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Boundary Value Problems

Initial value problems (IVPs) of the form
(1) = f(t.=(t))

subject to x(0) = xo can be solved using MATLAB’s suite of ODE solvers (such as ODE45
and ODE15s). A more general form of differential equations are the so-called boundary value
problems (BVPs). In a BVP one seeks a solution function x(t) : [a,b] — R? that satisfies
the residual function

r(t,x(t), 2’ (t)) =0

subject to b;(t, z(t?),2'(t%)) = 0, for i = 1,...,d. This generalizes the IVP in two ways.
First, the differential equation can be non-linear in 2’(¢). Second, the solution function need
not be known at any specific point. Instead, d side conditions of any form must be specified.

Boundary value problems arise most often in economics in deterministic optimal control
problems, the solutions to which can be expressed as a set of differential equations defining
the dynamic behavior of a set of d, state variables and d, control or decision variables, along
with initial values for the d, state variables and d, so-called transversality conditions.

The solution to a BVP can be approximated using z(t) = ¢(t)c, where ¢ is a set of n
basis functions and ¢ is an n X d matrix of coefficients. A collocation strategy selects a set
of n — 1 nodal values of t, t;, and finds the value of ¢ that solves the (n — 1)d values of the
residual function

r(ti, ¢(ti)c, @' (ti)c) = 0,

t=1,...,n— 1 and the boundary conditions
bi(t, (t7)e, ¢'(t})e) = 0
for i = 1,...,d. This provides a total of nd equations in nd unknowns.

A general routine for solving BVPs is quite simple to design. We will illustrate the use
of our solver with a simple example:

r(t,z(t), 2’ (t)) = 2'(t) — z(t) A,

where

-1 —-0.5
=[5 503

with “boundary conditions” z1(0) = 1 and x9(1) = 1. It should be noted that x is defined
to be a row vector (1 x d). We shall seek an approximation on ¢t € [0,2]; this illustrates
the idea that the “boundary” conditions need not be at the boundaries of the domain of
interest (they must, however, not be outside of it). The example has a closed form solution
z1(t) = et and x5(t) = ce /% + e7t, where ¢ = e*%(1 —e ™).



There are two distinct pieces of information that the user must supply. First, the functions
r and b defining the the model must be defined, along with the boundary points ¢, and any
parameters used by these functions. Second, the family of approximating functions must be
defined, along with a set of collocation nods and an initial guess of the function coefficients.
The following discussion described a MATLAB procedure that, when passed this information,
returns the coefficients of the approximate solution.

A Matlab Implementation - BVPSolve

To specify a model, the user should define a structure variable with fields func, tb and
params. The first field contains the name of a function file that will calculate r and b
(described below). The tb field is a d-vector of points at which b is evaluated. The params
field should be a cell array of any parameters that are needed to evaluate r and/or b; in the
example, the cell array will contain the single matrix A.
For the example problem, the structure variable is defined by

model. func="pbvp01l’;

model.tb=[0;1];

model.params={ ;
The function referred to by the model.func field computes the residuals and the boundary
conditions and should be written using the following syntax:

out= f le fla t d add t onal parameters

s tc fla
case ’r’

out= res dual funct on evaluated at t d
case ’b’

out= boundar funct on evaluated at t d
end

It uses the fla variable to determine whether the r or b function is being requested. If the
r function is requested, the function is passed an n — 1 x 1 vector t and n — 1 x d matrices
and d . It should return an n — 1 x d matrix with ¢ th element equal to r (;, z(¢;), 2’ (t;)).

If the b function is requested, the function is passed a d x 1 vector tb and d x d matrices
and d and should return a d x 1 vector with ith element equal to b;(¢2, z(¢?), 2/(¢?)) = 0. In
our example problem the file looks like

funct on out=pbvpOl fla t d ;

s tc fla

case ’'r’

out=d ;
case ’b’
out=[ 11 1; 1];

end

The solver also needs to know the desired family of approximating functions. This is
accomplished by passing the solver a structure variable fspace (this variable is defined



by the Toolbox function fundef), the nodal values of ¢ used for collocation,
tnodes, and an initial guess of the parameter values, c.

