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Chapter 1

Introduction

1.1 Overview of the main results

The dissertation addresses the classic problem in algebraic and symbolic computa-
tion of finding the complex solutions of systems of polynomial equations. Originating
from the second half of the last century, J.J. Sylvester, A. Cayley, F.S. Macauley,
L. Kronecker, A. Hurwitz and others addressed the problem of deciding solvability
of polynomial systems. Their approach to the problem evolved into the theory of
resultants - the foundation of elimination theory. In recent years, the search for effi-
cient algorithms for these problems has received extensive attention because of their
demonstrated importance to a variety of problems of both practical and theoretical
interest.

The motivation to our research stems from the fact that the need to find solu-

tions to polynomial systems over a variety of fields has arisen in a wide range of



practical efforts, including robotics, automated theorem proving, and computational
geometry. A concrete example is the problem of resolving singularities of algebraic
varieties. For the case of plane curves, the works in [DD84, Koz94, Tei90] approach
the problem from the point of view of computational complexity. They handle
arithmetic operations in successive field extensions, which arise in the resolution
procedure, by using resultant based methods and avoiding polynomial factorza-
tion. In the thesis we generalize these “passive factorization” techniques to handle
general algebraic varieties over field extensions of the coefficient field k, giving a
sufficient computational tool for an explicit desingularization algorithm for surfaces
and higher dimensional varieties, which is the subject of future research.

In the thesis we investigate a representation for algebraic sets originally pro-
posed by Kalkbrener, which is computationally convenient for many applications
and is suitable for deriving improved time and space complexity bounds. This rep-
resentation extends the Ritt-Wu characteristic sets as described below. We express
the radical of an ideal as the intersection of unmixed ideals represented by charac-
teristic sets, where unmixed means that all irreducible components have the same
dimension. Similar techniques have been extensively studied and are widely used
in computer algebra systems [BCK88, Wu84, Kal94, Wan92], but it required extra
efforts to overcome the problem of computing superfluous components. Kalkbrener
states this as a “challenging problem for future research” [Kal94]. In [Sza97] we gave
complexity bound for this Ritt-Wu type decomposition algorithm in the dense rep-
resentation, which compares to the best known bounds for computing the Ritt-Wu

characteristic sets [GM91].



More formally, we consider the following problem: Given a set of multivariate
polynomials {fi,..., fi} C k[zy,...,z.], compute a representation of the algebraic
set V= {z € K"| fi(z) = ... = fu(z) = 0}, where K is the algebraic closure of the
coefficient field k, which satisfies the following properties:

e membership in the radical ideal I(V) is efficiently decidable;

e set operations such as the union or the difference of algebraic sets are efficiently

computable;
e the representation of the empty set is unique;

e the size of the representation is reasonably small relative to the input size in

both the dense and sparse representation of polynomials;

the computation is reasonably fast and is parallelizable.

Various algorithmic tools are used in the literature for the representation and
computation of algebraic sets. Grobner bases [Buc85, Buc84] give a suitable repre-
sentation of the ideal generated by the input polynomials, solving the general ideal
membership problem. Although algorithms using Grébner bases work efficiently in
practice for many applications, they are unlikely to give sub-exponential complexity
bounds, since the ideal membership problem over Q is exponential space complete
[May89]. Another procedure is to find a decomposition of the algebraic set and rep-
resent each component by a birational projection and a single defining polynomial as
a hyper-surface. This approach is used in most prime and unmixed decomposition

algorithms [Chi84, Gri84, GH91]. Finally, the representation by Ritt-Wu character-



istic sets serves as a starting point for the representation we propose in the thesis.
In the next paragraph we summarize some of the properties of characteristic sets.

The notion of a characteristic set of an ideal was first introduced by J.F. Ritt in
1950 [Rit50] in the context of differential geometry. In 1964 Wu Wen-Tsiin [Wu84]
realized the power of characteristic sets in commutative algebra and in automated
geometric theorem proving. The “triangular” structure of characteristic sets, in
which each variable is introduced by one polynomial, is convenient when conducting
symbolic computation on the common roots of a system of polynomials without
explicitly computing them. Although we might lose information about the original
ideal when we consider only characteristic sets, the roots of the polynomials in the
characteristic set and the roots of the polynomials in the ideal are related: only
degenerate cases, in which leading coefficients of the characteristic set vanish, give
superfluous roots.

In the dissertation we present a Ritt-Wu type decomposition algorithm. As we
mentioned earlier, we express the radical of an ideal given by a generating set as the
intersection of unmixed ideals represented by characteristic sets, similarly as in the
work of Kalkbrener [Kal96]. To overcome the problem of doubly exponential degree
growth of the polynomials occurring in the algorithm and to give a complexity anal-
ysis for the algorithm, we need to modify Kalkbrener’s algorithm using an approach
with multivariate resultant methods and add extra work. In Theorem 4.1.7 we give
a randomized algorithm to compute the unmixed decomposition which is efficiently
parallelizable, whose sequential [parallel] complexity is dO* D) [(nlog(d))OM)],

where n is the number of variables, d is the maximal degree of the polynomials in



the generating set and [ is the dimension of the algebraic set. These are the same
bounds as the bounds of Gallo and Mishra [GM91] to compute the characteristic
set of a given ideal. Note that for zero dimensional ideals the above bound is op-
timal in the sense that there are ideals in n variables such that the generating sets
of the ideals have maximal degree d but the maximal degree in the characteristic
sets is d™, thus the size of the output is d™ in the dense representation (see the
example in [GM91]). In the case when the algebraic set is not zero dimensional
the sequential complexity of our algorithm has n*(l + 1) in the exponent, while the
algorithms in [GH91, Chi84, Gri84] give sequential complexity bounds which has n?
in the exponent. This is due to the fact that our algorithm does not use coordinate
transformations. On the other hand, the methods presented here can be modified

so as to preserve sparseness.

The subroutines we use in our constructions are of independent interest. Given a
set of unmixed varieties represented by characteristic sets, our method gives a “lazy
decomposition” procedure (see [DD84, DDS85]), which is an efficient algorithm for
conducting symbolic arithmetic on algebraic numbers without explicitly computing
them. In the zero-dimensional case, both of these algorithms are in the complex-
ity class NC (using arithmetic circuits over k). These results have applications for
instance in mechanical geometric theorem proving [Wan95] and in resolving singu-

larities of plane curves ([Koz94. Tei90]) and of higher dimensional varieties.



1.2 Outline of the dissertation

As we noted in the overview, the problem addressed in this thesis is the ques-
tion of how to represent algebraic sets efficiently such that no information is lost
about them. Kalkbrener in [Kal96] proposes such representation, which we call
Kalkbrener’s unmixed representation. He proves in [Kal96] that the unmixed repre-
sentation faithfully describes the algebraic sets, and gives heuristics for an algorithm
which computes it. Similar constructions for the representation of algebraic sets are
widely used in practical implementations [MWW95]. We develop a fast parallel al-
gorithm which finds Kalkbrener’s unmixed representation. The algorithms in this
thesis represent a significant theoretical improvement over the known algorithms
computing the unmixed representation [Kal94, Kal93, Wan95, PW5], since for the
first time we prove sequential and parallel complexity bounds which are the same as
the best known complexity bounds for computing characteristic sets [GM91]. The
main part of the dissertation comprises the description of the algorithm and its
complexity analysis.

Before the description of the algorithms we give an overview of the algorithmic
tools that are used in the literature for the representation of algebraic sets. In
Section 2.2 we give a brief review of the concept of Grobner bases. Since we will not
use Grobner bases in the rest of the dissertation, we only give the definitions and
the computational methods without proofs, following the approach in [BuCoKu).

In Section 2.3 we define the notion of Ritt-Wu characteristic sets. First we

define triangular sets (usually denoted by A), sets of multivariate polynomials in
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k[zy,..., z,] such that each polynomial introduces a new variable. We view each
polynomial in a triangular set as a univariate polynomial in its variable of maxi-
mal index, with coefficients in the ring of polynomials depending on variables with
smaller indices. Unfortunately, the leading coefficients are usually not invertible
in the ring, which raises difficulties when conducting division with remainder by
the elements of a triangular set. We define the notion of pseudo-division of mul-
tivariate polynomials, which is a relaxed generalization of the univariate division
with remainder, in a way that avoids division by the leading coefficients of the di-
visors. The generalization of the pseudo-division to triangular sets gives a notion
of reduced form of multivariate polynomials modulo triangular sets. This reduced
form is denoted by prem(f, A) and called the pseudo-remainder of f modulo the
triangular set A. Using pseudo-division has the advantage that finding the reduced
form of a polynomial modulo a triangular set is as efficient as if the elements of the
triangular sets were monic. Pseudo-division plays an important role in the theory
of characteristic sets and also in the notion of unmixed sets defined in Section 2.4.3.

Given an ideal T € k[zy, ... ,z.), we call a triangular set A a characteristic set
of I, if A “pseudo-generates” Z, i.e. if all the polynomials in Z have 0 pseudo-
remainders modulo A. Unfortunately, since the pseudo-division ignores the leading
coefficients of A, we lose information when we consider only characteristic sets. We

can interpret this phenomenon geometrically in two ways:

1. “consider all the roots of the polynomials in A”, in which case we might intro-
duce components which are not in the algebraic set corresponding to Z. These

superfluous components are roots of leading coefficients of the polynomials in



A.

2. “ignore the roots of the leading coefficients of A", in which case we might lose

components of the algebraic set corresponding to Z.

We present results in Section 2.3 relating the roots of the polynomials in Z and its
characteristic set. Furthermore, we describe the results of Gallo and Mishra [GM91]
in which they give upper bounds for the degree of the polynomials in a characteristic
set of a given ideal Z, and where they give complexity bounds for the computation
of characteristic sets.

