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Chapter 1

Introduction

1.1 Overview of the main results

The dissertation addresses the classic problem in algebraic and symbolic computa-
tion of finding the complex solutions of systems of polynomial equations. Originating
from the second half of the last century, J.J. Sylvester, A. Cayley, F.S. Macauley,
L. Kronecker, A. Hurwitz and others addressed the problem of deciding solvability
of polynomial systems. Their approach to the problem evolved into the theory of
resultants - the foundation of elimination theory. In recent years, the search for effi-
cient algorithms for these problems has received extensive attention because of their
demonstrated importance to a variety of problems of both practical and theoretical
interest.

The motivation to our research stems from the fact that the need to find solu-

tions to polynomial systems over a variety of fields has arisen in a wide range of



practical efforts, including robotics, automated theorem proving, and computational
geometry. A concrete example is the problem of resolving singularities of algebraic
varieties. For the case of plane curves, the works in [DD84, Koz94, Tei90] approach
the problem from the point of view of computational complexity. They handle
arithmetic operations in successive field extensions, which arise in the resolution
procedure, by using resultant based methods and avoiding polynomial factorza-
tion. In the thesis we generalize these “passive factorization” techniques to handle
general algebraic varieties over field extensions of the coefficient field k, giving a
sufficient computational tool for an explicit desingularization algorithm for surfaces
and higher dimensional varieties, which is the subject of future research.

In the thesis we investigate a representation for algebraic sets originally pro-
posed by Kalkbrener, which is computationally convenient for many applications
and is suitable for deriving improved time and space complexity bounds. This rep-
resentation extends the Ritt-Wu characteristic sets as described below. We express
the radical of an ideal as the intersection of unmixed ideals represented by charac-
teristic sets, where unmixed means that all irreducible components have the same
dimension. Similar techniques have been extensively studied and are widely used
in computer algebra systems [BCK88, Wu84, Kal94, Wan92], but it required extra
efforts to overcome the problem of computing superfluous components. Kalkbrener
states this as a “challenging problem for future research” [Kal94]. In [Sza97] we gave
complexity bound for this Ritt-Wu type decomposition algorithm in the dense rep-
resentation, which compares to the best known bounds for computing the Ritt-Wu

characteristic sets [GM91].



More formally, we consider the following problem: Given a set of multivariate
polynomials {fi,..., fi} C k[zy,...,z.], compute a representation of the algebraic
set V= {z € K"| fi(z) = ... = fu(z) = 0}, where K is the algebraic closure of the
coefficient field k, which satisfies the following properties:

e membership in the radical ideal I(V) is efficiently decidable;

e set operations such as the union or the difference of algebraic sets are efficiently

computable;
e the representation of the empty set is unique;

e the size of the representation is reasonably small relative to the input size in

both the dense and sparse representation of polynomials;

the computation is reasonably fast and is parallelizable.

Various algorithmic tools are used in the literature for the representation and
computation of algebraic sets. Grobner bases [Buc85, Buc84] give a suitable repre-
sentation of the ideal generated by the input polynomials, solving the general ideal
membership problem. Although algorithms using Grébner bases work efficiently in
practice for many applications, they are unlikely to give sub-exponential complexity
bounds, since the ideal membership problem over Q is exponential space complete
[May89]. Another procedure is to find a decomposition of the algebraic set and rep-
resent each component by a birational projection and a single defining polynomial as
a hyper-surface. This approach is used in most prime and unmixed decomposition

algorithms [Chi84, Gri84, GH91]. Finally, the representation by Ritt-Wu character-



istic sets serves as a starting point for the representation we propose in the thesis.
In the next paragraph we summarize some of the properties of characteristic sets.

The notion of a characteristic set of an ideal was first introduced by J.F. Ritt in
1950 [Rit50] in the context of differential geometry. In 1964 Wu Wen-Tsiin [Wu84]
realized the power of characteristic sets in commutative algebra and in automated
geometric theorem proving. The “triangular” structure of characteristic sets, in
which each variable is introduced by one polynomial, is convenient when conducting
symbolic computation on the common roots of a system of polynomials without
explicitly computing them. Although we might lose information about the original
ideal when we consider only characteristic sets, the roots of the polynomials in the
characteristic set and the roots of the polynomials in the ideal are related: only
degenerate cases, in which leading coefficients of the characteristic set vanish, give
superfluous roots.

