13.1 Vector Fields

Definition: Let D be a set in 2. A vector field on R? is a function F that assigns to each
point (z,y) in D a two-dimensional vector F(x,y).

To picture a vector field, draw the arrow representing the vector F(z,y) starting at the point
(x,y). Since F(z,y) is a 2-D vector, we can write it in terms of its component functions

P and Q)
F(z,y) = P(z,y)i+ Q(z,y)j = (P(z,y),Q(z,y))

Note: P and () are sometimes called scalar functions
The same idea of vector fields in 2D can apply in 3D.

Examples

1
Sketch the vector field F(z,y) = 5(1 +J).

1
Sketch the vector field F(z,y) = yi + §j.

Note: Most vector fields are impossible to draw in 3D.

Gradient Fields

Recall: The gradient of f is defined by V f(z,y) = fo(x,y)i+ f,(z,v)].
Therefore, V f is really a vector field and is called a gradient vector field.

Example
Find the gradient vector field of f(x,y) = In(z + 2y).



Find the gradient vector field of f(x,y,z) = /22 + 3% + 22.

Find and sketch the gradient vector field of f(x,y) = zy — 2.



13.2 Line Integrals

Goal: Instead of integrating over an interval [a,b] we integrate over a curve C. (known as
line integrals)

Let C' be a smooth curve defined by the parametric
equations x = z(t), y = y(t), a <t <b.

Therefore C' has vector equation r(t) = x(t)i+ y(t)j.
Divide the parameter interval [a, b] into n subintervals
of equal width. Let z; = x(t;) and y; = y(t;).

The corresponding points P;(x;,y;) divide C' into n
subarcs with lengths Asy, Asy, Ass...

Pick a point in the i subarc P’ (z},y}).

We can now form the Riemann sum Z f(zf, yr)As; where f is a function of two variables

i=1
whose domain includes C.

Definition: 1f f is defined on C then the line integral of f along C' is /f(:p,y)ds =
C

le Zf i yr)os;.

Recall: Arc Length: L ~ / \/ > dt.
dz\” dy 2
Therefore, /Cf(x,y)ds:/a f(:v(t),y(t))\/(a> + (%) dt.

Examples

Evaluate / yds where C 12z =13,y =1,0<t < 2.
c

Evaluate / xy*ds where C' is the right half of the circle 22 + y? = 16.
c



Note: If C' is a piecewise-smooth curve then / flx,y)ds = [ f(z,y)ds+ | f(z,y)ds +
C Ch Ca

ot flx,y)ds
Ch

If we replace As; with either Az; = x; — x;_1 or Ay, = y; — y;_1 then we have the line
integrals of f along (' with respect to z and y.

/C f(x,y)dz = / Fa(t), y(t)a (B)dt

/C f(x,y)dy = / F(t), y(O)y (t)dt

Note: These line integrals can occur together / P(z,y)dx + / Q(z,y)dy.
c c

Note: It is sometimes hard to think of parametric equations for curves.

Recall: vector representation of a line segment that starts at ro and ends at ry is r(t) =
(1 —t)r0+tr1, 0 S t S 1.

Example

Evaluate / xe?” where C' is the line segment from (0,0,0) to (1,2, 3).
c

Note: In general, the value of a line integral depends not just on the endpoints of the curve,
b
but also on the path. If C; denotes the path from A to B and / f(z,y)ds = L then —C
b a
is the the path from B to A and / f(z,y)ds = L.

Definition: A given parameterization = = x(t), y = y(t), a < t < b determines an orien-
tation, or direction of a curve C, with the positive direction corresponding to increasing
values of ¢.