In Section 2.4.3 we describe an extension of the notion of characteristic sets,
originally introduced by Kalkbrener [Kal96]. The main idea is to decompose the
algebraic set into components which are faithfully represented by triangular sets
in a way that we do not lose components of the algebraic set when we ignore the
roots of the leading coefficients in the triangular set. More precisely, a triangular set
A C k[zy,... ,z,] represents anideal Zif Z = {h € k([zy,... ,zs) | prem(h.A) = 0}.
We denote the ideal represented by A by Rep(A). We call a triangular set A an
unmized triangular set, or simply unmixed set, if the leading coefficients of any of
the polynomials in A do not have common components with the other polynomials
in A. We prove in Theorem 2.4.6 that if A is an unmixed triangular set then Rep(A)
is a radical ideal, Rep(A) # k[z1,... ,z,] and all the components in the algebraic
set corresponding to Rep(A) have the same dimension. Moreover, we also prove

that every radical ideal Vv Z is the intersection of ideals represented by unmixed



triangular sets, i.e. there exist unmixed sets Ay, ..., A, such that
VI = [\ Rep(A,).
1=1

We call such an expression Kalkbrener’s unmized representation of VvZ. By Hilbert’s
Nullstellensatz the unmixed representation of a radical is equivalent to finding an
unmixed decomposition to the algebraic set V(Z) = {z € K" | fo(z) = --- =
fr(z) = 0} where K is the algebraic closure of the coeflicient field k.

In the last section of Chapter 2 we describe a representation method which
is used in both the prime and unmixed decomposition algorithms and complexity
results of [Chi84, Gri84, GH91]. The main idea is to represent each component by a
birational projection and a single defining polynomial as a hyper-surface. We follow
an approach similar to the one of Giusti and Heintz [GH91], but instead of the worst
case analysis of [GH91] we stress the possibility of randomization. We also point
out the connection of this representation to the concept of u-resultants.

In Chapter 3 we present the computational tools and algorithms which are the
main building blocks of the algorithms in the dissertation. In Section 3.3, after de-
scribing the basic computational model using arithmetic circuits over the coefficient
field k, we develop the foundations of a computation model in which we can com-
pute modulo an unmixed triangular set. More precisely, assume that the unmixed

triangular set A = {g;,... ,8m} C k[z1,... ,2,] satisfies that forall 1 <s <m
1. the variable with maximal index in g, 1S Tj+s;

2. the leading coefficient of g, considered as a univariate polynomial in the vari-

able ;.. is in k{zy, ... ,z);
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3. g, is reduced modulo {g,... ,8s-1}, Le. deg,, (&) < deg,  (8) Vit <s.

We develop an arithmetic computation model in the quotient ring
A(A) = k(l'l’ L 71'!)[1‘l+17 cee xn]/<A)k(;n......t,) (11)

where (A)y(ey.....ry C k(1o .- Z0)[T1en, - - , T, denotes the ideal generated by A.

We also describe how to obtain the elementary arithmetic operations in the ring
R(A) :=k[zy,... ,z,]/Rep(A)

and we express the complexity of the ring operations in R(A) with respect to arith-
metic circuits over k. We use an approach in which we precompute the multiplication
table of A(A). We also outline alternative precomputational methods.

In Section 3.5 we describe a generalized version of the well-known sub-resultant
method to compute the GCD of several univariate polynomials over an arbitrary
(function) field, described for example in the work [IK93]. Our method also works
for certain coefficient rings with zero-divisors. We give sufficient conditions on the
coefficient ring for the GCD method to work. Moreover, we use only ring arithmetics
and our method returns a GCD with “integral” coefficients, i.e. the coefficients of
the GCD are polynomials without denominator. The leading coefficient of the GCD
satisfies some non-vanishing conditions. This method is one of the main building
blocks of the decomposition algorithms described in Chapter 4. There we decompose
the coefficient rings in order to satisfy the conditions for the existence of the GCD.
We describe both a deterministic and a randomized version of the algorithm.

In Section 3.6 we compute a polynomial h in general position with respect to

the triangular set A of codimension m and the set of polynomials F', i.e. a linear
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combination of the polynomials in F which intersects each irreducible component
of V(A) in codimension m + 1. This subroutine is applied in the decomposition
algorithm. Also, this algorithm is used in deciding whether a given polynomial does
not vanish over any component of V(A).

In Chapter 4 we start the description of the algorithm computing the unmixed
representation of Kalkbrener. We will construct a modified version of the decompo-
sition algorithm of Kalkbrener. In the work [Kal96], the method decompose has
a finite set of polynomials F as input and it computes the unmixed representation
of the corresponding radical m by creating branches of the computation and
recursively calling decompose. Unfortunately, it often computes superfluous com-
ponents embedded in other components which are computed in different branches,
and Kalkbrener only proved termination of the algorithm. Also, experiments shows
that the degrees of the polynomials occurring in the algorithm can grow double-
exponentially.

To get a reasonable complexity bound for the above algorithm, we have to over-
come some obstacles and add more work. In the next paragraphs we give a brief
overview about what factors cause decompose to be inefficient.

Let A = {g1,.--&n} C k[z1,... ,z,] be an unmixed set in the unmixed repre-
sentation of V(F), i.e. an unmixed set in the output of the algorithm decompose.
Denote | = n — m. Assume also that variable with highest index in g, is z;, for
1 < s < m. Then the degree in the variable of highest index of the polynomials oc-
curring in A has an a priori upper bound: deg,,, (g,) < deg V(F) where deg V(F)

is the degree of the algebraic set V(F), and bounded by d" by Bezout’s theorem,



where d is the maximal degree of the polynomials in F'.

Unfortunately, an a priori bound of the same order of magnitude could not
be stated for the “free” variables, i.e. for the variables z;,... ,z;. This has two
consequences. First, for every higher dimensional component, the degree in the free
variables is bounded only by the number of arithmetic operation of the algorithm.
This implies that inefficiency in the number of arithmetic operations during the
algorithm also effects the degree of the output in the free variables.

The second consequence is the following: even if a variable z;,, is a class variable
for g, in a given output instance, the polynomials computed before the computa-
tion of g, can have as high degree in z;., as in any other free variable. We can
only conduct reduction by g, after g, is found. To find g., Kalkbrener computes
the ged of previously computed polynomials in the variable z;.,. The most costly
operation is the computation of sub-resultants with matrices of size equal to the
degree of the operands in z;,,. Unless we have a polynomial at the beginning of the
computation with maximal variable z;., and with small degree. such that we can
reduce the degrees in ;. of all occurring polynomials at each step, the size of the
sub-resultant matrix has no a priori bound. In other words, before starting Kalk-
brener’s decomposition algorithm, we need to find a polynomial in the ideal with
sufficiently small degree, such that the variables z;;511,... ,z, are eliminated. As
we shall see below, our improved algorithm uses multivariate resultant methods to
eliminate the variables z;;q41,--. , T, simultaneously and to construct polynomials
in the ideal with maximal variable z;,, and with small degree.

In Chapter 4 we present an improved version of Kalkbrener’s algorithm and we
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give sub-exponential complexity bounds. First we discuss multivariate resultant
methods to eliminate variables simultaneously. Macaulay in [Macl6] proved that
for a system of n + 1 homogeneous polynomials in n + 1 variables of degree d with
generic coefficients (c; ), there exists a polynomial R, 4(cij) € Z[ci,], called the
resultant of the system, depending only on n and d, such that R, 4(¢;;) = 0 if and
only if the polynomial system with coefficients (Z; ;) has common solution in the
projective space P". Moreover, he also proved that Rom.a(ci;) is the quotient of two
determinants, each of them corresponding to a matrix of size at most d" and with
entries either 0 or the coefficients ¢; ;. To compute Macauley’s multivariate resultant
we refer to the method in [[K93][Theorem 15.3].

Multivariate resultants generalize the notion of Sylvester resultants. Similarly as
the Sylvester resultant is applied to eliminate a variable from a system of two equa-
tions, multivariate resultants are used to eliminate more variables simultaneously
from a system of polynomials, assuming that the components of the algebraic set
corresponding to the polynomial system are “proper”, i.e. their codimension equals
the number of polynomials in the system. In Section 4.1 we present a method to
eliminate the assumption of V(F) consisting only of proper components. We use a
certain version of techniques widely used in numeric computations for approximat-
ing roots of polynomial systems, known collectively as homotopy methods. Canny
in [Can90] developed a construction based on a generalization of the characteristic
polynomial of linear systems to polynomial systems. lerardi in [Ier89] derived the
same construction by adapting the homotopy method for symbolic computations.

Using Canny’s generalized characteristic polynomial method allows the multivariate
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resultant method described above to succeed even in the presence of a non-proper
component. We obtain the projection of all the isolated proper components in the
solution set. Finally, in Section 4.1 we show how to find the isolated components
of arbitrary codimension even in the case when the number of polynomials in the
system is greater than the codimension of the component.

We note here that we can interchange the methods of lerardi and Canny by
sparse elimination techniques as follows. .M. Gelfand, M.M. Kapranov and A.V.
Zelevinsky developed the notion of sparse resultants and sparse elimination theory
in a sequence of papers between 1990 and 1994 [GKZ94]. Sparse elimination ex-
ploits the structure of multivariate polynomials by considering the Newton polygon
of the polynomials instead of the total degree. The degree of the sparse resultant
is measured in the mixed volume of the Minkowski sum of the Newton polygons of
the input polynomials, which is usually smaller than d", the degree of Macauley’s
resultant. Also, the number of isolated points in the algebraic set is measured in
the mixed volume as a consequence of Berstein’s theorem [Ful93]. Generalizing the
Sylvester matrix, Canny, Emiris and others [Stu93, CP93, EC95, EP97] have devel-
oped efficient methods to compute the so called Newton matrix, and they express
the sparse resultant as the gcd of sub-determinants of the Newton matrix. This gives
a method to find the zero dimensional algebraic set when the ideal is generated by
a regular sequence. In order to generalize the zero dimensional algorithm for higher
dimensions, we must use a framework where coefficients are parameters. More-
over, Rojas and Wang in [RW96] gave a modified version of the homotopy method

mentioned above that preserves the sparse structure of the polynomial system.
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By the methods described above we are able to compute a triangular repre-
sentation of an algebraic set which contains our original algebraic set. We can
eliminate the superfluous and multiple roots using a subroutine called unmixed
described in Section 4.2. The input of the procedure unmixed is a triangular set
A={gi....8n} Cklzy,... ,T,) such that the leading coefficients of the polyno-
mials in A are non-zero elements of K[zy, ... ,Zn—m], together with two polynomials
f,h € k[zy,... ,Zn+c]- The output is a set of triangular sets {Aj,... A} such
that Rep(A;) is radical of codimension m for 1 < i < 7. Moreover, the union of
the algebraic sets corresponding to the unmixed sets A, consists of exactly those
components of V(A) where f vanish identically but h is not identically zero. The
algorithm is a generalization of the sub-resultant method for finding the gcd of sev-
eral univariate polynomials described in [IK93, chapter 15.2], and the univariate
square-free factorization method described in [BKR85]. The subroutine unmixed
is of independent interest, since it can be applied to conduct symbolic computation
on algebraic numbers which are given as roots of polynomials in unmixed triangular
sets.