In the dissertation we present a Ritt-Wu type decomposition algorithm. As we
mentioned earlier, we express the radical of an ideal given by a generating set as the
intersection of unmixed ideals represented by characteristic sets, similarly as in the
work of Kalkbrener [Kal96]. To overcome the problem of doubly exponential degree
growth of the polynomials occurring in the algorithm and to give a complexity anal-
ysis for the algorithm, we need to modify Kalkbrener’s algorithm using an approach
with multivariate resultant methods and add extra work. In Theorem 4.1.7 we give
a randomized algorithm to compute the unmixed decomposition which is efficiently
parallelizable, whose sequential [parallel] complexity is dO* D) [(nlog(d))OM)],

where n is the number of variables, d is the maximal degree of the polynomials in



the generating set and [ is the dimension of the algebraic set. These are the same
bounds as the bounds of Gallo and Mishra [GM91] to compute the characteristic
set of a given ideal. Note that for zero dimensional ideals the above bound is op-
timal in the sense that there are ideals in n variables such that the generating sets
of the ideals have maximal degree d but the maximal degree in the characteristic
sets is d™, thus the size of the output is d™ in the dense representation (see the
example in [GM91]). In the case when the algebraic set is not zero dimensional
the sequential complexity of our algorithm has n*(l + 1) in the exponent, while the
algorithms in [GH91, Chi84, Gri84] give sequential complexity bounds which has n?
in the exponent. This is due to the fact that our algorithm does not use coordinate
transformations. On the other hand, the methods presented here can be modified

so as to preserve sparseness.

The subroutines we use in our constructions are of independent interest. Given a
set of unmixed varieties represented by characteristic sets, our method gives a “lazy
decomposition” procedure (see [DD84, DDS85]), which is an efficient algorithm for
conducting symbolic arithmetic on algebraic numbers without explicitly computing
them. In the zero-dimensional case, both of these algorithms are in the complex-
ity class NC (using arithmetic circuits over k). These results have applications for
instance in mechanical geometric theorem proving [Wan95] and in resolving singu-

larities of plane curves ([Koz94. Tei90]) and of higher dimensional varieties.



1.2 Outline of the dissertation

As we noted in the overview, the problem addressed in this thesis is the ques-
tion of how to represent algebraic sets efficiently such that no information is lost
about them. Kalkbrener in [Kal96] proposes such representation, which we call
Kalkbrener’s unmixed representation. He proves in [Kal96] that the unmixed repre-
sentation faithfully describes the algebraic sets, and gives heuristics for an algorithm
which computes it. Similar constructions for the representation of algebraic sets are
widely used in practical implementations [MWW95]. We develop a fast parallel al-
gorithm which finds Kalkbrener’s unmixed representation. The algorithms in this
thesis represent a significant theoretical improvement over the known algorithms
computing the unmixed representation [Kal94, Kal93, Wan95, PW5], since for the
first time we prove sequential and parallel complexity bounds which are the same as
the best known complexity bounds for computing characteristic sets [GM91]. The
main part of the dissertation comprises the description of the algorithm and its
complexity analysis.

Before the description of the algorithms we give an overview of the algorithmic
tools that are used in the literature for the representation of algebraic sets. In
Section 2.2 we give a brief review of the concept of Grobner bases. Since we will not
use Grobner bases in the rest of the dissertation, we only give the definitions and
the computational methods without proofs, following the approach in [BuCoKu).

