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Abstract

Fronts are traveling wavesin spatially extended systemsthat connecttwo di eren t spatially homoge-
neousrest states. If the rest state behind the front undergoesa supercritical Turing instabilit y, then the
front will also destabilize. On the linear level, however, the front will be only convectively unstable since
perturbations will be pushed away from the front asit propagates. In other words, perturbations may
grow but they can do so only behind the front. It is of interest to show that this behavior carries over
to the full nonlinear system. It has been successfullydone in a casestudy by G. and Sandstede (2007).
In the presert paper, analogous results are obtained for the same system as in [6], but for a dierent
parameter regime.
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1 Intro duction

A speci ¢ feature of the dynamics of partial di erential equationson unbounded domainsis that instabilit y
mechanismsinvolve propagation of perturbations aswell astheir growth. If aninitial perturbation doesnot
deca in time in a translation invariant norm but is transported to in nit y and evertually diesout at every
xed point in the spacethen the instabilit y is called convective, as opposedto absolute.

This study concernsfronts - traveling wavesthat asymptotically connecttwo di erent spatially homogeneous
rest states. By stability of a front we understand its orbital stability, when eac solution closeto the front

is attracted to some xed translate of it. A front becomesunstable if a subset of the spectrum of the

linearization of the system about the front crossesthe imaginary axis. Instability medanisms for fronts

in reaction-di usion systemsare classi ed according to the type of the spectrum on the imaginary axis.

Situations when the essetial spectrum crossesthe imaginary axis can not be analyzed using the certer

manifold theorem or Lyapunov-Schmidt method. The essetial spectrum is de ned by the two asymptotic

rest states of the front. If the rest state ahead of the front triggers the instabilit y, then there exists [11] a
continuum of modulated fronts (time-periodic in some moving coordinate frame solutions) which connect
the rest state behind the front with small spatially periodic patterns ahead of the front.

A completely di erent situation ariseswhen the rest state behind the front destabilizes. Modulated fronts
which leave a spatially periodic pattern behind do not exist (see[11] for the proof, and [13] for formal
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results). The situations when the bifurcation at the rest state behind the front is supercritical are of a
particular interest. Typically, the small amplitude spatially periodic pattern is outrun by the front.

In the co-maoving frame, on the linear level, the front is only convectively unstable since perturbations are
pushedaway from the interface of the front. On the nonlinear level the convective nature of the instabilit y
hasbeenobsened numerically [11], [6] and is expectedto be a generalphenomenon[6]. Nevertheless,beyond
the casestudy [6], the author doesnot know about rigorous analytic results capturing sud behavior.

We consider the model proposedin [6]. It consistsof the Chafee{Infante equation coupled to the Swift{
Hoherberg equation, and is similar to one constructed in [5] to yield modulated fronts. The systemin our
caseproducesa front with wanted properties. More precisely the systemreads

@U1+%(ul ol ui)+ quj; (1.0.1)

1+ @)%uz+ uy U3 Hux(l+ ug);

@u;
@uy

wherex 2 R, t 0, and U = (uz;uz). The parameters ; 2 R, , > 0and c 2 (0;1) are xed, while
the parameter is a bifurcation parameter which varies near zero. For every , the system(1.0.1) admits
the front Up(x ct) = (h(x ct);0), where h(x) = tanh %, which connectsthe rest state U = ( 1;0) at
x = 1 with the rest state U, = (1;0) at x = 1 . In the coordinate frame = x ct, when > 0, the
rest state ahead of the front is asymptotically stable, but the rest state behind the front destabilizes,thus
generating spatially periodic (Turing) patterns.

In addition to a zeroeigervalue dueto the translational invariance,the essetial spectrum of the linearization
of the system about the front crossesthe imaginary axis. Exponertial weights can be used[2, 3, 4, 12], to
handle the essetial spectrum. The spectrum of the front U, canactually be moved[6] into the left half-plane
in the comoving frame = x ct, provided it is computed in a weighted spacelL? = fu u 2 L?(R)g with
norm k ( )U( )k, where, for someappropriate > 0,

(x)=e?X; for x 1; (x):=1 for x 1; and °(x) O forall x. (1.0.2)

In the weighted spaceL? the front is linearly stable. Thus, in the coordinate frame which moveswith the
front, and on the linear level, the front pushesperturbations toward = 1

