Lecture5: Matrix-Matrix Products

In this lecture we will extend the matrix-vector product from nxn matrix times a
nx1 column vector to a matrix-matrix product of a mxn matrix times a nxp matrix.
Matrix-matrix product may not satisfy the commutative property AB = BA, and BA may
not be defined even if AB is defined.

Definition. Let A be amxn matrix and B be a nxp matrix.
AB =[ 2k ak b ]; AB isanxp matrix whose ij components are

(row i of A) times (col j of B)

Examples.
1 Both A and B are 2x2, and AB isnot equal to BA.

1 2 01
A= and B=
HACLE

1.0+2:1 1.1+2-0 2 1
re-| - 3

3.0+4-1 31+4-0| |4 3

3 4
BA=
1 2
2. A is2x3 and B is3x3, AB is2x3 and BA is not defined.
2 -1 0
2 4 7
A= andB=|-1 2 -1
8 9 10
0O -1 -1
AB— 2.2+4.--1+7-0 2--1+4-2+7--1 2.0+4--1+7--1
18.2+49--1+10-0 8-1+9-2+10--1 8-0+9--1+10--1

[0 -1 -11
17 0 -19



In Example two note that AB is also a matrix whose j column is A times column |
of B. Thisistruein general, and some other properties of matrix-matrix products are

listed in Proposition 2.

Proposition 2.
1. Let A be mxn, B be nxp and C be pxg. (AB)C = A(BC).
2 Let A and B be mxn, C benxp. (A + B)C=AC + BC.
3. Let A be mxn, B be nxp and ¢ be asingle number. (cA)B = c(AB) = A(cB).
4 Let A be mxn, B be nxp. Columnj of AB isA timescolumnj of B, that is,

AB=Alb b, - b |=[Ab Ab, - Ab,].

Proof of 1.  Let A =[a], B =[by] and C = [cu].
(AB)C =122 ab)cu]
=[Z(i(%jbjk)%)]
=[|Z(ZJ_) a; (0;C))]
=12 (li 3 (0,C))]
=[iaj (Y 0,60
= AJ(BC).I
Proof of 2. Let A =[aj], B =[by] and C = [cjy].
A(B+C) =[Zk: ay (b, +¢;)]
=[§(3ikbjk +8,Cyi)]
= [Zk: ayby + Zk:&kcjk]
=12 abd+[ A
= AB+ AC.



Proof of 4. Let A =[aj]. B = [by] and column k of B equals by.

AB:[Zaijbjk]
=[Z""iibjl Zaﬂij Zaﬂbjp}
=[Ab Ab, - Ab,].

More examples can be found in the Matlab demo matmat.m. Some useful matrix-

matrix products are as follows:

1 Al = 1A = A where A isany nxn matrix and | isthe nxn identity matrix
10 --- 0
01 -0
=, . . .|=[e& & - &]where
00 --- 1
1 0 0
0 1 0
€= 6 = aE 6 = . |
0 0 1
2. Let A be adiagonal nxn matrix with non-zero diagonal components.
a, 1ay,
1/
A= % and B = %o
i A, 1/a,
Then AB=1.
3. Let A be an elementary matrix and B be the el ementary matrix formed

from A by changing the sign of the non-zero off diagonal component.

100 1 0 O
A=E,(a)=|0 1 OlandB=E,(-a)=|0 1 O
0 a1l 0 -a 1l

Then AB=BA=1.



4.

HomeworKk.

1.

Elementary matrices can be used to add and subtract multiples of various

rows in asecond matrix. For example, E»(-1) subtractsrow 1 of A from

row 2 of A:
121 1 00
A=|1 3 2|andE,(-)=|-1 1 O
1 01 0 01
1 0 0f1 2 1 1 21
E,.( 1)A_{—1 1 0|1 3 2|=|0 1 1
0O 0 1||2 0 1 1 01

0 1 1
0 -2 0

1 0O
E31(_1)E21(_1)= -1 10

-1 01
(En(-DE,(-1)A=E,(-D(EL(-DA).

By (-D(E,(-DA) =

L
"

For the following matrices verify, if the appropriate matrix-matrix

products are defined, the properties of Proposition 2:

1 0 7
1 5 0 -1 2
A= ,B= andC=|-1 2 1]
-1 2 5 6 8
7 2 3

Use Matlab to do problem 1....see the Matlab demo matmat.m
Prove avariation of property 2, A(B + C) = AB + AC, in Proposition 2.
Prove property 3 in Proposition 2.



