Lecture2: Curvesin Space and Projectiles

In this lecture we will use column vectors to plot a sequence of pointsin space to
depict acurvein space. The coordinates of the points will be stored in either row vectors
or column vectors. Application to the path of a projectile with air resistance will be
given, and a Matlab demo proj3d.m will use the Matlab command plot3 to generate a
graph.

Pointsin space are usually given by ordered triples (x ,y ,z). One could view this
as either a 3x1 column vector, or a 1x3 row vector, or asa "position vector" starting at the
point (0, 0, 0) and ending at the point (X, y, z). This does create some confusion, but the

literature is laden these different perspectives.

Example. Graph the point (2, 3, 4).
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Point =(2,3,9)
Positionvector =21+ 3j +4k
Row vector =[234]
Column vector =[234]"

/

If we were to graph a curve in space by hand, we would form a table with four
columns of numbers. The first column would be the possible times, t;wherei = 1,..,n.
The second, third and fourth columns would contain the computed coordinates x(t;), y(ti)
and z(t;)). Then each of the points would be plotted. If there were enough points (nis
suitably large), then the points could be connected by a straight line to form a depiction
of the curve.



Example. A helix isthe set of points given by (cos(t), sin(t), t), that is, x(t) = cos(t), y(t)
=sin(t) and z(t) = t. Sincex? + y? = cos(t) + sin’(t) = 1, the curve must bein the vertical
cylinder of radiusone. Y ou may want to view this as a path of a handrail on a spiral
staircase. The following table has only five points, and it could be viewed as a 5x4

matrix.

t x(t) y(t) z(t)
0 1 0 0
/2 0 1 /2
T -1 0 T
3n/2 0 -1 3n/2
2n 1 0 2n
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In order to obtain a more accurate depiction of the helix, one needs many more

points. The following Matlab commands generate four 501x1 row vectorst, x , y and z:

t = 0:pi/50:10* pi;

x = cos(t);

y =sin(t);

z=t1

plot3(x,y,2)
Thefirst line generatest from 0 to 10*pi in increments equal to pi/50. The second, third
and fourth lines use array operations to compute x, y and z at each of the time values.
The last line uses the Matlab command plot3 to generate the following depiction of the
helix

Application to a Projectilein Space. Consider a projectile whose initial position is
(0, 0,0) and initial velocity (x'(0), y'(0), z'(0)) isgiven. Suppose the forces are from
gravitation and air resistance. The air resistance will be assumed to be proportional to the
speed in each direction; this may not be true if the speed istoo large or the elevation is
too high. Let c be the proportionality constant. Assume there is anon-zero wind vector
W =[b a 0]. Newton'sLaw of motion applied to each of the three directionsis as
follows:

mx" =-cb-cX,

my"=-ca—cy'and

mz"=-mg—-cz.



These are dl of theformmv'=d—-cv. Assumem =1 so that the solution can be found
viathe transformation w = d — v asfollows:
w' =(d-cv)
=0-cV
V'=w/c=w
W =-cw
w(t) = w(0) e
d—cv(t) = (d—cv(0)) ¢
v(t) = d/c - (d/ic —v(0)) e*.
Apply thistov =x"and y' and z', and then integrate each of these functionsto find x(t) ,
y(t) and z(t).
In the Matlab demo proj3d.m the following constants are used:
mass=m=1
gravitation =g = 32
wind speed inthey direction = a=-10
wind speed inthe x direction=b =5
wind speed in the z direction = 0
resistance coefficient = c = .01
initial speed in the x direction =0
initial speed inthey direction = 500 and
initial speed in the z direction = 500.
The reader will find it interesting to experiment with these parametersin proj3d.m.

Homework.
1 By hand graph the helix for t = 0:pi/4:2*pi, that is, use 9 data points.
2. Use the Matlab command plot3 to graph the helix. Graph the spira
outward variation of the helix x =t cos(t), y =tsin(t) and z = t.
In the projectile problem find x(t), y(t) and z(t).
In proj3d.m experiment with different wind and initial velocities aswell as

different air resistance coefficients.



	Application to a Projectile in Space.  Consider a projectile whose initial position is
	(0, 0 ,0) and initial velocity (x'(0), y'(0), z'(0)) is given.  Suppose the forces are from gravitation and air resistance.  The air resistance will be assumed to be proportional to the speed in each direction; this may not be true if the speed