Nonlinear stability of the front U, can not be concluded [10] from the linear stability becausethe non-
linearity does not map the weighted spacesinto themseles. Indeed, if we dene W = e *V and use
W = (wjp;wy) asthe new dependent variable, then in the equation for W the nonlinear term uf (n > 1)
becomese *[e *w;]" = &' ™ *w] which is unboundedasx ! 1 . To overcomethis dicult y, a method
intro duced originally in [10] in the Hamiltonian context has beenusedin [6]. If a-priori estimatesare avail-
able for the solution in the spacewithout weight, for instance in C°, which show that it stays su cien tly
small, then the nonlinear terms in the weighted norm can be controlled as linear in the weighted variable:
e ul = u]-n le . The interplay of the spatially uniform norm and the exponertially weighted norm is the
key for the proof of nonlinear stability of the front. An example of a successfulapplication of this technique
in a di erent situation canbefound in [1]. In [6], suitable a-priori estimateshasbeenobtained in the caseof

1 Oandit hasbeenshowvn how theseestimatescan be usedto provethat the front is asymptotically stable
in the orbital sense,when consideredin a carefully chosenweighted spaceand in the co-moving frame. In
other words, in the co-moving frame the front is convectively unstable (Fig. 1). Nevertheless,the bifurcation
of the periodic patterns at the rest state behind the front is supercritical not only for ; 0, but for any ,

> such that
31+ o+,

11+ 3c
In this paper, we presert a proof of the convective nature of the nonlinear stability for the casewhen
2 2< ;< 0. Wereferto [6] for statemerts that are valid for both 1-regimes,and presert only proofs

12 2> 0 (1.0.3)



Figure 1: In the co-moving frame, the Turing patterns are pushal to the left from the interface of the front.

that are essetially dierent from ; 0 case. To be more specic, the value of ; strongly in uences the
way the a-priori estimatesare obtained. It is important to mertion that the proofs of a-priori estimatesin
both cases; Oand » 2< 1< 0 are alsobasedon the interplay of the spatially uniform norm and
the exponertially weighted norm. According to the author's knowledge, this constitutes a completely new
approac potentially useful for larger classesof problems.

2 Nonlinear convectiv e instabilit y

2.1 Turing patterns

We recall known facts [6] about the stability of the rest state behind the front. Spatially periodic equilibria
bifurcate at = 0 from the rest state U . Assumethat the parameters ; and , satisfy (1.0.3), then
equation (1.0.1) has spatially periodic equilibria Uper for > 0 su cien tly closeto zerowhich are given by
I I
. r _ .
1 0 3 12 1 1
U = — + O( ); =+ +
per(X) 0 ay  Cosx ) 03T T2 Tec 2(5+ ¢c)

(2.1.1)

The bifurcation is supercritical if (1.0.3 holds. The patterns (2.1.1) are nonlinearly stable with respect to
P R . . 3
perturbations in the spaceH?(2) = fU 2 L2 : KUkyz = 1= gI@QU(X)2(1+ x?)2dx ~ < 1:

Theorem 1 [6, Theorem 1] Assumethat , > 0 and ¢ 2 (0;1) are xed and that (1.0.3) is met. For
each > 0 suciently small, there are positive numbers K and such that, for every Vo 2 H2(2) with
KVoKy 2(2) , equation (1.0.1) with initial data Upyer + Vo has a unique glokal solution U(t) = Uper + V (1),
and kV()kco K(@+1t) ¥2fort O.

2.2 Spectrum of the front

Upon transforming (1.0.1) into the co-moving coordinate = x ct, we obtain the system

@Qu; = @u;+ c@uy+ %(ul 0@ ud)+ u; (2.2.1)
@u = (1+ @) %uz+c@uz+ Uy U3 oU(l+ ug):
The linearization of (2.2.1) about a stationary solution of the form U = (u ;0) is given by the operator
Lo[U ] = @+c@+ 3(1+2cu  3u?) 0 |
0 1+ @P+ c@+ 2(1+u)
The operator Lo[U ] is sectorial on Xo := HY  HJ with densedomain H3  HJ.
WesetW():= ()V(), where ()isasdened in (1.0.2, sothat W satises W; = L [U JW, where

L [Ul= LoU] 1 whenewerV satisesV, = Lg[U ]V. Operator L [U ] is again sectorial on Xo.

We denote
L [U]:=1L ; Lo[Un] := Lo: (2.2.2)

The following proposition describesthe location of the spectraof L and L, (Fig. 2.2
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Figure 2: A schematic il lustration of the spectrum in the case = 0. Weight opens a gap between the
essential spectrum and the imaginary axis by pushing the essential spectrum to the left.