The general solver routine looks like:
funct on [c  r]=bvpsolve model fspace tnode c tvals

d mens on of problem

d=s e c ;

nodal bas s matr ces
=funbas fspace tnode ;
1=funbas fspace tnode 1 ;

boundar po nt bas s matr ces
tb=model.tb;

p =funbas fspace tb ;

p 1=funbas fspace tb 1 ;

all rootf nd n al or tm
c=bro den ’bvpres’ c [] model fspace tnode 1tbp p 1
c=res ape c¢ fspace.n d ;

compute solut on and res dual funct ons
f nar out 1 sempt tvals
=funeval c fspace tvals ;
d =funeval c fspace tvals 1 ;
r=feval model.func ’r’ tvals d model.params{
end
In addition to computing the coefficient matrix, ¢, the procedure is implemented to,
optionally, take a vector of time values tvals and to return the solution and residual functions
at those values ( and r).
The solver instructs the rootfinding algorithm bro den (available in the
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Toolbox) to find the roots of the function es, which in turn calls the model.func file
to compute the residual and boundary functions.
funct on r=bvpres c model fspace tnode 1tbp p 1 ;

n=s e ;

m=len t tb ;

c=res ape c n m ;

ompute res duals at nodal values
d = 1 c;
r=feval model.func ’r’ tnode d model.params{ ;



ompute boundar cond t ons and concatenate to res duals

=p c;
d=p 1c;

b=feval model.func ’b’ tb d model.params{ ;
r=[r ;b 1;

The demonstration file dembvp01 contains the code to solve the example problem using
hebyshev polynomial approximants and plots both the approximation error functions and
the residual functions. The procedure solves in a single iteration of the rootfinding algorithm
because it is a linear problem. An economic application of these procedures is illustrated
next with a simple market equilibrium example.

ommodity Mar et  uilibrium

At time ¢t = 0 there are available for consumption ( units of a periodically produced
commodity. o more of the good will be produced until time t = 1, at which time all of
the currently available good must be consumed. The change in the level of the stocks is the
negative of the rate of consumption, which is given by the demand function, here assumed
to be of the constant elasticity type:

W== == ()==".

To prevent arbitrage and to induce storage, the price must rise at a rate that covers the cost
of capital, » and the physical storage charges,

"ty=r +

It is assumed that no stocks are carried into the next production cycle, which begins at time
t = 1; hence the boundary condition that (1) =0.

This is a two variable system of first order differential equations with two boundary
conditions, one at ¢ = 0 and the other at ¢t = 1. Defining x = [ ; |, the residual function is

r(t,z,a') =2’ —[rz, + — 7 ]

and the boundary conditions are z2(0) — ¢ =0 and z2(1) = 0.
The model structure can be created using
model . func="pbvp0 ’;
model.tb=[0;1];
model.params={ ;
The problem definition file pbvp0 for this problem is
funct on outl=pbvp0 fla t d r eta O ;

s tc fla
case ’r’
outl=d [r 1 1. eta ];

case ’b’



outl= [ 0;01;
end
A demonstration file, dembvpO is available that uses the parameters » = 0.10, = 0.5,
=2and (= 1. It approximates the solution using a degree n = hebyshev polynomial

approximation. The resulting solution and residual functions are shown in Figures 1 and 2.
It is evident in the latter that the approximation achieves a high degree of accuracy even
with a low order approximation; the maximum sizes of the price and stocks residual functions
are approximately 1071 and 10~ , respectively.

BVPSolve istribution

BVPSolve is available as a zipped file containing the following files:

BVPSolve.pdf this document

bvpsolve.m MATLAB function file implementing the main procedure

bvpres.m MATLAB function file to compute residuals (used by bvpsolve)

dembvp0O1.m demonstration script to solve 2’ =2 A

pbvpOl.m function definition file used by dembvp01

dembvp0 .m demonstration script to solve economic storage model

pbvpO .m function definition file used by dembvpO
BVPSolve requires that the user has installed the Toolbox. Both BVPSolve
and the Toolbox can be downloaded from the author’s website ( olve is

included in the distribution of the Toolbox).



Figure 1

Figure 2




ode 1istin

0 E olve eneral f rst order boundar value problems
ft t >t =0
s.t.
b tb tb > tb = 0.
E
[c r] = bvpsolve model fspace tnode c t

model model structure var able descr bed belo

fspace  funct on space def ned t DE

tnode n 1 nodal po nts for collocat on

c n t al coeff ¢ ent values n b d

t mb 1 vector of evaluat on po nts opt onal

0

C coeff c ents sat sf n t e collocat on cond t ons
t e solut on evaluated at t m b d