Line Integrals in Space

Let C be defined by the vector equation r(t) = z(t)i + y(¢)j + 2(t)k.
If f is a function of 3 variables then

[ ez = [0, z<t>>\/ (5 + (%) + (%) = [ reprope

4




b
If f(x,y,2) =1 then / ds = / [t'(t)|dt = L where L is the length of the curve C.
C a



Example

Evaluate /(Q:B +9z2)ds where C:x =ty =1t 2=, 0<t<1.
c

Line Integrals of Vector Fields
b
Recall: W = / f(z)dz (Section 6.5) and W = F - D where D is the displacement vector

(Section 9.3)
Suppose F = Pi+ Qj + Rk is a continuous force field on R* (gravitational field).
Goal: Compute the work done by this force in moving a particle along a smooth curve C.

Start as before: Divide C' into subarcs with lengths ds;. Choose a point P on the i*" subarc.
If ds; is small then as the particle moves from P,_; to P; it proceeds in the direction of T(t}),
the unit tangent vector.

Definition: The work W done by the force field F is W = / F(x,y,z) - T(z,y,2)ds. Also,
c

W:/ab [F@(t))-%} |r’(t)|dt:/abF(r(t))~r’(t)dt

So, / F.dr = / F(r(t)) - r'(t)dt = / F - Tds is the line integral of F along C.
C a C

Example

Evaluate the line integral [, F - dr where F(z,y, z) = yzi+ 22j + zyk and C' is given by the

vector equation r(t) = ti + t%j + t°k



13.3 The Fundamental Theorem for Line Integrals

Definition: A vector field is called a conservative vector field if it is the gradient of some
scalar function. i.e There exists a function f such that F = V f.

Recall: Part 2 of the Fundamental Theorem of Calculus says

b
/ F(2)dz = F(b) — Fla)

where F’ is continuous on [a, b].

Let the gradient vector, V f, of a function f of 2 or 3 variables be a ”"derivative” of f, then

Theorem: The Fundamental Theorem for Line Integrals
Let C be a smooth curve given by the vector function r(t),a <t < b. Let f be a differentiable
function of 2 or 3 variables whose gradient vector V f is continuous on C'. Then

/C Vf-dr = fx(b)) — f(x(a))

Note:

e We can evaluate the line integral of a conservative vector field, or gradient vector field,
simply by knowing the value of f at the endpoints of C.

e If f is a function of 2 or 3 variables with initial point A(zq,y;) and terminal point
B(xs,ys2) then

— /CVf dr = f(x2,92) — f(z1,y1)
~ [VFdr = fon) ~ o)

Independence of Path
Suppose C; and Cy are two piecewise-smooth curves (called paths) that have the same
initial point A and terminal point B.

In general, / F -dr # F - dr. From the fundamental theorem of line integrals
Cy

Co
/ Vf-dr:/ Vf-dr
Cl C12

The line integral of a conservative vector field depends only on the initial point and terminal
point of a curve.

Definition: If F is a continuous vector field then the line integral / F - dr is independent
c
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of path if /
C Cs
Definition: A curve is called closed if its terminal point coincides with its initial point

r(b) =r(a).

Theorem: F - dr is independent of path in D (domain) if and only if / F -dr = 0 for
c

F.dr = / F - dr for 2 curves with the same initial and terminal points.
1

every closedcpath Cin D.
Definition: D is open if for every point P in D there is a disk with center P that lies entirely
in D.

Definition: D is connected if any two points in D can be joined by a path that lies in D.

Theorem: Suppose F is a vector field that is continuous on an open connected region D. If
/ F - dr is independent of path in D, then F is a conservative vector field on D; that is,
c

there exists a function f such that Vf = F. i.e. Only vector fields independent of paths are
conservative.

Is it possible to determine whether or not a vector field F' is conservative?
Suppose F = Pi + ()j is conservative, where P and () have continuous first-order partial

_of of

© Oz dy
_ , 6P_82f_82f_8Q

By Clairaut’s Theorem 8_y = owdy ~ yor TS

Theorem: — = 9,

oy oz

derivatives.Then

P and ) =

fT F is a conservative vector field.

Examples
Determine whether or not F(x,y) = xe’i + ye”j is a conservative vector field.