Theorem 4.1.7 combines the results of Section 4.1 and 4.2. Given a set of polyno-
mials F C k[zy, ... ,Za]. We present an algorithm which computes a set of triangular
sets =(F) such that for each A € Z(F) there exists a partition : U j = [n] of the
set [n] = {1,... ,n} such that A is an unmixed triangular set with respect to the
variable ordering of {zi,...,z,} corresponding to the partition : U 5. Moreover,

VF = |J Rep(&).

AEZ(F)
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We call a representation satisfying the above conditions an “unordered” unmixed

representation of V(F). The statement of Theorem 4.1.7 is the following:

Theorem 4.1.7 Let F = {f;,... ,fi} C k[zy,... ,z.] be a set of polynomials and

assume that
deg, (f:) <d Vj€ [n], 0<i<k.
Then there is an algorithm computing the set Z(F), an unordered unmixed
representation of V(F).
Moreover, if A = {g1,... ,&n} € Z(F) and 1 U j = [n] is the corresponding
partition of [n], i.e. class(g,) = z;, where 7 = {j1y---,impand e =[n] -3 =
{t1,... ,u} then
degz“(A) <d" Vj, €3 and
deg, (A) < dot*) v e
For any polynomial h occurring in the computation of A we have the following
degree upper bounds:
deg, (h) < ™ Vj, €7 and
deg, (h) <dO"™" Vi, €.
Furthermore, if [ is the dimension of V(F), the arithmetic circuit computing

the unordered unmixed representation =(F) has depth
(n log(d))*™

and size

kO(l)(dO(nz))Ql-i—l.



Chapter 2

Representation of Algebraic Sets

In the following we describe the various algorithmic tools that are used in the lit-
erature for the representation and computation of algebraic sets. We propose rep-
resentations which are computationally convenient for many applications and are
suitable for deriving improved time and space complexity bounds. Before the de-
scription of the different representation methods let us state the general objectives
of representing algebraic sets.

Given a set of polynomials fi, ..., fi C k[z1, ...,Tn] compute a representation of
the algebraic set V = {z € C* | fi(z) = ... = fi(z) = 0} such that membership in
the radical ideal I(V) is decidable, the representation of the empty set is unique, set
operations on algebraic sets are efficiently computable, the size of the representation
is small relative to the dense size of the input, and the computation is reasonably

fast and is parallelizable.

17
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2.1 Notation

Throughout the dissertation we use the following notation:

Let R denote a Noetherian ring with identity and let F be a subset of R. The
ideal generated by F is denoted by (F), the radical of (F) by V'F. For an ideal
Z C R and for f € R[z], fT denotes the image of f in (R/T)[z].

IfZ = @, N...N Q, is the irredundant primary decomposition of Z, then
P, = VOi,...,P. = VQ, are the associated primes of Z, and we denote the
set {P....,P.} by Ap(I). For a prime ideal P C R the quotient field of the integral

domain R/P is denoted by K(P).

The codimension or height of a prime ideal P # R is said to be m if there exists
at least one chain Py C P, C ... C P,, = P, where P; are prime ideals, and there
is no chain with more than m + 1 elements. The codimension of an arbitrary ideal

T # R is the minimum of the codimension of the prime ideals containing T.

We consider polynomials in the polynomial ring R := k(z),... ,z,] where k is
an arbitrary field. Assume that the variables are linearly ordered by their subscript:
r; < Tp < --- < T,. Then class(p) denotes the highest indeterminate appearing in a
polynomial p, and lc(p) denote the leading coefficient of p regarded as a univariate

polynomial in class(p).

A set of polynomials A = {g1,... ,gx} C Ris called a triangular set if class(g;) <
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class(g;) for all 7 < j. See Section 2.3 for the definition of pseudo-division of a poly-
nomial f € R by a triangular set A C R. We denote the pseudo-remainder by

prem(f,A).

We give a description of the algorithms using geometric notation instead of
algebraic. As before, let the coefficient field k be an arbitrary field, and K be the
algebraic closure of k. Since we apply randomization in the algorithms below, we
need to restrict k to have cardinality sufficiently large to obtain good probabilities.
Denote by A" and P" respectively the affine and projective space over K. Let
F={fo,---, fr} Cklzy,... ,z,] be aset of polynomials, Z = {fo, ... , fi) the ideal
generated by F in k[z1,... ,z.]. The algebraic set V = V(F) C A" is the set of
common roots of the polynomials in F' with coordinates from K, which is the same

as the common roots of the polynomials in Z:
V(I) = {z e K" | folz) =--- = fulz) =0} C A".

For an unmized triangular set A C Kkzy,... ,Z,] (for definition see Theorem

2.4.6) the ideal reprepresented by A is
Rep(A) = {h € k[z1, ... ,z,] | prem(h, A) = 0}.

[n Theorem 2.4.6 we proved that if A is an unmixed triangular set, then Rep(A)
is a proper unmixed radical ideal. Denote by codim(A) the codimension Rep(A),

which equals to the number of polynomials in A if A is an unmixed set.
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We call a triangular set A a weakly unmized set if part (b) of Theorem 2.4.6 is

not satisfied, i.e. the polynomials in A are not necessary square-free.

For a triangular set A the sets Vgep(A) and Ap(A) denotes respectively the
algebraic set and the associated primes corresponding to the radical Rep(A) and

not to (A).

We call a set of triangular sets ¥ simple if for all A # A’ € ¥ we have

Ap(A) N Ap(A’) =0.

2.2 Grobner bases

Grobner bases and their computations were introduced by Buchberger in 1965, and
are the most widespread methods for computing with multivariate polynomials,
due to their wide range of applications. The core of the method is to compute a
standard form G (Grobner basis) for a given set of multivariate polynomials F' such
that F and G generate the same ideal / and ideal membership in [ is decidable
using a systematic series of multivariate divisions with remainders by the elements
of G. Applications of Grobner bases include solving the ideal and radical-ideal
membership problem, the computation of elimination ideals or the intersection of
ideals, and the determination of the solvability of polynomial systems.

Although algorithms using Grobner bases work efficiently in practice for many

applications, they are unlikely to give sub-exponential complexity bounds, since the
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ideal membership problem over Q is exponential space complete [May89]. In the
setting of this thesis we are interested in recovering the geometric properties of
the algebraic set corresponding to given polynomials and not the ideal generated
by the polynomials. Hilbert’s Nullstellensatz gives a one-to-one correspondence
between the algebraic sets corresponding to an ideal and the radical of the ideal.
Solving the radical-ideal membership problem is a sub-case of the general ideal
membership problem, and as we shall see later, there are single exponential and sub-
exponential complexity bounds solving the former problem. It would be interesting
to see if a modified version of the Grébner basis method could give similar bounds
for the special case of radical ideals. Another unsolved issue concerning Grobner
bases is whether the running time of the algorithms can be considerably reduced by
parallelizing the computations.

Since we will not use the concept of Grobner bases in the rest of this dissertation,
we only give a brief overview of the definitions and the computational methods,
following the approach in [BCK88].

Let k be an arbitrary coefficient field and R = k[zy, ... , T,] be the set of polyno-
mials in n variables with coefficients from k. A monomial in R is a polynomial in the
product form z{* ---z3» where (aq,... ,an) € N*. We shall abbreviate SRR
by z°. First we need a notion of reduction of polynomials which is an appropriate
generalization of the univariate division with remainder for the multivariate case.

For this end we need a total ordering T on the monomials in R satisfying the fol-

lowing properties:

l. 1<y mforal m#1,
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2. if my <7 m» then m; - u <y ma-u forall u

where m, m;, ma, u are monomials in R. Total orders satisfying these conditions are
called term orders. The following representation of term orders are due to Ostrowski

(see [GS93]):

Proposition 2.2.1 Let M C R be a finite set of monomials. denote the corre-
sponding exponents by A = {a € N* | z* € M}, and let T be a term order on the
monomials of R. Then there exists a positive weight vector w € R, such that for all

zo, P e M = <r ¢ ifand only ifa-w < B -w. B

Let < be a fixed term order on the monomials of R. The initial monomial
init - (p) of a polynomial p € R is the largest monomial with nonzero coefficient that
appears in p. A polynomial f reduces to g modulo P := {p1,-..,px} C R with
respect to < if there exists p; € P and a monomial m such that ¢ = f — mp; and
init<(g) < init<(f). Denote by f —p g the relation “f reduced to g modulo P”,
and f —3} g the transitive closure of f —p g. We say that a polynomial f is in
reduced form (sometimes called normal form) modulo P if f —} g implies that

f = g. Finally, we define the S-polynomial of two polynomials f,g € R to be
Spoly(f,g) := mif — mag

where m; - init<(f) = ma - init<(g) = lem(init(f), init<(g)).
The following proposition gives equivalent definitions for the Grébner bases of

an ideal [GMI1]:
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Proposition 2.2.2 Given an ideal T C R and a finite subset G = {91,--- +gm} of

[. The following statements are equivalent:

1. The ideal init-(T) := (init.(p) | p € I) is generated by monomaals

{init<(gl)7 v init«(gm)}'

2. G generates T and every polynomial p € R has a unique reduced form modulo

G.