Prop osition 2 [6, Proposition 2.2] Given , > 0 andc 2 (0;1), there are positive numbkers o and o and a
strictly positive function o( ) denedfor 0< < | sothat the following holdsfor j j o: The spectrum
of L satises

speqL )= fOg[ with  Re o );

and = 0is simple eigenvalueof L and L. Furthermore, the spectrum of L satis es
(i) if < Othenspec(lo)= fOg[ with Re < 0;

(i) if c = Othenspeclo)\ f : Re Og=fog[ f ig;

(i) if > OthenspeclLg)\ f : Re >0g6 ;.

According to Proposition 2 the front Uy is orbitally stable for < 0 dueto [7, x5.1], while it is spectrally
unstable for > 0, since part of its essetial spectrum liesin the openright half-plane.

2.3 Formulation of the results

The results on nonlinear convective instabilit y of the front U, in [6] and here are formulated in the spaces
HJ (R;R?) of uniformly local functions (see[9, x3.1]). These spacescontain in particular all di eren tiable
bounded functions such as frontsRor periodic solutions. To de ne H} (R; R?), pick any positive and bounded
function 2 C3(R) for which ; (x)dx = 1 andj Ax)j, j “Ix)j (x)Rfor x 2 R. For instance, set
(x) = Lsetix. Foreadr 0< b< 1, denote p(x) := (bx) and record that r b(X)dx = 1=h
The Banach spaceL 2 of uniformly local weighted L2 functions then is de ned as
z
LZ(R)= u2LZ.(R): kukf5I = sup A (x+ y)ju(x)j?dx< 1 andkTyu uk_ ! Oasy! O ;
y

where [Tyu](x) := u(x + y) is the translation operator. The assaiated Soholev spacesare denoted H ¥ (R).
Dierent choicesfor result in the same spaceswith equivalent norms. Properties of these spacesare
described in the following lemma:

Lemma 3 [9, Lemma3.1 and 3.8] There is a constant K ¢ with the following properties:

() H§ is an algeba and emleds continuously into Cf; with kuk%,  Kokuk 2 kuky: for all u2 Hg.

(i) ForeachO< b< 1, let p(x):= (bx), then kukle( y  Ko(d+ b)kukle( ,y forallu2 L2().

R R
(i) Wehave . pu(l+ @)%udx & ,u?dxforallu2 HE.
The following theorem shaws that perturbations to the front stay boundedin the H } and thus C° norm and

decay exponertially to zeroast! 1 whenthey are multiplied by e ¢ ) for someappropriate > 0, so
that the front is nonlinearly stable in this norm for all valuesof near zero.



Theorem 4 [6, Theorem 1] Assumethat c2 (0;1), > 0, » pi < 1 < 0, and the condition (1.0.3)

is met. There are then positive constants , , K and so that the following is true for all  with
0< < : For everyfunction Vo = (v§;Vv9) with
kVOky: k  Voky: (2.3.1)

equation (1.0.1) with initial data Uy = Uy + Vo hasa unique glotal solution U(t), which can be expressé as
U(xt) = Up(x ct qt) + V(xt)
for an appropriate real-valued function q(t), and thereisaq 2 R sothatfort O

KV(itkyr K 2% o)) K k ( c)V(;tky: +jat) aj Ke

The proof of Theorem 4 consistsof two parts. In the rst part, under the assumption of suitable a-priori
estimatesthe nonlinear stability of the front is shavn in an appropriate exponertially weighted norm imposed
in the co-moving frame. This part doesnot depend on the value of 1, unlike the secondpart where a boot-
strapping argumernt is usedto establishthesea-priori estimates.

2.4 A-priori estimates imply nonlinear stabilit y

We herewill briey recall the argumerts from [6]. To capture orbital stability, a time-dependert spatial shift

function q(t) is introducedin the argument of the front U, and solutions to (1.0.1) are written as
! I

! ! ]
(1) = (5t hCoat) o vl ; where h( ) = tanh 2.4.1)

uz( ;) 0 va( ;t)
On the account of the translational invariance, we may assumethat g(0) = 0. The decomposition (2.4.1)
is unique if the perturbation V = (vi;Vv2) to the front is perpendicular to the one-dimensionalsubspace
spannedby the derivative of the front. More precisely V = (v1;V2) satis es the system

@i = @vi+c@v+ :—Zl[l 3h?( q(t)) + 2ch(  q(t)]vy + %[C 3 q)vi
Wirabh (oo a3 (2.4.2)
@v, = 1+ @)*va+c@va+ Vo Vi (1+h(  q)va  2vive

with initial data vy( ;0) = v§( ), v2( ;0) = vI( ) and g(0) = O. In the notation
!