Determine whether or not F(xz,y) = (21 cosy —y cos )i+ (—z” siny —sin z) is a conservative
vector field.



Find a function f such that F = Vf and use f to evaluate / F - dr along the given curve
c
C.

(a) Fla,y) = 2"y'i+ "%, Cre(t) = Vii+ (1+1°)j,0 <t <1

(b) F(x,y,2) = yzi+ xzj+ (zy + 22)k C is the line segment from (1,0, —2) to (4,6, 3).

(c) F(x,y,2) =y*coszi + 2rycos zj — (vy*sin zk C : r(t) = t*i + sintj + tk, 0 <t < 1.



13.4 Green’s Theorem

Gives the relationship between a line integral around a simple closed curve C' and a double
integral over the plane region D bounded by C

Definition: The positive orientation of a simple closed curve C refers to a single counter-
clockwise traversal of C.

Green’s Theorem Let C' be a positively oriented, piecewise-smooth, simple closed curve
in the plane and let D be the region bounded by C'. If P and () have continuous partial
derivatives on an open region that contains D, then

[ pirsau- [ (22-2u)

Other notation: ]{ Pdz + Qdy or / Pdz+ Qdy
C oD
Note: Green’s Theorem is the counterpart of the Fundamental Theorem of Calculus for

double integrals.

Examples

Evaluate ¢ zy®dx + 2*dy, C is the rectangle with vertices (0,0),(2,0),(2,3), and (0,3)
directly and then by using Green’s Theorem.

The reverse direction of Green’s Theorem is if

e it is easier to compute the line integral

A:%xdy:—%ydx:
C C

e computing areas

fxdy—ydm
c

N | —
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Example

Use Green’s Theorem to evaluate / eVdr + 2xeYdy where C' is the square with sides z =

c
0,z =1,y=0,y = 1.
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13.5 Curl and Divergence

Curl

Let F = Pi+ Qj + Rk be a vector field.
Defintion: The curl of F is defined by

_(OR 0QY, OP ORY, oQ 0P
CurlF_(@y 8z)l+(82 8:c>‘l+(8x Gy)k

Let V, "del”, be the vector differential operator i.e.

o .0 .0
V=i +jo +k—

ox oy 0z
. . 0 0 .
If we think of V as a vector with components, e 6_y’ g we can also consider the formal
cross product of V with the vector field F.
i j k
VxF=|2% 5% 2
P Q@ R
OR 0Q)\. oP OR). 0Q OP
= —_— _— —_— k
(8y 8z>1+(0z 83:)‘]+<8x 8y>
=curl F

Therefore, the easiest way to remember the definition of curl is
curlF =V x F

Example
Find the curl of the vector field F(xz,y, z) = vyz i — 2%y k

Theorem: If f is a function of 3 variables that has continuous second order partial derivatives,
then
curl(Vf) =0

Since a conservative vector field is one for which F = V f, then the theorem can be rephrased
as: If F is conservative, then curl F = 0

Theorem If F is a vector field whose component functions have continuous partial derivatives
and curl F = 0, then F is a conservative vector field.
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Example

Determine whether or not F = 2zyi + (2% + 2y2)j + y°k is conservative. If it is conservative
find a function f such that F = Vf.

Divergence

Let F = Pi+ Q)j + Rk be a vector field.
Definition: The divergence of F is defined by

: oP 0Q OR
leF_%+8_y+§

Note: curl F is a vector field and div F is a scalar field.
This can be rewritten as
divF =V - F

Example
Find the divergence of F(x,y,2) = 2yz i — 2%y k

Theorem: If F = Pi+ Qj+ Rk is a vector field with P, (), R having continuous second-order
partial derivatives, then div curl F=0.