3. G generates T and the S-polynomial of any two elements in G reduces to 0

modulo G.

If G satisfies either of the above conditions we call G a Grobner bastis forZ. m

The first statement is the usual way to define Grobner bases. As a consequence of
the first statement, Grobner bases can be used for many applications, e.g. computing
the Hilbert polynomial of an ideal, or computing elimination ideals, etc. As a
consequence of the second statement Grobner bases enable us to solve the ideal
membership problem. The third statement gives the following algorithm which

transforms any generating set F' of Z into a Grobner basis:

Algorithm 2.2.3 (Buchberger)

t:=0

ANy :=F

do Ay == A; U ({reduceda, <(Spoly(g,9')) | 9,9 € Ai} —{0})
while (A; # Aiyy).
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We call a Grobner basis G = {g1,... ,gm} C Z to be reduced if no monomial in g;
is a multiple of an initial monomial init<(g;) for ¢ # j. If the polynomials in F* have
total degree < D and G is a reduced Grobner basis then all polynomials in G have
degree < D?", and all the polynomials occurring in the above computation have at
most that degree. This double exponential bound is attained in the general case,
but for some important special cases (e.g. zero-dimensional ideal) singly exponential

bounds are known.

2.3 Ritt-Wu Characteristic sets

Before defining the Ritt-Wu characteristic sets, first we give some definitions follow-
ing the approach in [BCK88].

We consider polynomials in the polynomial ring R := k[zy,... ,z,] where k is
an arbitrary field. Assume that the variables are linearly ordered by their subscript:
z; < T3 < --- < z,. Then class(p) denotes the highest indeterminate appearing in a
polynomial p, and lc(p) denote the leading coefficient of p regarded as a univariate
polynomial in class(p). So, if class(p) = zi then lc(p) € k[zy, . .. s The1)-

We call a set of polynomials A = {g1,... ,g:} a triangular set if class(gi) <
class(g;) for all i < j. E.g. A = {z122, T3z — 2125, =i, T1Z2+75} is a triangular set
because class(z,z2) = £ < class(z}z3 — z,23) = z3 < class(z}) = z, < class(z;z2 +
T5) = Ts.

The type of a triangular set A = {g1,... ,gr} is a vector in (NU{occ0})" such that

the jth entry of type(A) is oo if there exists no g, € A with class(g,) = z; and it is
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equal to deg, g if class(gs) = z;.

The procedure pseudo division generalizes the method of division with remainder
for univariate polynomials to multivariate polynomials. Let f,g € k[zy,... .z,] be
polynomials with class(g) = z;. Then there exist polynomials ¢ and r and a number
a € N such that

le(g)*f =qg+T

where deg, (r) < deg, (9) and a < deg, (f) — deg, (9) + 1. We denote by
r = prem(f,g) the pseudo remainder of f by g, and by ¢ = pquo(f, g) the pseudo

quotient of f by g. If a is minimal, then ¢ and r are uniquely determined.

In order to generalize the pseudo remainder concept for triangular sets, consider a
triangular set A = {gi1,...,gx} C k[z1,... ,z.] and a polynomial f € k[zy,... . za)
There exists a sequence of polynomials f; = f,... , fo such that for each k > s > 1,
fo_1 is the pseudo remainder obtained when dividing f, by g,. Combining these

pseudo divisions for k£ > s > 1 we get that

k
lc(gk)ak ot lc(gl)al.f = Z qsgs + fO
s=1

and we denote by fo = prem(f,A) the pseudo remainder of f by A. Note that
deg, (fo) < deg, (gs) if class(g,) = zi, (s = 1,... ,k). We say that f is reduced
modulo the triangular set A if f = prem(f, A).

We give two equivalent definitions (and characterizations) of Ritt-Wu character-
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istic sets [BCK88, GM91]:

Proposition 2.3.1 : LetZ C R =k[zy,... ,Z.] be an ideal and A = {g1, ... Ok} C

T be a triangular set. The following statements are equivalent:

1. A is a minimal element among all the triangular sets in I with respect to the

following ordering <: F < A if and only if type(F) <ix type(A).
2. For every element f € Z, prem(f,A) =0.

If a triangular set A C I satisfies either of the above conditions we call A a char-

acteristic set for T.

Remark: By the second statement, if A is a characteristic set of the ideal Z, then
(A) C I C{heKk[zy,...,z]| prem(h,A) = 0}.

The above inclusions are usually proper.

Example: If T = (z22 —z2 — 3> + 1, zy) and z < y, then A = {z® —z,zy} is a
characteristic set, but (23 —z, ry) # (z%y® —z>—y*+ 1, ry) because the dimensions
of the corresponding varieties are not equal. Also, (z°y* —z* — 3> + 1, zy) # J =

{h | prem(h, A) = 0}; for example y is in J but not in Z.

Proof: (1) = (2): Suppose A = {g1,... , gt} is minimal w.r.t. < and there is

a polynomial p € I s.t. p' := prem(p,A) # 0. If for an index 0 < j < n we have

0 < class(g;) < --- < class(g,) < class(p') < class(g;+1)
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then it is easy to show that A’ := {gi,...g;,p'} is a triangular set smaller than A

w.r.t. <.

(2) => (1): If there is a triangular set A’ < A and g; € A is the first element which
differs from the elements in A, then ¢/ € I and prem(g}, A) # 0 which contradicts

(2). =

In the following we summarize the main geometric properties of characteristic
sets [BCK88]: Informally, if F' is a finite set of polynomials, then A is a characteristic

set of the ideal (F) if A is triangular and F and A have “almost” the same zeros.

More formally:

Proposition 2.3.2 Let F be a finite set of polynomials in k[zy,...,za)- IfAisa

characteristic set of the ideal (F) then

k
V(a) - (U V(lc<gi)>) CV(F) S V(A),
=1
where V(P) = {z € K" | Vp € P p(z) = 0} and K is the algebraic closure of k.

Proof: To prove the first inequality, let z € V(A) — (Uf=1 V(lc(g,-))) and f € [.
Since prem(f,A) = 0 by Proposition 2.3.1.(2), we have le(gr)® ---le(gr)™ f =
Zle gs9s- Now Zf=1qsgs(x) = 0 and Ic(g,)? ---lc(g1)* (z) # 0, therefore f(z) =

0. The second inequality is true since A C /. ®

In the original work of Ritt and later by Wu they propose an algorithm to

compute an “extended” characteristic set by repeated application of pseudo division.
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Without defining the notion of extended characteristic sets we just mention that they
satisfy Proposition 2.3.2. Since the algorithms developed in this thesis are extensions
of the original Ritt-Wu process, we state a version of it without proof of correctness.

For more details see [GM91].
Algorithm 2.3.3 (Ritt-Wu process)

Input: F = {f1,...,f+}
Output: A an extended characteristic set of F
A:=0; R:=0;
doF:=FUR; F':=F; R:=0;
while(F’ # 0) do
Let f € F' minimal class and deg;
F':= F' — {g| class(g) = class(f), prem(g, f) # g}
A:=AU{f}od
forall fe F—A do
if r := prem(f,A) # 0 then R:= RU{r} od
od while (R # 0)

return A

It is not hard to see that the algorithm terminates, but its worst case running
time has been shown to be a non-elementary function in the input-size. [GM91].

On the other hand, Gallo and Mishra prove upper bounds for the degree of
the polynomials in a characteristic set. Moreover, they also show that their degree

bounds are sharp. Thus, they obtain a complexity bound in the dense representation
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of polynomials for the computation of characteristic sets by simply solving a linear
equation system for the coefficients of the polynomials in the characteristic set.
Below we describe these results of Gallo and Mishra together with the proofs. First

we discuss the zero-dimensional case and then the general case.

Lemma 2.3.4 (Gallo-Mishra) Let I = (f1,..., fs) be a zero-dimensional ideal in
R :=k{zy,... ,z,] where k is an arbitrary field and deg(f:) < d foralll <1 <s.
Then for every 1 < j < n there ezists a monic univariate polynomial h; € I 0 k(z;]

and b;1,... ,bj. € R such that

hy= 3 bk

=1
where deg(h;) < 2(d + 1)**, and deg(b;; f:) < 4(d+ 1), 1<i<s.
Proof Let K be the algebraic closure of k and assume that Z has T zeroes V(Z) =
{(pia,--- Pin) € KM LS i S T}. By Bezout’s theorem we have T < (d + 1)".
Define k;(x;) € k[z,] by

T

Ki(z;) = [[(z; — i)

i=1

a monic degree T univariate polynomial in z; for 1 < j < n. Since h} vanishes on

V(I), by Hilbert’s Nullstellensatz we have
K e VI

i.e. there is an M € N such that h; := (h’j)M € T. By the effective Nullstellen-
satz results of Brownawell [Bro87] or Kollar [Kol88] we have that M < 2(d + 1)".

Therefore

deg(hj) <2(d+1)>* 1<j<n
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Also as a consequence of the effective Nullstellensatz we have that
deg(b;if.) <2AT +1)(d+ 1) < 4(d + 1)*".
n

Corollary 2.3.5 Let R and I = (fi. ..., f,) as above, and letg € T a polynomial of

degree D. Then there are polynomials ay, ... ,as such that

s

g= Zaifi

=1

and deg(a; f;) < max(d, D) +6n(d+1)**, 1 <i<s.

Proof: Using univariate division with remainder by the polynomials h,... yha

from lemma 2.3.4, g may be expressed as
g=h+ Z a;fi
1=1
where A € J := (hy,... ,hy,) and deg, (a}) < deg, (h;) forall1 < i <'s and 1 <

j < n. Therefore deg(af;) < maxi<ic,{deg(fi)}+X -, deg. (h;) < d+2n(d+1)>".

