance
[14] this problem becomes purely algebraic. The corresponding algebraic struc-
tures are vertex algebras in higher dimensions [13] (see also [17] for an earlier
work and [9] for a more general definition). These algebras appear as a straight-
forward generalization of the vertex algebras from two-dimensional conformal
field theories, first introduced axiomatically in [8] (see [11] for an excellent in-
troduction to the subject).

A (boson)vertex algebrgon CP) consists of the following data [13]: a vec-
tor spacel/ (the space of states), a state-field correspondence (defined below),
infinitesimal translation), € EndV (¢ = 1,..., D), and a vectoll € V (vac-
uum). These data have to satisfy certain conditions, or axioms, which are called:
locality, translation covariance, and the vacuum axiom. We will now explain the
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definition in more detail, comparing the cases when the space-time dimension
D =1andD > 1.
Thestate-field correspondender D = 1 is given by a linear map

VeV — V[][1/7],
a®b— a(z)b = Z apyb 2.

n=—Ngp

Here,z is single complex variable andz)b is a formal power series in con-
taining negative powers of that are bounded from below by a numk¥g,
depending orz andb. The physical meaning of is that it is a complexified
light-cone variable. In the physical spaedakes values in the punctured unit
circleU(1)\{—1} C C.

In the caseD > 1 the state-field correspondence is given by a linear map

VeV — Vx][1/x%,

a® b — G(X) b= Z a{n,m,,a}b (X2)71 hm,a(x) ?

n2—=Ngyp
oc,m2=0

wherex = (2!, ..., 2") is aD-dimensional formal complex variable and
X2 — (.’171)2 I (.’L‘D)Q.

The seriesi(x)b can be uniquely expanded by using a basis of homogeneous
harmonic polynomialg A, ,(x)}, of degreem = 0,1,... . The variablex
is related by a complex conformal transformation to the complexified space-
time coordinates of the Minkowski space. A basic property of this change of
coordinates is that the real Minkowski space is mapped onto a bounded subset
in CP with closureU (1) SP~1, the compactified Minkowski spa¢#7, 13]. A
linear map fromV' to V[[x]][1/x?] is called afield on V; thus, a state-field
correspondence is equivalent to a map- a(x) from the space of statds to
the space of fields ol

To explain the axioms of a vertex algebra, we begin withltivality in the
caseD = 1, which reads:

(z —w)N a(z) b(w) ¢ = (z — w)N b(w) a(z) ¢,

where both sides belong to the spacgz, w]][1/z,1/w]. In this case, we also
say that the fields(z) andb(z) aremutually local

The locality forD > 1 is formulated by replacing the “distance™ w with
the interval(x — y)?:

(x—3)3) Y a) bly) e = ((x — y)*) “b(y) a(x) ¢,

the equality being understood in the spadéx, y]] [1/x2,1/y?].
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Thetranslation covarianceind thevacuum axionfior D = 1 are:

Ta()) = 4a(z),  1()a=a,  a(2)1o=a,
while in the caseD > 1 they read:
0
[T, a(x)] = py a(x), 1(z)a=a, a(x)1|x=0 = a.

The D = 1 vertex algebras are also callekiral vertex algebras

2 Conformal and hermitian vertex algebras, and their relation to
GCI QFT

In order to have a passage from vertex algebras to quantum fields, we need some
additional structures on the former, namely, the conformal and hermitian struc-
tures introduced below.
Consider the complezonformal Lie algebrap with generatord,, C,,, H,
Qu =-Q,, forp,v=1,..., D, and relations
[H, QW] = [TmTV] = [C’#,Cl,] =0
[Quw T ] = 5MTV - 5V7Tu ) [Quw Ov] = 5MCV - 6V’YOH )

H,T,)=T,, [HC,=-C,, [T,C)]|=20,H-2Q,,,

[Qull/va#sz] - 5#1#2 QV1V2 + 51/11/2 Qmm - 5#1112 Quluz - 51/1#2 Qmuz .

Its real form is fixed by the following Hermitian conjugation:
H*=-H, Q,=Q,, T,=C,.

In a conformal vertex algebra the vector space of statesjismodule. We
will consider onlyc p-modules that satisfy the following two propertid$:is di-
agonalizable with non-negative eigenvaluesdrgy positivity, and every vector
is contained in a finite-dimensional subspace invariant undey,agllintegrabil-
ity). A vertex algebrd’ is calledconformal[13] if it is equipped with an action
of ¢p, which annihilates the vacuuinand satisfies

[H,a(x)] = (Ha)(x) + x-0x a(x),
[, a(x)] = (v a)(%) + (24 0pr — 2”0y )a(x)>
[Ch,a(x)] = (Cpa)(x) — 22" (Ha)( —QZ Q0 a)(

+ (%% Opn — 22" x - 0y) a(x).

If we restrict the above definition to the caBe= 1, then the resulting structure
is called aMobiusvertex algebra (see [11]).

An hermitianvertex algebra [13] is a conformal vertex algebra endowed with
an Hermitian nondegenerate form-) and a TCP operatar — a™ onV, such
that

(a, ¢ (x)b) = ((mx c)(RXDQX>a b).
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Here the mapr,: V — V[x][1/x?] is given by
Ty 1= elrxC (X2)_H Rot(Rp x,—ep),
whereC := (C4,...,Cp),
Rpx := (xl,...,;vD_l,—:vD)7 ep:=(0,...,0,1),

andRot(Rp x, —ep) is a rotation in the plane spanned by the vecforsx and
—ep mapping the first one to the second. Finally, an hermitian vertex algebra is
calledunitary if the Hermitian form(-, -) is positive definite.