A = @+ c@ 0
) 0 (1+@7+ca+ |
R() = Ri 0 AL 3n%()+ 2¢ch( )] 0 -
B 0 R2| - 0 21+ h()) |
N(Y) = Ni(V)  _ e 3h( qm)va(:t)  3(:Y) Vo ( 51) '
N, (V) 0 vi( ity avi( ;)

system (2.4.2 becomes
@V =AV+R( q))V+NMV+ath ( qt)e; e = (10 (2.4.3)
The weighted solution W = (wq;w2), W( ;t) = ()V( ;t), with asin (1.0.2), then satis es the system

@W =L W+I[R( qt) ROIW+NMW+gth ( qt) (e (2.4.4)



with L = A 1+ R()asin (2.2.2, whenewer V( ;t) satis es (2.4.3.

If we x with 0< < 4 asin Proposition 2, then = 0 is a simple isolated eigervalue of L  with
eigenfunction ( )@Uy, and the rest of the spectrum has real part lessthan . In the following lemma
PC:HY HL! H} H] isthe spectral projection onto the one-dimensionaleigenspacefL corresponding
to the zeroeigernvalueand PS = 1 P°¢ is the complemenrary projection onto the stable eigenspace.

Lemma 5 [6, Lemma3.1] For 0< < o, there are constants Ko > 0 and ¢ > 0 suchthat the following
is true for any with j j< . The spectral projection P°¢ is given by
!
Cc
PCW = F:) 8 W =h E;WliLZ @Uh;

R
whee {()=¢€¢ ()h ()[ g€ nh( )2d ] ; and, with o asin Proposition 2, we have
keP“L 'kyz  Koe °f; t O

Condition P°W (t) = 0, for all t for which the decomposition (2.4.1) exists, de nes q(t) in a unique way.
Applying P¢ and P* to (2.4.4), one obtains the ewolution systemfor V = (vi;v2), W = (wy;w;) and q

@ = AV+R( gt)V+NNVV+gbh (  ot)er: (2.4.5)
@W = P°L W+PS(R( qt) ROIW+NMW+qgth ( qt) (e); (2.4.6)
qt) = h $[Ri( ) Ra( )W+ N1(V)Wi: 2.4.7)

hiih (o) ()i

The linear parts of the right-hand sidesin (2.4.5-(2.4.6) are sectorial operators on H} (R; R?) with dense
domain H3 HJ. The nonlinearity is smooth from Y := H}(R;R*) R into itself, and there is a constart
K1 sudh that kR1( Q) Rl()kHulI + kN (V)kH&| Ki(jg + kaHL:h). Therefore

A Ka(d+ Kk KWk

for all (V;W;q) 2 Y with norm lessthan one, say. The methods dewveloped in [7] for sectorial operators
imply local existenceand uniquenessof solutions for initial data in Y aswell as contin uous dependenceon
initial conditions, thus proving local existenceand uniquenessof the decomposition (2.4.1). For eac given
0< o 1,thenthereexistsa o> O0andatime T > 0 sud that (2.4.1) existsfor 0 t< T with

o+ kY (Okg o (2.4.8)
provided kV(O)kHu1I 0- Let Tmax = Tmax ( o) be the maximal time for which (2.4.8) holds.

Lemma 6 [6, Lemma3.1] Pick with0< < ¢ and”y > 0 sothat

2K oK 1(1+ Ko)
0

N < 1 (2.4.9)
then there are positive constants K ,, K3 and K4 that are independentof suchthat for any0< o %
KW (tky:  Koe kW (0)ky: jat)j  KakwW(0)ky: ; jd  Kae 'kKW(O)ky:; (2.4.10)

forall 0 t< Tmax( o) and any solution that satis es (2.4.8). If Tmax( o) = 1, thenthereis aq 2 R with

K1K>

jat) qj e 'kW(O)ky: fort o

To complete the proof of Theorem 4, it su ces to prove that, for suciently small0< o 1, there exists
a o> Osud that (2.4.8 holdsfor all t 0 provided kV (0)ky, : 0-



2.5 Establishing the necessary a-priori estimates

Throughout this section, we considerinitial data g(0) = 0 and V(0) 2 H}, for which W(0) = V(0) 2 H}.
We also assumethat » 2< <0 ,>0.