From h = g — Y.i_, a.f; we have deg(h) < max(D,d + 2n(d + 1)?*). Since all

the polynomials in H = {hy,... ,h,} are monic, H forms a characteristic set for J

and we can express

3

h=) ah= Z(Z a:bi,)f; = d)f,
=1

j=1 1=1 J=1

where deg(a)/f;) < deg(h) +4(d + 1)* < max(D,d) + 6n(d + 1)*, using Lemma

2.3.4. We have

s

g= Z(aﬁ +al)fi

i=1
and the claim of the corollary is proved. ®
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Theorem 2.3.6 (Zero-dimensional degree upper bound) Let R and I be as

above. Then T has a characteristic set A = {g1,... ,gn} where for each 1 < j <
1. class(g;) = z;,
2. deg(g,) < 2n(d + 1)** and

3. Jaj1,...a;s € R such that g; = Sl ajifi with

deg(a;;f;) < 8n(d+1)*" forall1 < i <s.
Proof: The first statement is trivial. Using the univariate polynomials
hi,... hn €T

from Lemma 2.3.4 we can obtain that degxl(gi) < deg, (h;) < 2(d + 1)*® for all
1 < i,j < n, which gives the second statement. Corollary 2.3.5 gives the third

statement. @

Theorem 2.3.7 (General degree upper bound) Let R be as above and let T =
(fi,..r fs) be an ideal in R. Suppose thatr =n —dim(Z) =n —{, and deg(f:) < d,
for 1 < i <s. Assume that z;,...T; are independent variables with respect to I.

Then T has a characteristic set A = {g1,... ,g-}, where for each 1 < j <r:

~

. class(g;) =7+

o

. deg(g;) < 4(s +1)(9r)¥d(d + 1)*"

S

3. Ja;1,...ajs € R such that g; = Sl ajifi and

deg(a;ifi) < 1l(s+ 1)(97)*rd(d + )4 forall 1 <i<s.
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Proof: Assuming that the variables zi,...z; are independent with respect to Z,

we can apply Theorem 2.3.6 over the function field K = k(z,... ,z;) and the ring

R = K|zi11,.-- ,Zi4r), since I is zero-dimensional over K by the assumption on
the dimension of Z. Thus there exists a characteristic set A’ = {g},... g/} C R’
for Z with degree upper bounds 2r(d + 1)*" for the variables {z1i1,--. s Tisr}- To

compute A’ one can set up a linear equation system for the unknown coefficients of

a, in the equation g; = .1, a;.fi such that the size of this system is bounded by

= (8r(d+ 1)%r + r).

r
The entries of this equation system are from K = k(z1,..., ;). Hence the degree
in the variables zi,... ,z; of the numerators and the denominators of the solution

are bounded by determinants of polynomial matrices of size < I'. To get the char-
acteristic set of Z in R we just have to multiply g; by the least common multiple of

its denominators. The claim of the theorem follows after some calculations.

2.4 Kalkbrener’s unmixed representation

As we mentioned earlier, our objective is to find a generalization of the notion
of Ritt-Wu characteristic sets, where the computational convenience of triangular
sets is preserved, but no information is lost about the roots of the polynomials in
the ideal. Below we define the unmixed triangular sets, which are triangular sets
representing algebraic varieties such that all the irreducible components have the
same dimension. Based on the work of Michael Kalkbrener [Kal96] we show that

every algebraic variety can be expressed as the union of varieties represented by
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unmixed triangular sets. We also prove in this section and in the next chapter
that the unmixed representation of radical ideals satisfies the following properties

mentioned in the introduction:
e membership in the radical ideal /(V) is efficiently decidable;

e set operations such as the union or the difference of algebraic sets are efficiently

computable;
e the representation of the empty set is unique;

e the size of the representation is reasonably small relative to the input size in

the dense representation of polynomials;
e the computation is reasonably fast and is parallelizable.

In the following subsections we discuss the connection between characteristic sets
and decomposition of algebraic varieties. This will lead us to our main subject, the
unmixed representation of radical ideals, which we define in Theorem 2.4.6. In the
next chapter we give an algorithm which finds this unmixed representation, together

with its complexity analysis.

2.4.1 Decomposition of algebraic varieties

We start this section with an example:

Example 2.4.1 In the example of the previous section, V(z?y? -z —y?+1, zy) C

A? consist of the four points {(1,0),(—1,0),(0,1),(0,—1)}, while V(z*® — z,zy)
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contains the points {(1,0),(—1,0)} together with the whole y axis. We saw in the
previous section that all the superfluous zeros of the characteristic set come from
“degenerate” cases, when leading coefficients vanish. A possible solution to avoid
superfluous roots would be to find the sub-varieties of V(z® —z) C A!, at which
leading coefficients of the polynomials in {z°y* — % — y*> + 1, zy} vanish. These
leading coefficients are z and z*>— 1, thus we can factor V(z*—z) = V(z)U Viz?-1).

After reducing the polynomials modulo z> — 1 and z, we get that
V(z2y? -2 -2+ 1, zy) = V(z® -1, y)uV(z,y* = 1).

Note that {z2—1, y} and {z,y>—1} are triangular sets and all the leading coefficients
are 1. In the above example, we were able to express Z as an intersection of two
ideals which were generated by triangular sets, even though we could not find a

generating characteristic set for Z.

More generally, suppose we are given an ideal 7 C k(zy,... ,zn] where k is an
arbitrary field with algebraic closure K. The example above suggests that if we

could express the radical VT as
VI=In...nTI,

such that each 7 is generated by a triangular set, then this decomposition would pre-
serve the computational convenience of triangular sets and give all the information

about the roots of the polynomials in Z.
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2.4.2 Zero-dimensional ideals

In the case when the ideal Z is zero-dimensional, i.e. the polynomials in the ideal
have only finitely many common zeros in K", the prime decomposition of the radical
will give the desired representation of the radical as intersection of ideals generated

by triangular sets, as asserted by the following:

Proposition 2.4.2 Let P C k[zy,... ,z,] be a zero-dimensional prime ideal. Then
there exists a triangular set A = {g1,... ,gn} such that A generates P, class(g;) =

z;, Ic(g:) = 1, and the image of g; in K(P Nklzy,... ,Ti—1))[z:] is irreducible.

Proof: Before we start the proof we need the following observations:

1. Every zero-dimensional (Artinian) integral domain is a field. Hence, if @ C

k[zy,...,Z] is a zero-dimensional prime ideal then k[zy,... ,zi]/Q is a field.
2. If T C k[zy,... ,z¢] is zero-dimensional then Z Nk(zy] # {0}.

We prove the proposition by induction on 7 = 1,...,n. For: =1 consider
P, := P Nk[z;] # {0}. Since P, is a principal ideal, there exists g; € k[z1] such
that (g1)k(z,) = P1- g1 Is monic irreducible over k which follows from P; being a
prime ideal.

Assume inductively that we have constructed g;,...,gi-1 € P monic polyno-
mials, such that class(g;) = z; and that (g1,...,g;) = PN k[z...z;] for all
1 < j <i—1. Denote by Pi_; := PN k[z;...zi—1], and by P! the image
of P modulo P;_,. It is easy to prove that P;_;, and P! are prime ideals in the

rings k[z1, ... ,zi—1) and (k[zy, ... ,Zi—1)/Pi-1)[zi, - - . , Tn) respectively.
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Denote the field k[z;, . .. ,Zzi—1]/Pi-1 = K(Pi-1) by ki—1. Since P N k[
is a principal prime ideal in k;_i[z;], there exists a monic irreducible polynomial
g € k,_y[z;] such that (g}) = P~V Nk,_;[z;]. It is easy to prove that for any inverse
image gi(z1,...,z:) € K[z1,...,z;] of ¢(z:) we have (g1,-..,gi) = PNklzy....zi,

which proves the proposition. B

As a consequence, for a zero-dimensional prime ideal P we can find a character-

istic set A such that
(A) =P = {h| prem(h, A) = 0}.

Thus, for zero-dimensional ideals, it is enough to find the prime decomposition of
the radical and then to find a triangular generating set for each prime ideal. The
primary decomposition of zero-dimensional ideals has been studied and analyzed by
D. Lazard in [Laz81]. Also, D. lerardi [ler89] gives a method for solving algebraic
systems using generalized resultant methods. In fact, in both approaches, the prime
decomposition of radicals is reduced to the problem of factoring multivariate poly-
nomials. Unfortunately, there is no efficient parallel algorithm known for factoring

univariate polynomials over Q.

As the example at the beginning of this subsection suggests, we do not necessar-
ily need to find the complete prime decomposition of the ideal. The ideals (z>—1, y)
and (z,3> — 1) are not prime ideals, but they are generated by triangular sets of

monic polynomials. To compute this decomposition, we did not need to factor poly-
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nomials completely, but only split a polynomial when there was a leading coefficient
such that they have nontrivial gcd. Teitelbaum [Tei90] proposes an algorithm for
such “lazy factorization” of zero-dimensional ideals. He reduces the problem to
the univariate case by applying rational coordinate transformations and by finding
primitive elements.

Applied to zero-dimensional ideals T = (F'), the algorithms in the present paper will

decompose the radical of a zero-dimensional ideal Z into
VI =(A)N---N(A,)

where A, are triangular sets of monic polynomials. The sequential complexity of the
algorithm is (d"*)°) | and the parallel arithmetic complexity is (n log(d))?"!, where
d is the maximal degree of the polynomials in F and n is the number of variables
in F.

Moreover, given a triangular set A of monic polynomials which generates a zero-
dimensional radical, and also given a polynomial f, we give an algorithm which
spiits (A) into

(A) = () n (1AM
i=1 j=1

where A} and A are triangular sets of monic polynomials and

1. f is zero modulo (A}).

2. f has an inverse modulo (A”).

foreachl <i<rand1 < j < s. This algorithm will enable us to conduct symbolic

computation on the complex roots of the polynomials in a zero-dimensional ideal
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generated by a triangular set withcut computing the roots explicitly. Also, we
give an algorithm which computes the union, the intersection and the quotient of
zero-dimensional ideals generated by triangular sets of monic polynomials. These
two algorithms are in the complexity class NC, i.e. they can be computed by an
arithmetic circuit of polynomial size and depth polylogarithmic in the input size,
which is in this case d", where d is the maximal degree of the input and n is the

number of variables in the input. We use the dense representation of polynomials.