Vector Forms of Green’s Theorem

ch-dr://D(cuﬂF) - kdA
740 F - nds //D divF (z, y)dA
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10.5 Parametric Surfaces

Recall: A space curve can be described by a vector function r(t).
We can describe a surface by a vector function r(u,v) of 2 parameters.
Let,

r(u,v) = z(u,v) i+y(u,v) j+ 2(u,v) k

be a vector-valued function defined on a region D in the uv— plane.
Defintion: The set of points (x,y, z) such that

x = x(u,v) y = y(u,v), z = z(u,v)

and (u,v) varies throughout D is called a parametric surface S and the equations for
x,y, 2z are parametric equations

Example
Identify the surface with vector equation r(u,v) = (u +v)i+ (3 —v)j+ (1 + 4u + 5v)k

If a parametric surface S is given by a vector function r(u,v), then there are two useful
families of curves that lie on .S, one family with u constant and the other with v constant.
These curves are called grid curves.

Examples
Find a parametric representation for the plane that passes through the point (1,2,-3) and
contains the vectorsi+j—k and i — j + k.
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Find a parametric representation for the part of the hyperboloid z? 4+ y* — z? = 1 that lies
to the right of the xz-plane.

Find a parametric representation for the part of the cylinder y* + 2* = 16 that lies between
the planes x = 0 and x = 5.

Tangent Planes to Parametric Surfaces

Goal: Find the tangent plane to a parametric surface S traced out by a vector function
r(u,v) = z(u,v) i+ y(u,v) j+ z(u,v) k at a point Py with position vector r(ug, vo).

The tangent vector to a curve C; lying on S (keep u constant by u = ug) is obtained by
taking the partial derivative of r with respect to v

oz . ., 9%
r, = %(UOWO)I + a—i(um vo)J + %(UO’UO)k

Similarly, if we keep v constant by putting v = vy, we get a grid curve C5 that lies on S and
its tangent vector at Fp is

ox

0
% —Z(UO,’U())I{

.0
(uo, vo)i + gy By

u (ug,v0)j +

r, =
Note:

e Ifr, X r, is not 0, then the surface is called smooth (it has no ”corners”).

e The tangent plane is the plane that contains the tangent vectors r, and r, and the
vector r, X r, is a normal vector to the tangent plane.

15



Example
Find an equation of the tangent plane to the parametric surface © = u+v, y = 3u?, z = u—v
at the point (2,3,0).

16



12.6 Surface Area

Goal: apply double integrals to the problem of computing the area of a surface

Recall: a parametric surface S is defined by a vector-valued function of two parameters
textbfr(u,v) = z(u,v) i+ y(u,v) j + z(u,v) k or by parametric equations z = z(u,v),y =

y(u,v), z = z(u,v).

To find the area of S, divide S into patches and approximate the area of each patch by the
area of a piece of a tangent plane.

Recall: From 11.4, the tangent vector to C} (u = ug)at Fy is obtained by taking the partial
derivative of r with respect to v:

Ox .. 0 e
r, = %(Uo,vo)l + 8_35(“0’ vo)j + %(UO’UO)k
Similarly, the tangent vector to C; is given by
ox . . <
r, = %(Uowo)l + a—z(UmUO)J + %(UO’UO)k

Now we will define the surface area of a general parametric surface.

Consider a surface whose parameter domain D is a rectangle and divide it into subrectangles
R;;. Choose (uf,v;) be the lower left corner of R;;. The part S;; of the surface S that
corresponds to I?;; is called a patch and has the point P;; with position vector r (uz‘, v;") as
one of its corners.

Let r; = r, (u},v}) and rj = r, (u},v}) be the tangent vectors at P;;.