T t e res dual funct on evaluated at t m b d

e model structure as t ree f elds

func t e name of a model def n t on f le descr bed belo
tb a set of d t me values at ¢ boundar cond t ons are
evaluated

params  parameters t at are passed to t e func f le

e funct on def n t on f 1le must ave t e call n s nta
out=bvpf le fla t d add t onal parameters

s tc fla
case ’'r’

out= f t d ; t e res dual funct on
case ’'b’

out= tb d ; t e boundar cond t on
end

e add t onal parameters used b t s funct on s ould matc
t e set n model.params

E 0 DE

opr t c 1 000 aul . ac ler ar o . randa
paul fac ler ncsu.edu m randa.4 osu.edu



funct on [c r]=bvpsolve model fspace tnode c t

d=s e c ;
tb=model.tb;

f lent tb =d

error ’ e of boundar cond t ons must e ual t e d mens on of t e s stem’
end

f fspace.d =1

error ’ 0 E onl solves 0ODEs’
end

f s e tnode =[fspace.n 1 1]
error ’tnode s ould ben 1 b 1’
end

nodal bas s matr ces
=funbas fspace tnode ;
1=funbas fspace tnode 1 ;

boundar po nt bas s matr ces
p =funbas fspace tb ;
p 1=funbas fspace tb 1 ;

all rootf nd n al or tm

c=bro den ’bvpres’ c model.func model.params fspace ...
tnode 1tbp p 1 ;

c=res ape c¢ fspace.n 4 ;

compute solut on and res dual funct ons
f nar out 1 nar n 4 sempt t

=funeval c fspace t ;

d =funeval c fspace t 1 ;

r=feval model.func ’r’ t d model.params{ ;
end



E sed b

0 E

funct on r=bvpres c func params fspace tnode 1 tbp

n=s e s
m=len t tb ;
Cc=res ape c n nm ;

ompute res duals at nodal values

= C;
d = 1 c;

r=feval func ’r’ tnode d params{

ompute boundar
=p c;
d=p 1c;
b=feval func ’b’
r=[r ;b 1;

tb

)

cond t ons and concatenate to res duals

d params{ ;

P



DE 01 e ample for ’=
funct on dembvpO1
dsp’’
d sp ’DE 01 e ample for ’’= ’

Def ne t e model

=[1 .5;0 .5];
model . func=’pbvp01l’;
model.tb=[0;1];
model.params={ ;

Def ne t e appro mant
n=>5;

a=0;
b= ;
fspace=fundefn ’c eb’> n 1 a b ;
tnodes=funnode fspace ;
fspace=fundefn ’c eb’ n a b ;

nt al cond t ons
c= eros fspace.n ;

Evaluat on po nts for plots
tvals=1 nspace a b 01 ’;

all solver
optset ’bro den’ ’defaults’

[c r]=bvpsolve model fspace tnodes c tvals ;

roduce plots

close all
f urel
=e p 0.5 lep 1 ;
plot tvals e p tvals 1 > ...
tvals e p tvals e p tvals ?
t tle ’ E ample ppro mat on Errors’
label ’t’
label °’ p tc’

le end > 1’7 ’
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f ure
plot tvals r 1 > ’ tvalsr o
t tle ’ E ample es dual wunct ons’
label ’t’
label ’r’
leend > 17 ° ’

prtf s mf lename

odel funct on f 1le e ample
funct on out=pbvpOl fla t d ;
s tc fla
case '’
out=d ;
case ’b’
out=[ 11 1; 11;
end
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DE O olves t eeul br um stora e problem
=[p;s]

P PpPr ce
s stoc s
p’t=rpt
s’t=Dpt = pt eta
s.t.
s0=0
s 1=0
funct on dembvpO
dsp’’
d sp ’DE O olves t e eul br um stora e problem’

et parameter values

T = 0.10;
= 0.5;
eta = ;
0 =1;
= 1;

Def ne model structure
clear model
model . func="pbvp0 ’;
model.tb=[0; ];
model.params={r eta O ;

Def ne appro mat on space
n= ;

fspace=fundefn ’c eb’ n 1 0 ;
tnodes=funnode fspace ;
fspace=fundefn ’c eb’ n O ;

=501;
t=1 nspace 0 i
n t al cond t ons constant pr ce and consumpt on
cc=funf t fspacet [ 0O . leta eros 1 1 O t]

all solver
optset ’bro den’ ’defaults’
[c 1rl= olve model fspace tnodes cc t ;



reate plots

close all

f ure 1 ;

plot t

t tle ’Eu l br um r ce and toc evel’
label ¢’

te t O. 1.1 ’pr ce’

te t 0.5 0.4 ’stoc s’

f ure
plottr 1 le ’ ’tr >
t tle ’ es dual unct ons’
1e end) ) 10 ) J ) )
label °’t’

D spla res dual summar nformat on
d sp ’ a mum absolute res duals for pr ce and stoc
d sp [ma absr 1 ma abs r ]

prtf s mf lename

odel funct on f le for commod t stora e e ample
funct on out=pbvp0 fla t d r eta O ;
s tc fla
case ’r’
out=d [r 1 1. eta 1;
case ’b’
out= [ 0;0];
end

level’