2.4.3 Higher dimensional ideals

In higher dimensions it is not true that every prime ideal is generated by a triangular

set. Consider the following example:

Example 2.4.3 Consider the affine curve C = {(z,y,2) € A’ |z =3,y =t* 2z =
t5,t € C}. The corresponding ideal T C Q[z,y, z] is generated by the polynomials
{y® — z*, 2% — yz*,zz — y?}. It can be proved that T is a prime ideal in Qfz, y, ]
(also in C[z,y, z]), the codimension of Z is 2 in A3, and 7 cannot be generated by

fewer than 3 polynomials.

Ideals which are generated by a set of polynomials with cardinality equal to the
codimension are called complete intersections. A more detailed treatment of the
subject can be found e.g. in [Har77).

The above example suggests that if P is a prime ideal and A is any triangular

set from P, then in

(A) € P C {h|prem(h,A) =0}
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the first inclusion must be proper if P is not a complete intersection. Our objective
is to find a triangular set for which the second inclusion holds at equality. It turns

out that such a triangular set always exists [Kal94].

Kalkbrener [Kal94] gives a representation (described below) of a prime ideal P

by a triangular set A such that the second inclusion above is an equality, i.e.
P = {h | prem(h,A) = 0}.

Therefore, ideal membership can be algorithmically decided, given this triangular
set. Furthermore, certain non-prime ideals are also representable by triangular sets
in the same manner. This will lead to the notion of unmixed sets and unmixed rep-
resentations and will enable us to avoid prime factorization. Kalkbrener’s approach

is based on the following result:

Proposition 2.4.4 (Kalkbrener) Let R be a Noetherian commutative ring and T
be an ideal in R[z]. Denote by K(P) the quotient field of the integral domain R/P

where P is a prime ideal in R. Then the following are equivalent:

(a) T is a prime ideal in R(x]

(b) TN R is prime in R, J is prime in K(Z N R)[z] and Z(R/I N R)[z] =
J N (R/IN R)[z], where J is the ideal IK(Z N R)[z].

(c) IO R is prime in R and there ezists a polynomial q € R[z] such that the

image of q in K(Z N R)[z] is either irreducible over K(ZN R) or zero and

for every f € R[z]: f€e€l < FIR e (g)k
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where (q)x denotes the ideal in K(Z N R)[z] generated by q and fInR

denotes the image of f in (R/ZN R)[z]. W

Proof:

(a)==(b): If T is a prime ideal then clearly ZN R # R and T - (R/Z N R)[z] #
(R/I N R)[z] are also prime ideals. Since Z - (R/I N R)[z] N (R/ZN R) = {0} we
have that J = Z - K(Z N R)[z] # K(Z N R)[z] which implies that 7 is also a prime
ideal. The equation Z-K(Z N R)[z] N (R/RNI)[z] =T -(R/RNI)[z] is also easy
to verify.

(b)=>(a): Denote ZN R by P. Note that since J is a prime ideal in K(P)[z],
J N (R/P)[z] is also a prime ideal in (R/P)[z]. Let a,b € R such that ab € Z.
Using the natural map ¢ : R[z] — (R/P)[z], we have that ¢(a), ¢(b) € (R/P)[z]
and (a)p(b) = p(ab) € I-(R/P)[z]. Since I -(R/P)[z] = T N(R/P)[z] is a prime
ideal, we have that either ¢(a) or p(b) is in Z - (R/P)[z], which implies that a or b
is in Z, therefore 7 is prime.

(b)=>(c): Let P = I N R. Since K(P)[z] is a principal ideal domain, there exists
g € K(P)[z] such that J = (g)k. Also, since J is prime, §=0or g is irreducible
over K(P). After multiplying by the denominators of the coefficients of § and taking
any inverse image with respect to the map R[z] — (R/P)[z] we get g € R[z], such

that {(q)x = J. Let f € R[z]. Then
feT = fPeI-(R/P)Nz]CT = (k.
On the other hand,

fPegJ = fPeIn(R/Pz))=Z-(R/P)z] = feT.
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(c)=>(b): J = (q)x is prime because q is irreducible or zero. Let f € R[z] such
that fP € J. Then f € T and hence f? € Z-(R/P)[z]. On the other hand if f € T
then 7 € (¢)x N (R/P)[z]. =

We use the above proposition inductively for R = k[zy,. .. .Tp-1) with the trivial
base case where R = k. If P is a prime ideal, then there exist polynomials q1,... .gn
such that each ¢; is in k[zy,... ,z;] and g; is either zero or irreducible over K(Zn

k[zy,... ,zi-1]). Moreover, for every f € k[zy,... ,Zal,
fEP &= f=) pa
=1
for some p; € K(I Nk[zy,... ,zi1])[zi], 1 <7 < n. It is easy to see that the latter
condition is equivalent to the following: if A = {¢; | ¢ #0, 1 <i <n} then Aisa
triangular set and

P = {h € k[l‘l, ce ,xn] | prem(h,A) = 0}

2 2 2

Example 2.4.5 As in the previous example, let 7 = (y =z, 22 —yz?, zz—y°) C
Q[z,y, z] be the prime ideal defining the curve Ce A3. Foreach1 <7 < 3 we

compute the polynomials ¢; as follows:
1. For i =1, ZnQz] = {0}. Let ¢ = 0 and P; = {0}. Then K(P,) =
Qz).
2. Fori =2 INQz,y] = (¥ —z*). Let ¢o = y* —z* Then (g)x C
K(P1)[y] obviously generates T N Qfz,y]. It is also clear that (g2)x N

Qz,y] = (¥ —z*). Let Py = (y°*—z*). Then K(P2) = Q(z)[y]/(y* —z*).
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3. Since K(P,)[z] is a principal ideal domain, ZTK(P-)[z] = (z* — yz?, z= —
y?)k is generated by the gcd of the images of the polynomials (22 — yz?)

and (zz — y?) in K(P>)[z]. Since

yo 3 y2 y4
(2 —yz?) = (zz-y) (= + ) + (5 —yz))
I T T
4
Yy 2
;g—yl‘ = F(ys—x’t)

we have that ged(z® — yz?,zz — y?) = zz — y° over K(P2). Note that
after multiplying by the denominators in the above calculation we get
the pseudo division of (z2 — yz2) by the triangular set {y* —z*, zz —y*}.
Let g3 = zz — ¥°.

Claim: (g3)x N Q[z,y,z] =T.

Proof: First observe that

(g3} NQYz,y, 2] = {h € Qlz,y, 2] | prem(h, A) = 0}

where A = {g2,q3} is a triangular set. We saw in section 2.3 that
premih, A) = 0 iff there are numbers a, 3 such that lc(g2)%1c(q3)Ph € T.
Here Ic(g2) = 1 and lc(g3) = z. Thus prem(h, A) = 0 iff PheIifhel

using that z € Z and 7 is prime ideal. ®

To summarize the above results, let P C k[zy,...,z,] be a prime ideal. Then

there exists a triangular set A = {g1,-.. ,gm} such that
P = {h € Qzi,... ,z,) | prem(h,A) = 0},

and if class(g;) = z, then g; is irreducible in K(PNk([zy, ... ,z;-1])[z,]. A triangular

set satisfying the latter condition is called an irreducible triangular set.
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We say that A represents the ideal T if
Z ={h €Kkzy,... .z, | prem(h,A) = 0}. (2.1)

Also, we will denote the right hand side of (2.1) by Repy,, ., ;(A) or simply T =
Rep(A) if it is unambiguous. Thus using the prime decomposition of the radical of

an ideal Z, we can express

VIi=I;n...nZI,

where each Z; is represented by an irreducible triangular set.

Similarly to the zero-dimensional case, a “lazy” approach — using only gcd com-

putations on polynomials - is sufficient to express radicals as
\/f = Il n...Nn I,.

where Z, is represented by a triangular set A; foreach 1 < ¢ <r. In the case of a
prime decomposition, we require the triangular set to be an irreducible triangular set
in order to represent a prime ideal. In the “lazy” version we weaken this condition,
and we only require the ideal represented by the triangular set to be a radical and a
proper subset of k[z1,... ,Z,]. Theorem 2.4.6 below gives a sufficient condition for
this.

A radical ideal and the corresponding variety are called unmized if all the as-
sociated prime ideals have the same codimension. We will call a triangular set an
unmized triangular set, or simply unmixed set, if conditions (a) and (b) of Theo-

rem 2.4.6 are satisfied. We shall see that the codimension of an ideal represented
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by an unmixed triangular set C is equal to the number of polynomials in C. The
unmized representation of an ideal is a set of unmixed triangular sets such that the
intersection of the radicals represented by these unmixed sets is the radical of the

ideal.

Theorem 2.4.6 (Kalkbrener) Let R = k[zy,... ,zn_1], let A C R[z,] be a tri-
angular set and I = Reppg,,|(A). Suppose that J := Repg(ANR) is a radical ideal
inR. Let J = ﬂ§=1 P; be the irredundant prime decomposition of J. Furthermore,

if g € A — R, then assume that g satisfies the following two conditions:

(a) lc(g) € P, for each 1 < 5 <.

(b) g is square-free over K(P;) for each 1 < j <r.

Then T is a radical ideal and T # k[zy,... ,z,]. Furthermore, all the prime ideals
in the irredundant prime decomposition of T have the same codimension, assumning

that the same is true for J.

Proof: We prove the theorem modulo Lemma 2.4.8 which we state below. If
ANR=A then T =7 - R[z,), therefore T is also radical and Z # R[z,]. Also, for
1<j<r,P:=P;- R[z,] are the associated primes of Z, thus, by Lemma 2.4.8
below, we have height(P}) = height(P;), so the second claim is also true.