The two edges of the patch that meet at P;; can be approximated using vectors. These
vectors can be approximated by the vectors Aur), and Avr,. So we approximate S;; by the
parallelogram determined by the vectors Aur, and Awr,. The area of this parallelogram is

|(Aur)) x (Avr})| = |ri x )| AulAv

Definition: If a smooth parametric surface S is given by the equation textbfr(u,v) =
x(u,v) i+ y(u,v) j + z(u,v) k and S is covered just once as (u,v) ranges throughout the
parameter domain D, then the surface area of S is

A(S) :// Ity x 1| dA
D
17



or. Ody. 0z or, O0Oy. 0z
h =—i+—j+—kandr,=—i+—=j+ —k
where 1, aul + 8u‘] + ey and r, 01}1 + 8UJ + BN

Example
Find the area of the part of the plane z = 243z +4y that lies above the rectangle [0, 5] x [1, 4]

Find the area of the surface with parametric equations = = v?, y = uv, z = 30%, 0 < u < 1,
0<v <2

Surface Area of a Graph

For the special case of a surface S with equation z = f(x,y) where (x,y) lies in D and f has
continuous partial derivatives, we take = and y as parameters. The parametric equations are

r=ry=yz=f(z,y)

SO / of
e (oo ()
and ) .
1]
of. of
r,xr,=|1 0 % —2ti—- “j+k
Y 0 1 Q_Zf ox oy
Therefore
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Example
Find the area of the part of the surface z = xy that lies within the cylinder 22 + y? = 1.

Find the area of the part of the sphere z? 4+ 3? + 2% = 4z that lies inside the paraboloid
2z = 2%+ 9>
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13.6 Surface Integrals

The relationship between surface integrals and surface area is much the same as the rela-
tionship between line integrals and arc length.

Parametric Surfaces
Suppose that a surface S has a vector equation
r(u,v) = z(u,v)i+ y(u,v)j + z(u,v)k (u,v) € D

Assume that D is a rectangle and divide it into subrectangles R;; with dimensions Au and
Av. Then S is divided into patches S;;. Evaluate f at a point P in each patch, multiply
by the area AS;; and form the Riemann sum

> D> (P
i=1 j=1
Definition: The surface integral of f over the surface S is defined as / flz,y,2)dS =
S

i >y

i=1 j=1

Recall: In Section 12.6, AS;; =~ |r,, X r,|AuAwv.

Therefore, / /S F(z,y, 2)dS = / /D F(r(u,v))|ry X To|dA.

Example

Evaluate / / yzdS where S is the surface with parametric equations x = u?, y = usinwv,
S

z=wucosv, 0 <u<10<v<7/2

Applications
Definition: The total mass of the sheet is m = // x,y, 2)dS.

Definition: The center of mass is (7, y, Z) where

T=— //xpfvy, )dsS, y——//ypxy, )ds z=— // p(z,y, 2
m m
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Graphs

Recall: Any surface with equation z = g(z,y) can be regarded as a parametric surface with
parametric equations

r=, Y=Y, z:g(a:,y)

where

Therefore,

//Sf(m,y,z)dS:/L)f(x,y,g(x,y))\/<%)2+ (g_;)QHdA

Similar formulas apply when it is more convenient to project S onto the yz-plane or xz-plane.

Example

Evaluate / / z?yzdS where S is the part of the plane z = 1 4 2z + 3y that lies above the
s

rectangle [0, 3] x [0, 2].

Evaluate / / yz dS where S is the part of the plane x +y+ 2z = 1 that lies in the first octant.
s
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Evaluate / / ydS where S is the part of the paraboloid y = 22 + 22 that lies inside the

s
cylinder 2% 4 22 = 4.

Evaluate / / (z%y 4 2?) dS where S is the part of the cylinder 2% 43> = 9 between the planes
s

z=0and z = 2.

Oriented Surfaces

For a closed surface, that is, a surface that is the boundary of solid region F, the convention
is that the positive orientation is the one for which the normal vectors point outward from
E, and inward-pointing normals give the negative orientation.

Surface Integrals of Vector Fields

Definition: If F is a continuous vector field defined on an oriented surface S with unit normal
vector n, then the surface integral of F over S is

J[F-is= [ Fonas

This integral is also called the flux of F across S.
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v, X 1,

//SF-dS://DF-(ruxrv)dA

If S is given by a vector function r(u,v) and n =

Examples
Find the flux of F across S.