In Section 2.3 we define the notion of Ritt-Wu characteristic sets. First we

define triangular sets (usually denoted by A), sets of multivariate polynomials in
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k[zy,..., z,] such that each polynomial introduces a new variable. We view each
polynomial in a triangular set as a univariate polynomial in its variable of maxi-
mal index, with coefficients in the ring of polynomials depending on variables with
smaller indices. Unfortunately, the leading coefficients are usually not invertible
in the ring, which raises difficulties when conducting division with remainder by
the elements of a triangular set. We define the notion of pseudo-division of mul-
tivariate polynomials, which is a relaxed generalization of the univariate division
with remainder, in a way that avoids division by the leading coefficients of the di-
visors. The generalization of the pseudo-division to triangular sets gives a notion
of reduced form of multivariate polynomials modulo triangular sets. This reduced
form is denoted by prem(f, A) and called the pseudo-remainder of f modulo the
triangular set A. Using pseudo-division has the advantage that finding the reduced
form of a polynomial modulo a triangular set is as efficient as if the elements of the
triangular sets were monic. Pseudo-division plays an important role in the theory
of characteristic sets and also in the notion of unmixed sets defined in Section 2.4.3.

Given an ideal T € k[zy, ... ,z.), we call a triangular set A a characteristic set
of I, if A “pseudo-generates” Z, i.e. if all the polynomials in Z have 0 pseudo-
remainders modulo A. Unfortunately, since the pseudo-division ignores the leading
coefficients of A, we lose information when we consider only characteristic sets. We

can interpret this phenomenon geometrically in two ways:

1. “consider all the roots of the polynomials in A”, in which case we might intro-
duce components which are not in the algebraic set corresponding to Z. These

superfluous components are roots of leading coefficients of the polynomials in



A.

2. “ignore the roots of the leading coefficients of A", in which case we might lose

components of the algebraic set corresponding to Z.

We present results in Section 2.3 relating the roots of the polynomials in Z and its
characteristic set. Furthermore, we describe the results of Gallo and Mishra [GM91]
in which they give upper bounds for the degree of the polynomials in a characteristic
set of a given ideal Z, and where they give complexity bounds for the computation
of characteristic sets.

In Section 2.4.3 we describe an extension of the notion of characteristic sets,
originally introduced by Kalkbrener [Kal96]. The main idea is to decompose the
algebraic set into components which are faithfully represented by triangular sets
in a way that we do not lose components of the algebraic set when we ignore the
roots of the leading coefficients in the triangular set. More precisely, a triangular set
A C k[zy,... ,z,] represents anideal Zif Z = {h € k([zy,... ,zs) | prem(h.A) = 0}.
We denote the ideal represented by A by Rep(A). We call a triangular set A an
unmized triangular set, or simply unmixed set, if the leading coefficients of any of
the polynomials in A do not have common components with the other polynomials
in A. We prove in Theorem 2.4.6 that if A is an unmixed triangular set then Rep(A)
is a radical ideal, Rep(A) # k[z1,... ,z,] and all the components in the algebraic
set corresponding to Rep(A) have the same dimension. Moreover, we also prove

that every radical ideal Vv Z is the intersection of ideals represented by unmixed



triangular sets, i.e. there exist unmixed sets Ay, ..., A, such that
VI = [\ Rep(A,).
1=1

We call such an expression Kalkbrener’s unmized representation of VvZ. By Hilbert’s
Nullstellensatz the unmixed representation of a radical is equivalent to finding an
unmixed decomposition to the algebraic set V(Z) = {z € K" | fo(z) = --- =
fr(z) = 0} where K is the algebraic closure of the coeflicient field k.

In the last section of Chapter 2 we describe a representation method which
is used in both the prime and unmixed decomposition algorithms and complexity
results of [Chi84, Gri84, GH91]. The main idea is to represent each component by a
birational projection and a single defining polynomial as a hyper-surface. We follow
an approach similar to the one of Giusti and Heintz [GH91], but instead of the worst
case analysis of [GH91] we stress the possibility of randomization. We also point
out the connection of this representation to the concept of u-resultants.

In Chapter 3 we present the computational tools and algorithms which are the
main building blocks of the algorithms in the dissertation. In Section 3.3, after de-
scribing the basic computational model using arithmetic circuits over the coefficient
field k, we develop the foundations of a computation model in which we can com-
pute modulo an unmixed triangular set. More precisely, assume that the unmixed

triangular set A = {g;,... ,8m} C k[z1,... ,2,] satisfies that forall 1 <s <m
1. the variable with maximal index in g, 1S Tj+s;

2. the leading coefficient of g, considered as a univariate polynomial in the vari-

able ;.. is in k{zy, ... ,z);