Now assume that ¢ € A — R and for every 1 < j < r denote by gU! the image

of g in K(P;)[z,]- By condition (a) we have deg, (g;) = deg,, (g¥)) > 0. Let

g =1c(g"") [ .
=1
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be the irreducible factorization of g in K(P;)[z.]. By condition (b) we have

¢s; # qt.j if s #t. By Proposition 2.4.4

Q. :={f € Rlz.] | 7" € (qi;)x(Peal}

is a prime ideal and clearly Rep R[:L',.](A) =N ;; Qi is a prime decomposition for Z.
Therefore T is radical. Since Q;; # P, - R[zn] and Qi ;N R =P, forall1 <1< s),
we have height(Q; ;) = height(P;) + 1 by Lemma 2.4.8, thus the second claim is also
true. @

The following corollary translates the previous result into a geometric char-
acterization of the unmixed representation. As before, for a set of polynomials
P € k[z1,... ,za), the algebraic set V(P) denotes {z € K" | Vp € P; p(z) = 0},

where K is the algebraic closure of k.

Corollary 2.4.7 Let A = {g1,... ,9m} C k[z1,... ,z,] be an unmized triangular
set. Then

V(Rep(A U V(le(g:)),

where the right hand side of the equation is the Zanskz closure of the difference, i.e.

the smallest algebraic set containing the difference.

Proof: “D” is proved in Proposition 2.3.2.
“C": We prove the claim by induction on n, and use the notations of Theorem 2.4.6.
For n = 1 the claim is trivial.

Assume that

Vaei(Rep(ANR)) = Varr(ANR) = | Va-illc(9)),

geEANR
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where V,_(P) = {z € K" ! |Vpe P; p(z) =0} for PCR.

If A C R, then the claim follows since V(P) is a cylinder over V,_1(P) for all
P CR.

Assume that g,, € A — R. We have to prove that for each irreducible component
X in V(Rep(A)), X is not a subset of V(lc(gm)). By Hilbert’s Nullstellenzats this
is equivalent to showing that lc(g,,) € P if P is an associated prime ideal of A. We

saw in the previous proof that every associated prime of A is in the form
Qi :={f € Rlza]| f7 € (qij)x(P,)za]}

where P, is an associated prime of AN R, and gf{ = lc(g,’;,’) [Ti., ¢:; is the irre-
ducible factorization of g,z’ in K(P;){z,]. But Ic(gm)P: € K(P;), and is non-zero
by assumption (a) of Theorem 2.4.6, hence it is a unit in K(P;)[z,]. Therefore,
Ic(gy) € Qi would imply that (g ;)k(p,)e.] = K(P;)[2n], hence ¢;; = 1, a contra-

diction. B

The following lemmas are used in the proof of Theorem 2.4.6.

Lemma 2.4.8 Let R be a Noetherian ring, P C R prime ideal, height(P) = m.

Let Q@ C R[z] be a prime ideal, QN R =P and Q # P - R[z|. Then
(a) height(P - R[z]) = m
(b) height(Q) =m +1

In order to prove Lemma 2.4.8 we need some commutative algebra and dimension

theory, following the approach of Atiyah-Macdonald [AM69].
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Fact 2.4.9 (Dimension theorem for local rings) [AM69]
Let R be a Noetherian local ring with mazimal ideal M. The following two integers

are equal:

(a) the mazimum length of chains of prime ideals in R;

(b) the least number of generators of an M-primary ideal of R. W

Corollary 2.4.10 Let R be a Noetherian ring, z1,... ,z, € R. Then every minimal

associated prime ideal P of (z1,... .Z,) has height <.

Proof: In the local ring Rp the ideal (zi,...,Z,)a, is Pp-primary, therefore

r > dim(Rp) = height(P).

Proof of Lemma 2.4.8

(a): Since height(P) = m, there are elements ry,...7m € R such that P is a minimal
associated prime of Z := (ry,... ,’m) C R. Then P - R[z] is a minimal associated
prime of T - R[z] and hence height(P) < m by Corollary 2.4.10. On the other hand,
if P C --- C P, = P is a maximal chain for P, then P, - Rlz]C--- CPum-Rlz]=
P - R[z] is a chain for P - R[z], thus height(P) > m.

(b): Since P - R[z] C Q we have height(Q) > height(P - R[z]) + 1 = m + L.
Assume indirectly that r := height(Q) > m + 1. Then it is easy to see (using the
quotient ring R[z]/P - R[z]) that there is a chain Qo C -+- C @, = Q such that
O,. = P - R[z]. Let S := R— P a multiplicative set and R'[z] = S™'R[z]. Consider

the factor ring R'[z]/P-R'[z] = K(P)[z] which has dimension 1. Since the images of
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Q,, C --- C O, form a proper chain of prime ideals for the image of Q in K(P)|z],

wegetthat r—m <1. =

2.5 The u-representation

The last representation method we describe here is used in both the prime and
unmixed decomposition algorithms and complexity results of [Chi84, Gri84, GHI1].
The main idea is to represent each component by a birational projection and a
single defining polynomial as a hyper-surface. We follow an approach similar to
that of Giusti and Heintz [GH91], but instead of the worst case analysis of [GH91]
we stress the possibility of randomization. We will also point out the connection
of this representation to the concept of u-resultants together with its application in
order to preserve and exploit the sparseness of the input polynomials. There are

some basic algebraic facts we need for the proofs, which we will include below.

Definition 2.5.1 The coordinate system {zi,...,Zn} is normal with respect to

V(fi,..-,fs) C A" if there exists r < n such that for the projection
7ot (1, ,Za) P (T1,--. 1 Zr),

the restriction my|y is surjective and finite. We note that a sufficient condition for

{z1,...,xn} being normal is that the homomorphism
k[zy, ... ,zr) o A:=k[zy,... yZal[(frye o s fs)

is injective and A is integral over k[zy, ... , T,
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Lemma 2.5.2 (Noether’s normalization lemma) Let k be an infinite field and

A # 0 be a finitely generated k-algebra. Then there exist elements
Yty - -y Yr € A

which are algebraically independent over k and A is integral over k[ys, ... . Yr], i€

every elements of A has a monic minimal polynomial over k{yy, ..., yr)-

Proof: Let {z,...,T,} be a set of generators for A as a k-algebra. After per-
muting the indices we can assume that z,... ,z, are algebraically independent and
Tyi1,...T, are algebraic over k[zy,... .z,]. Assume that n > r and assume by in-
duction on n that z; is integral over k[zy, ... ,zi_1] for 1 <i < n—1. Since z, is alge-
braic over k[zy, . .. ,z.] it has a minimal polynomial fzy,...z,) €klz1,. .. ,Zr, ZTnl,
possibly not monic. Let F be the highest degree homogeneous part of f and assume
that F has degree d. Choose Ay, ... A, € k such that F(Aq,... Ar, 1) # 0 and define

2=z, — Mz, for 1 <i<r. Then

1

flz1,...zn) = f(z + Mz, ... Zh + ArZay, Ta)

= f'zY,... Ty Tn)

= F(/\]_,/\,.,l)xi-f-

therefore f'/F(A1, ...\, 1) € k[z,... ,Z/, ] is 2 monic polynomial vanishing on
z, B
Note: we can see from the proof that a generic choice of linear combination of

the coordinates will suffice to get a normal system of coordinates.
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Definition 2.5.3 The coordinate system {zi,....T,} is generic with respect to
V(fi,....fs) C A" if it is normal and the projection

Ti(T1,. . ,Tn) P (T1,--- 2 Tre1)

separates the irreducible components of V', i.e. if Vi ¢ Va are irreducible components

of V then w(V1) ¢ w(Va).

The following proposition is a generalization of the primitive element theorem

for separable field extensions.

Proposition 2.5.4 Let k be a perfect field and A be a finite dimensional semi-
simple algebra over the function field k(yy,... ,y.). Then there erists an element

Yrs1 € A such that y,,, generates A as an algebra over k(y, ... v Yr)-

Proof: Since A is a finite dimensional semi-simple algebra over k(y1,. .. y-), by

Weddernburn’s theorem we have an isomorphism

where each K, is a separable field extension of k(yy,...,y.) for 1 <1 < m. By
the primitive element theorem for separable fields, there exist primitive elements
z; € K; for K; over k(yy,-..,¥r), i.e. Ki=Kk(y,... ,Ur,2i) for 1 < ¢ < m. Then

Yrr1 = ¢ (21, .- ,2m)) Will generate A as an algebra over kK(yr,... ,yr). W

The following corollary combines the previous propositions.
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Corollary 2.5.5 Let k be an infinite field and assume that the polynomials
flv"'fk € lk["z:].y"' 7$n]

define a radical ideal and an unmized algebraic set V of dimension d. Then there
ezist linear forms |; = u; — 3, ¢i;zi, 0 < j < d and polynomials P € k[ug, - .- ud

and L; € K[ug, ... uq,zi], (1 <i < n), such that the map

k[x7 u]/(.flv' ~-fkvlla--- 7ld) — lk[x’ U.]/(P, le"- 7Ln)

is an isomorphism. Moreover, the polynomials Li(u, z,) = gi(u)z; — hi(u) are linear

in the variable z;, and the leading coefficients g; are relatively prime to P.



Chapter 3

Building Blocks

3.1 Technical lemmas

Lemma 3.1.1 Denote R = k[z1,... ,Zn-1]- Let A = {q1,... ,gm} be an unmized

set in R[z,|, and assume that deg, (gm) > 0. Then
Repg,,(A) ={f € Rlz.] |YP € Ap(ANR): [ E (gmxm@a}-

Proof: “C” is trivial.
“J”: Assume that VP € Ap(ANR): [ € (Gm)K(P)ra}- SINCE (G )K(P)(za] 1S

radical, this implies that prem(f, g..) € P for all P € Ap(A N R). Therefore

prem(f& gm) € ﬂ P = Rep(A N R)
PeAp(ANR)

which implies that
f € (Rep(ANR)U{gm}) : lc(gm)™ = Rep(A),

where lc(gm)™ = {lc(gm)* | a > 0}. B

52



53

Lemma 3.1.2 Let P’ C k[zy,...z,] be a prime ideal and g, fo, - - - , fi. be polynomi-
als in k[zy,...z,]. Assume that the mazimal variable in g is z,, t > s, and denote
R =Kk(zy,....z,1]- Let P =P’ - R. Suppose that the leading coefficient lc(g) € P.