Prop osition 7 There existsa constant o > 0 suchthat, if 0< o and
kV(O)ku: kKW(O)kyz (2.5.1)
then there exists a constant K5 > 0 independentof  suchthat
KV(Dky:  Ks % ja®)j Ks;

for t  Oand, in particular, Tmax( 0) = 1 for > 0 suciently small.

Theorem 4 follows now from Proposition 7. Indeed, the proposition implies that (2.4.8) holds for all t > 0
sothat (2.4.10 are valid for all positive times. In the remainder of this section, we prove Proposition 7.

First of all, we note that the estimate for g(t) follows from (2.4.10. Sincethe HZ}-norm is invariant under
translations, we may consider(2.4.2) in the original frame (x; t):

@i = @vi+ %[1 3h2(x ct qt)) + 2ch(x ct q(t)]vs + %[c 3h(x ct qt)]vs
%Vf +ah (x et q) + a3 (2.5.2)
@ = A+ @)>v2+ vy Vi o(l+h(x ct qt))va  2Vvivo: (2.5.3)

Equation (2.5.2) for vi we rewrite in the following form
@i = Avi+ Gi(x  ctg(t);W(t) + Ny(x  ct;q(t);vi) + 15 (2.5.4)

whereA1= @ (1+0), Ni(;qvi)=3[c 3h( qgJvi 3vi, and

3
G(igW):= 5@ h(C g)+c[1+hC o] () fwi+ ghy ()
We also considerthe equation which is obtained from (2.5.4) by omitting the coupling term 1v3:

@vi = A1vi+ G(x  ctq(t); W(t)) + No(q(t); ve): (2.5.5)

We wish to compare solution v; of (2.5.4) to the solution v; of (2.5.5 with the same initial condition
vi(x; 0) = vi(x; 0). We shall use a suitable estimate for v; to obtain estimates for the solution of (2.5.2)
-(2.5.3 on the interval [0; Tmax ), Where Thax is the maximal time for which the inequality (2.4.8) holds for

some ¢ satisfying (2.4.9) and for all small enoughinitial conditions satisfying (2.5.1).
For v; the following estimate holds [6, Lemma 3.4]: There exists a constart Kg > 0 with the following
property. If kvi(O)ky:  5gc7, then for t 2 [0; Tmax) the solution vy of (2.5.5) exists and

ul 0

kvi(kys  Ko(kva(O)kys + kW (0)ky: ): (2.5.6)

Lemma 8 There are positive constantsK 11 and o, suchthat the following is true for all with0< < g
If (V;W;q) = (v1;Vv2;W1;Wo; Q) satis es (2.4.5)-(2.4.7) with initial data for which (2.5.1) holds, then

KV(ke2 Ki % for all t with 0< t < Tpax.



Pro of. Using (2.5.1), we infer from (2.5.6) that there is an independert of " constart K7 > 0 suc that
kvi(t)kco  Kokvy(t)ky 1 K7 , and therefore

vi(x;t) Ky; forallx2 Rand0<t< Tmax- (2.5.7)

Equations (2.5.4) and (2.5.5 together with the assumption ; < 0 show that

@i A Gix  ctqt)W(t) Ni(at):iv) “270

P2 @ AW Gk cta®iW()  N(at);va):

The comparisonprinciple [2, Theorem 25.1in xVI1] together with (2.5.7) then give

vi(x;t) wvi(x;t) Kz  forO t< Thmax andx 2 R. (2.5.8)
Having establishedthe upper point-wise bound (2.5.8) for vi1, we return to (2.5.2-(2.5.3). We considerV in
the spaceL 2 ( p) with b= """ In what follows, for briefness,h = h(x ct q(t)). Using Lemma 3(iiij) and
the bounds (2.5.8, , 0Oand1+ h 0, weobtain from (2.5.3 that
1 7 z z z z
E@kvgkf 2 (1) §b2 + bV3 dx bV3 dX b 2[1+ hvidx bV1V3 dX
9 d R d R d R R
3 . bV3 dx A pvadx o A bV1V3: (2.5.9)

Next, we turn to (2.5.2):

1 z z 1 z

5@kvlkfﬁl( o) 5 1 ¢ VZ+ 1 pvavi+ = (1 3hZ+ 2ch)v?
z z

1 1
3 b(C 3h)V% > pVi + bOhx V1

=+

For the terms containing h, it is easyto seethat

z z
% b(1  3h%+ 2ch)v2 (% + %) bV2; (2.5.10)
and z z z z
1 1 +
T v Eoers spenpw 2 e 2 Lae
2 2 2 2
In the last inequality, we rewrite v asw; 'vZ and usethe estimate (2.5.9) to obtain
1 z z z
5 olc 3hyv; 2Ky bV5 5 b+ twyvz:

The function (1 + h) , 1'is bounded. Moreover, for w; the estimate (2.4.10 holds, and therefore, on the
accourt of (2.5.1), there exists independert of constart Kg > 0 such that
1Z z
> b(c 3h)V Kg bV (2.5.11)
We note the inequality qv; %vf + %qﬁ, where we set with a; = 1=4. Taking into accourt hy < 2,
inequality (2.4.10, and the condition on the initial data (2.5.1), we then get
Z Z Z

1 1 4K 2 1 i}
bahyvi 2 b(§Vf+ 20) 2 V2 + pékW(O)kﬁll 7 V2 + 4K 2 372 (2.5.12)
We combine (2.5.10, (2.5.1]) and (2.5.12 to obtain
1 1 Z Z
E@kvlkfﬁl( 0 2t 37 Ks BVZ+ 1 pViVE+ 4K Z 372 (2.5.13)



We denote @(kVk?, = @(kvik? + kvzk? ), and add estimates(2.5.13 for v; and (2.5.9 for v,:

1 1 Z Z Z Z
SOKVKE: () 2t 2t Ke Vit v oV + AKE P4 (1 2)  pvavi
In the last term we usethe inequality ( 1 2)v3vy ZZazl)zvf + 2v4, where0< a < 2,
Z Z Z
1 1 1 2 9 a; _
i@kaEﬁl( b) Z"‘ 5 + Kg + % bvf + 7 bV% (l 72) bVE1 + 4K§ 3=2.
Next, we record (see[6]) that for any constart a> 0
z z , Z
a pv3 dx bV3 dx a pvs dx:
R R b R
The terms containing v, then can be estimated as
Z Z Z
- V2 (1 %) V4 _p& 9_ \V
2 2 2 2 FT2 ey 2 P
and therefore
Z 3 Z
1 2 1 1 (2 1)? 2 8l 2 9 2 2 442 ,.
2@®VkGg o gt tKe Y it gp gy 7o oA TR

2
Wewant to x a, suchthat (2 1)2< @ < 2. For example,we may choosea, = 1+ (211 For any

1, 22 »? 1
4 2+ (2 1)? 5+Kg

then we have

2
1, }+ K 2(2 1) 9_;
2 2+ (2 1)? 2
and therefore
81 2 3=2.

1 9
i@kafﬁm ) 7"\”‘53.( ot 4K 2

+
2 (2 1?7
This is a di erential inequality of the form %f At) di  dof (t) for which Gronwall's estimate [8, Theo-
rem 1.5.7]gives

f(t) e 2%%(0)+ ﬁ(l e 292ty £(0)+ o
d2 d2
for d > 0. In our case,this estimate becomes

2 81

2 2 1=2. =
KO () KOk )+ Ko 75 where Ko =5 o5

+ 4K 2

In the uniformly local norm using Lemma 3(ii) and (2.5.1) we get

!
2 p—, KV kab 1=2
KV(KE,  Ko(l+ ' ) —pe—+ Ko

Finally, after referring to (2.5.1), we concludethat there is an independert of < 1 constant K 1o such that
h i
KV(Ok'2  Kio *2+ 172 2Ky 122

which implies the inequality in Lemma 8. |
We note that the proof of Lemma 3.6 in [6] is basedon norm estimatesapplied to the variation-of-constants

formula and doesnot depend on the sign or value of ; explicitly. It usesa bound on kvzk, 2 , which in our
casefollows from Lemma 8, and producesa bound on kVky: . We formulate this result asa lemma:



Lemma 9 There are positive numbers K ;,and o suchthat the following is true for all with 0< < g
If (V;W;q) = (v1;V2;W1;Wo; Q) satis es (2.4.5)-(2.4.7) with initial data for which (2.3.1) holds, then

KV(Dkys K1 7% for all t with 0< t < Tinax.

We are now ready to complete the proof of Proposition 7.

Pro of of Prop osition 7. For su cien tly small" > 0, it followsfrom Lemma9that jg(t)j+ kV (t)ky L k % 0

for 0 t < Tmax, Which contradicts the maximality of Trax, see(2.4.8), if Tmax IS nite. Thus, (2.4.8 holds
for any t, which in turn implies that (2.4.10 is valid for all times. Therefore, (2.4.8 holds with Tmax = 1 .
The proof of Proposition 7 is complete.
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