Theorem 1 ([13]). There is a one-to-one correspondence between unitary ver-
tex algebragon C”) and models of Wightman axioms with global conformal
invariance.

3 Reconstruction theorems

The following theorems are the main tools for constructing vertex algebras. The
first one is an analog of the Kac existence theorem [11] in higher dimensions.

Theorem 2 ([13, 2, 4]). Let V be a vector space anfl' be a subspace of the
space of fields oV, so that we have a linear maffield actio F @ V —
V[[x]][1/x2]. Assume that we are given actionscef on F' andV/, and a vector
1 € V, satisfying the following propertiesll fields fromF" are mutually local,
the field action ofF" on V' is cp-equivariant, the vacuun is cp-invariant, and
the modes of fields froffi acting on1 generatel’. Then there exists a unique
structure of a conformal vertex algebra & together with an embedding —

V that agrees with the state-field correspondencé/on

The above theorem can be stated succinctly that a vertex alfebem be
generated by a collectiafi of local fields onl/. If, in addition, we have equivari-
ant actions of the conformal Lie algehra, then the vertex algebra is conformal.
Note that the locality condition depends only on the commutators of fields.
In [2] we investigated the algebraic structure obeyed by the commutators of
fields in a vertex algebra. In particular, we showed that the commutator of two
fieldsa(x), b(y) is determined by theingular (in x2) part of the fielda(x). We
derived certain skew-symmetry and Jacobi identities satisfied by the singular
parts of fields, thus obtaining the notion ofvartex Lie algebra For D =
1 the corresponding notion was introduced by V.G. Kac (under the name Lie
conformal algebra), and was intensely studied by Kac and collaborators (see,
e.g., [11, 10, 1]). It turns out that the chiral vertex algebras corresponding to
highest-weight representations of the Virasoro or affine Kac—Moody algebras
can be generated by certai® (= 1) vertex Lie algebras (see [11]). We hope
that the higher-dimensional analog will also lead to interesting examples.
Closely related to vertex Lie algebras are the so-cdliedields’ modelsLie
fields are (Huygens) local fields whose modes span a Lie algebra. In particular,
any chiral (O = 1) vertex algebra provides a system of Lie fields. Ebr> 2
the only known examples of Lie fields are the free ones, and there is a general
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negative result for aingle scalafield (in D > 2) [15, 12, 7]. However, there are
examples of Lie polylocal fields, e.g., Wick products of free fieldéx)o(y) :.
More general bilocal fields whose modes span infinite-dimensional Lie algebras
and their unitary positive-energy representations are investigated in [5, 6].

The next theorem is an algebraic version of the Wightman reconstruction
theorem [16]; its proof is completely analogous and is therefore omitted.

Theorem 3. An hermitian vertex algebr& can be uniquely constructed from
a vector spacé”, an action ofcp on F, an anti-linear involutiona — a™* on
F', and a system of rational functioig;, € F')

WN(Xla ai;..-; XN, (IN) € C[Xh s 7XN] [1/H(X] - Xk)Z] )
i<k
such thatiWy are symmetriunder simultaneous permutations of this and
a’s), cp-invariant, and TCP-invariant.
Thecp-invariance in the above theorem can be spelled out as

N N
(Z(Q)];Z)WN:O, Z(xk-akaN—i—WN(xk,Hak)) =0, etc,
k=1 k=1

while the TCP-invariance means
WN(Xk-, ak) = WN(fik, CL,—:) .

(In the above formulas we have suppressed some of the arguméis.pf
4 Restriction to lower dimensions and reconstruction from it

If V' is a vertex algebra in dimensidp, then we define itsestrictionto space-
time dimensionl as a chiral vertex algebra with the same space of statmsd
vacuuml, with a translation endomorphisi, and a state-field correspondence
given by

a(z)b = Yi(a,2)b = a(x)b|x=(z,0,..,0) -
Such a chiral vertex algebra will be denoted(&51,77,Y7). Recall that a
Mobius vertex algebra is equipped with an action of thébMs Lie algebra
¢; = sly (see Sect. 2 and [11]).

Theorem 4 ([4]). Let(V, 1, ¢1, Y7) be a unitary Mbbius(chiral) vertex algebra,
equipped with an action ofp, which extends the action ef, annihilates the
vacuuml, and satisfie$u, v = 2,..., D):

[Tua(z)] = (Tua)(z),  [Qu,a(z)] = (Qua)(z),

[, a(2)] = (R a)(2) + 2 (T a)(2),

(Cpra(2)] = (Cua)(2) + 22 (R a)(2) + 22 (Ta)(2).
ThenV can be endowed with a unique structure of a unitary vertex algebra in
dimensionD, so that(V, 1, ¢;, Y1) is its restriction to dimensiof.

This theorem was announced (in a different form) at the International
Congress of Mathematicians in August 2006; see [3]. It will be proved in [4].
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Conclusions

e Globally conformal invariant QFT can be a candidate for the theory of
observable fields in conformal field theories.

e It has a purely algebraic description, which generalizes the notion of a
chiral vertex algebra.

e The singular part of the operator product expansion closes a substructure
called a vertex Lie algebra.

e A unitary Mobius chiral vertex algebra, for which the action of thétiuis
Lie algebra is extended to an action of the higher-dimensional conformal
Lie algebra, generates a GCI QFT in higher dimensions.
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