Also, assume that deg, (g) < degz'(Z:f;0 y' f;) where y is a new variable. Then
1. ngK(’P)(gv fo,-- fx) = ngK(P)(y)(91 Zf:o yifi)y and

2. ngK('P)(g’ fOs LR fk) = d’ deg:t,(d) =D Zf and Only Zf
RES) (g, % ,¥'f:) # 0 and RES{?) (g, S vfi) =0 mod (P) for all

0<D <D.

The sub-resultants (see definition in Section 3.5) on the left hand side of (2) are
taken over the function field K(P)(y) and g and f := Zf:o y'f; are considered as

univariate polynomials in z, over K(P)(y) .

Proof: 1. We follow the proof in {IK93, Lemma 15.2]. There they assume that
the polynomials f,... , fi are univariate over the coefficient field, but as we shall
see, the proof is valid without this assumption. Let d = gedg(p) (9, fo, - - - fi) and
h = gedg(p)() (9 Zf:o y' f;). Then obviously d divides h. We need to show that A
divides fo,... , fx. Since h divides g, we have h € K(P)[z,], and we can assume

that h is monic. There exist g;, p; € K(P)[z,,...z,] such that

fi=gqh+p;

and the degree in the variable z, of the polynomials p; is strictly less that deg,, h

for 0 <i < k. Then f = qgh + p, where

k k
g= v, p=»_ p,
1=0

1=0
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and the degree in the variable z, of the polynomial p is strictly less than deg, h.
Since h divides f, h divides p = f — gh. Consider p as a multivariate polynomial
in the variables Z¢i1, ... , Zn,y With coefficients in K(P)[z,]. Then h divides all the
coefficients of p, but these coefficients must also have smaller degree in z, than A,
therefore p must be identically zero. Since y is transcendental, this implies that
p; =0 for all 0 < 7 < k, which proves the first statement.

2. RES(x?’(g, f) = 0 mod (P) if and only if the matrix of the D-th sub-
resultant of f and g is singular over K(P)(z¢+1,--. ,Zn,y). Then by the definition
of the D-th sub-resultant matrix (see the proof of the next theorem), there exist

polynomials p1,p2 € K(P)(Ti41,--- s Zn, y)[z:] not both zero, such that

deg,, (fp1 —gp2) < D

and degz.(pl) < deg:r,(g) - D, degr. (pﬁ) < deg;t.(f) -D. If ngK(p)(fv g) = d and

deg, (d) = D then d divides fp1 — gp2, therefore fp; — gp: =0, i.e.
fp1 = gpa.

If p» = 0 then fp; = 0 and p; # 0. Since K(P)(zs41,. - ,Zn,Y)[z:] is an integral
domain, we get that f = 0. Therefore d = g, D = deg, (g), and RESL?)(g,f) =
lc(g) € P, contradiction. If p; = 0 then gp» =0 and po Z 0, therefore g = 0 which is
a contradiction, since lc(g) & P. So assume that both p; and p. are not identically
zero. Then g divides fp; over K(P)(z¢e+1,--- ,Tn,y). This implies that g/d must
divide p;, but deg, (p1) < deg, (g9) —D,sop1 =0, a contradiction.

To prove the other direction, if gcdgp)(f, g) = @ has positive degree in z, then

the equation p; f + p2g = d' is infeasible for D' = deg.,(d') < deg, (d), so again by
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definition, the matrix of D’-th sub-resultant is singular over K(P)(ztc1y--- +Tns Y)s

therefore its determinant is identically zero modulo P. &

Lemma 3.1.3 Let A = {g1,.-. ,gm} be an unmized set in k[zi,-..ze), fos--- 2 fr €

k[zy,...z.], n > t, and assume that deg, (gm) > 0. Assume that the following

conditions are satisfied:

RES? (g, St 0y'fi) # 0 mod (P) and

RESP) (gm, ¥ 09'f;) = 0 mod(P), 0 D' <D

for all P € Ap(An-1), where A1 = {g1,--- ,Gm-1}- Then there exists a polyno-

mzial

d = gngt(Av f()7 L vfk)

such that

b~

o

de k[xl,.. .xt};

d € (Rep(Apm-1) U {gm} U coeffy, ;(fo, . -- , fr)), where coeff?, | C kfzy, ... L Tt

is the set of coeffictents of f1, ... fr as multivariate polynomials in the variables

{$t+17 .. axn}-
lc(d) € P for all P € Ap(Am-1);

the monic image of d in Kg,, (P)[z:] is d = gedk,_(p)(gms for- -, fi) for all

P € Ap(Am_l).



Proof:

We will prove the proposition by constructing the polynomial
gngt(Av va R fk)

as follows. Let
k
F=>_vf
1=0
and consider the unique solution of the non-singular linear system over Kg,_,(P)y)

for some P € Ap(Am-1)

(pd;\ /0\

D 0
op-| | = (3.2)
qd, 0

\® ) \1/
where ®p is the D-th sub-resultant of f and g, d| = deg, (gm) — D — 1 and

d, = max;{deg, (f;)} — D — 1. Define

d, d
p=) pz, and ¢=)_gzi.
1=0 J=0
From Lemma 3.1.2 and from the fact that d is monic we have that

d= fp+gq.



[W]]

Now let @g) be the matrix obtained by interchanging the j-th column with the right

hand side of the system (3.2) forall 1 < j <dj+d; + 2, ie.

Define

polynomials in k[zy,...

J
0
0
oY =| &p
0
1
p; :=det(®%57Y), 0<i<dy

,L4_1,Te41s- -+ »Tn, Y]. By Cramer’s rule, the vector

(pdfzw (ﬁ,g_,\

Po 1 Do

~ det(®a) | -
9a et(®4) qd;

\40} \CYO/
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is the solution of the linear system (3.2), which also shows that d does not depend

on the choice of P € Ap(A,,—1). Therefore
5 dy
p:= Zf)ix' =det(®p)-p, 7:= Z gz’ = det(®p)-q

i=0 j=0
are polynomials in k[zy, ... ,Z,,y] and d := fp + g7 = det(®p) - d.
If det(®p) € k[zy,...,z,—1] then d = fP + gq satisfies the specifications of
ggedy(A, fo, .-, fr)-
Otherwise, since det(®p) Z0 mod P for all P € Ap(A,._1), assuming that the
cardinality of k is sufficiently large, there exists o := (a¢+1,- -- an,B) € k* ! such

that det(®%) ¢ P for all P € Ap(A,,—1), where &7, denotes the matrix obtained by

substituting o in (T¢41,--- sZn,y)- B

Lemma 3.1.4 Let A = {gi1,..-gm} C k[z1,...2:] be an unmized set, denote R,, =
k(zy,...z,-1], and assume that g, has positive degree in z, over R,. Let f €

klzy,...,z,] be any polynomial for some n > t. Then
VP e Ap(A): f#£0 mod (P)

if and only if
VP’ € Ap(Am—l) : ngKﬂm (‘P’)(gnn f) = 11

where Am—l = {91, see gvn—-l}'

Proof: =: Suppose that the maximal variable in g1 is zs, where s < t. Assume

indirectly that there exists P’ € Ap(A,,-1) such that

d:= ngKnm('p')(gmy f)
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is a polynomial in K(P’)[Zs+1,--- ,Z:, and has positive degree in z;. Proposition
3.1.3 implies that there exists d € k[z,,... , T;] such that lc(d) € P’ and the monic
image of d in Kg,, (P')[z] is d. Then Rep(P’ U {d}) is an unmixed ideal of codi-
mension m. Then for any P € Ap(P'U{d}), P is also a minimal prime in the prime
decomposition of Rep(A), since Rep(A) C Rep(P’ U {d}) and both have codimen-
sion m. Also, since f is divisible by d over Kg,(P’'), f is pseudo-divisible by d
modulo P, therefore f =0 mod (Rep(P' U {d})), and thus f =0 mod (P) for
all P € Ap(P’' U {d}), which is a contradiction.

&: Suppose indirectly that 3P € Ap(A) such that f =0 mod (P). This
implies that the coefficients of f as a multivariate polynomial in {z;;1, ... ,Tn} are
in P, i.e. coeff®, ;(f) C P, using the notation of Proposition 3.1.3. Let P =PNR,,.

Since gedy, @ {gm, f) = 1, Proposition 3.1.3 implies that there exists
d € (Rep(A) U coefiy, (1)) (3.4)

such that lc(d) € P’ and the monic image of d in Krg, (P')[z:] is 1. Therefore
d € k[zy,... ,z-1], and Ic(d) =d & P’. But the ideal in the the right hand side of

(3.4) is included in P, therefored € PN R, = P’, a contradiction. ®

Lemma 3.1.5 LetA = {g1,--. ,gm} be an unmized set in k(zy,...,z.] and assume
that class(g,) = Zi4s forl=n—m and1 < s <m. Moreover let f € k[zy,... ,Z4)
and assume that f & P for all P € Ap(A). Then there ezists f ek(zy,...,zn] such

that f & P for all P € Ap(A), and

f-f=r mod(A) and r € k[zy, ..., 7).
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Proof: We prove the claim by induction on m. For m = 0 we have
k[zy,... .20 = Kk[z1,... .21,

therefore the claim is trivial.
Assume that m > 0. Denote R = k[zy,... ,Za—1]. Since f g P for all P € Ap(AD).

by Lemma 3.1.4 we have that
VPI € Ap(Am—-l) : ngK(’P')(gnn f) =1

where A,._1 = {g1,--- ,gm-1}. By Proposition 3.1.3 there exist a polynomial d €
R[z,] such that
d=p-f+q-gm

for some p,q € R[z,], d & P’ for all P' € Ap(An-1), and the monic image of d
modulo P’ is gedg pry(gm, f) = 1. Also, since we can interchange the role of f and
p, using again Lemma 3.1.4, we have that p ¢ P for all P € Ap(A). This implies
that d € R. Then, by the inductive hypothesis there exists d € R such that d ¢ P’

for all P’ € Ap(A,,.-1) and
d-d=r mod ({(An_1)) and r €klzy,... .,z

In other words, there exists qi, ... ,gm-1 such that

m—1 m—1
r=d-d+ q-g=dp-f+d-qg-gm+) a9
=1 i=1

hence

f=dp