(a) F(z,y,2) = 2y i+yz j+ zz k, S is the part of the paraboloid z = 4 — 2? — y? that
lies above the square 0 <z <1, 0 <y < 1, and has upward orientation.

(b) F(x,y,2) = zze¥ i —xze’ j+ 2z k, S is the part of the plane = + y 4+ z = 1 in the first
octant and has downward orientation.

(c) F(z,y,2) =y j— 2z k, S consists of the paraboloid y = 22 + 2%, 0 < y < 1, and the
disk 22 +22<1,y=1
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An application of surface integrals occurs in the study of heat flow. Suppose the temperature
at a point (z,y, 2) in a body is u(z,y, 2).

Definition: The heat flow is defined as the vector field F = —KVu where K is an experi-
mentally determined constant called the conductivity.

The rate of heat flow across the surface S in the body is then given by the surface integral

//F-dS:—K//Vu~dS
s s
Example

The temperature at a point (z,y, z) in a substance with conductivity K = 6.5 is u(z,y, z) =
2y% 4+ 222, Find the rate of heat flow inward across the cylindrical surface y? + 22 = 9,
0<ax<A4.
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13.7 Stokes’ Theorem

Stokes” Theorem: Let S be an oriented piecewise-smooth surface that is bounded by a simple,
closed, piecewise-smooth boundary curve C' with positive orientation. Let F be a vector field
whose components have continuous partial derivatives on an open region R* that contains

S. Then
//F'dr://curlF-dS
c s
/F-dr—/F-Tdsand //curlF-dS—//curlF~ndS
c D s s

Stokes” Theorem says that the line integral around the boundary curve of S of the tangential
component of F is equal to the surface integral of the normal component of the curl of F.

Since

Example

. 2 Tz

Use Stokes’” Theorem to evaluate / curlF - dS where F(z,vy,2) = 2%e¥*i + y?e™*j + %"k
S
where S is the hemisphere 22 + y* + 2? = 4, z > 0, oriented upward.

Use Stokes Theorem to evaluate / F - dr. C is oriented clockwise as viewed from above.
c

(a) F(z,y,2) = (x +y»)i+ (y + 22)j + (z + 22k C is the triangle with vertices (1,0,0),
(0,1,0), and (0,0,1).
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(b) F(x,y,2) = yzi+ 2xzj + "k C' is the circle 2° + y* = 16,2 =5
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13.8 The Divergence Theorem

The vector version of Green’s Theorem is

/ F - nds = // div F(z,y)dA
c D

where C' is the positively oriented boundary curve of the plane region D.

Definition: regions E that are simulataneously of types 1, 2, and 3 are called simple solid
regions.

The Divergence Theorem Let E be a simple solid region and let S be the boundary surface
of E, given with the positive (outward) orientation. Let F be a vector field whose component
functions have continuous partial derivatives on an open region that contains £. Then

//SF-dS:///EdiVFdV

The Divergence Theorem states that the flux of F across the boundary surface of F is equal
to the triple integral of the divergence of F over E.

Example

Verify that the Divergence Theorem is true for the vector field F(z,y, z) = 3zi+ zyj + 222k
on E where E is the cube bounded by the planes t =0, x =1, y =0,y =1, z = 0, and
z=1.

Use the Divergence Theorem to calculate the surface integral / / F - dS; that is, calculate
S
the flux of F across S.

(a) F(z,y,2) = e“sinyi + e cosyj + yz’k, S is the surface of the box bounded by the
planesx =0,z =1, y=0,y=1,2=0, and 2z = 2
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(b) F(z,y,2) = (cosz + xy?) i+xe *j+ (siny + 2°2) k where S is the surface of the solid
bounded by the paraboloid z = 2* 4+ y* and the plane z = 4.

(c) F(z,y,2) = 3zy*i + we’j + z°k where S is the surface of the solid bounded by the
cylinder 4?4+ 2% = 1 and the planes z = —1 and z = 2.
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